Machine Learning

Yuan-Kai Wang (E 5t ¥l)

ykwang@fju.edu.tw
http://www.ykwang.tw

Department of Electrical Engineering
Fu Jen Catholic University

R KXEEBRIER
2016~2025



mailto:ykwang@mails.fju.edu.tw
http://www.ykwang.tw/

Machine Learning Backpropagation

Goal of This Unit

« Backpropagation is the algorithm to learn
the weights of MLP(multi-layer

perceptron)
— It is a variant of gradient descent

* Important concepts in this unit
— Error and loss: squared error, cross entropy
— Chain rule of gradients
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Contents

* An example of backpropagation learning
(single training sample)
* Learning algorithms
(multiple training samples, training set)
* Optimization and learning
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Backpropagation

Training the MLP:
Backpropagation

Testing for K-class classification problem
* For a given x with unknown class
 xEclassk, if y, = max;y;

. _ ..T. _ vH
Vi = Vi Z= Yph=1VinZn + Vjo

That is
* Awrepresents a MLP

* Given a w, then we can classify a pattern x

Testing, prediction
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Learning, training
W = W1, , Wk, Vg, vH]

A Machine Learning problem:
how to obtain the w of a MILP

* We need a set of training patterns (x,y)
* We need a learning algorithm to learn w by (x,y)
=> Backpropagation learning algorithm B: w=B(x,y)

Backpropagation - Wikipedia



https://en.wikipedia.org/wiki/Backpropagation
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Source of the example: Machine Learning - Neural Networks Tutorial,
Paul Tero of Existor Ltd, 2015

An Example of Learning MLP

Wang, Yuan-Kai, EE, FJU


https://www.williambot.com/en/news-neural-networks.html
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An Example MLP

* A three-layer network: one hidden layer

* 9 nodes (x, h Y3 neurons (h)
* 18 weights: w—(w’”’ )

Input layer Hidden layer Output layer

Note: only 6 weights are labeled for examples.
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Example Problem:
Convert letters A, B, C

* Input: 1-of-K binary encoding
* Letters are encoded into binary
*A:100,B:010,C:001

* Output
* Convert AtoB,BtoC,Cto A
* 100 — 010, 010 — 001, 001 — 100

@
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Training of the Network

* Given a training pair (x,y)
 x: input values, vy: desired output values

* Network training will get a weight matrix w=(w*" W)

* Basic steps to train the network
1. Randomly initialize the weight matrix w
Forward propagation: y'=xw
Compute the error: E=y —y'
Compute gradient of error: Aw=f(E)
Backpropagate error to adjust weights: w =w - Aw

Go to step 2
‘ )

supervised learning A ‘ Y

o Uk W
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Step 1: Random Starting Weights

* We first compute the values of the first hidden node
h, inthe second layer

* The weights are usually initialised to be small random
values between -1 and 1

10



Machine Learning Backpropagation

Step 2: Forward Propagation
Weighted Sum

*Z, represents the weighted sum of the node 7,

zp1 = 21w + 2wl 4+ z3wih = 1%0.2 4 0% —0.03 + 0 % 0.14 = 0.2

. 0.2

-0.0

_ 3 o Zh
Zh = D i LiW;q

11
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Step 2: Forward Propagation
Activation of Weighted Sum

* Assume we use hyperbolic tangent

hyperbolic tangent function
tanh(x)

hi = tanh (zp1) ;: /
—tanh (0.2) y

-0.50
0
-1.00
-4.00 -2.00 0.00 2.00 4.00 X
B 05 [ 08
T

() = tanh(a) =

1
Activation function
- Wikipedia 1 —
-1



https://en.wikipedia.org/wiki/Activation_function
https://en.wikipedia.org/wiki/Activation_function
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Step 2: Forward Propagation
Matrix Notation

Formulation for a Single Neuron

Zp1 = a:lw:f{" -+ :ngg{‘ + wgw:gf' =1%0.24+0%x—-0.03+0%x0.14 = 0.2
h1 = tanh (zp1) = tanh (0.2) = 0.19738
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Step 2: Forward Propagation
Matrix Notation

Formulation for All Hidden Neurons

r=[1 0 O]
0.2 0.15 —0.01]
w*™ = | -0.03 —0.1 —0.06
| 0.14 —-0.2 —0.03]
C 0.2 0.15 —0.01]
zpn =zw™™=[1 0 0]|-0.03 —0.1 —0.06
| 0.14 —-0.2 —0.03_
1%0.24+0%x—-0.03+0%x0.14
= 1%015+0%x—-01+0%x—-0.2 | =[0.2 0.15 —0.01]
| 1% —0.01+0%—0.06+ 0% —0.03 |

h = tanh (zw,;) = tanh ([0.2 0.15

—0.01]) =[0.197 0.149 —0.01]
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Step 2: Forward Propagation
Output Layer

* w" are weights between hidden and output layers

0.08 0.11 —0.3 ny, hy
wW =101 -015 0.08 Ryj = Zz‘zl hiwij
0.1 0.1 —0.07

0.08 0.11 -0.3
zy:h'w"y2[0.197 0.149 —0.01]] 0.1 —0.15 0.08 | =[0.03 —0.0017 —0.0465]

regression result

0 @
binary value
classification result

@

1
0

softmax function

15
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Step 2: Forward Propagation
Output Layer

* The softmax function

Softmax function - Wikipedia

p = softmax(z,)

. 6.7
_ softmax([0.03 —0.0017 —0.0465]) SOftmax(z;) =
=10.345 0.335 0.32] =)’

Zkle

0

1 AnswerA: 34.5% chance
Answer B : 33.5% change

Answer C : 32% change
0

y y

The random w gets a wrong output in feed forward phase

Modify w by backward computation

16


https://en.wikipedia.org/wiki/Softmax_function
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Step 3: Computing Output Error

y=1[0 1 0]

y =p=1[0.345 0.335 0.32]

e
Y

e, =p—y=1[0.345 0.335 0.32]—[0 1 0]
—=1[0.345 —0.665 0.32]

17
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Step 3: Computing Output Error
Loss & Cross Entropy

* We need to calculate the
total error for all the outputs combined
* This is called the loss or cost of the network
* The loss (cost) function is labelled with J

* Three possible J

* Absolute error -y _ s~ |eyj| = 0.345 4 0.665 + 0.32 = 1.32
* Squared error 5 _ > €2 = 0.664

. JV P
0 0.345

. 1 0.335
. 0 0.32

* Cross entropy -

n
J=—=>_"1y;logp;
J = —y1logpr — yo logps — y3 log ps
= —0 — 1 x1og(0.335) — 0 = 1.0936
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Step 3: Computing Output Error
Loss & Cross Entropy

* Loss/cost function J : Cross entropy

7 | J = —y1logp1 — y2 logps — y3 logps
= =25 Y l08P  _ g 1, 10g(0.335) — 0 = 1.0936

e

y oy p
0 0.345

‘ 1 0.335
. 0 032

The random w gets a cross entropy value 1.0936 > 0.04

8

Output error e, .
e, =p-y

Modify w by backward computation

19
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Step 4: Compute Gradient of Error
Intuition

*The weights going into y, and y, should be lowered
a bit, because their estimate was too high

*The weights going into y, should be raised because
they were way too low and caused a large negative
error

*The bigger the error, the more the weights should
be changed

€ Yy

0 :
:%v ‘ 1
e

20
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Step 4: Compute Gradient of Error

from output to hidden

owy — he,

Sw™W €

7~ 7\ 0.00068

5’willy — hleyl
Sw™ = hie, = 0.197 % 0.345 = 0.068
Swll =(ahyey)= 0.01 +0.197  0.345 = 0.00068

21
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Step 4: Compute Gradient of Error

Matrix operation from output to hidden

- We can compute all the adjustments with
one matrix operation

0.197 0.00068 —0.00131 0.00063
sw" = ah’e, = 0.01 | 0.149 | [0.345 —0.665 0.32] = | 0.00051 —0.00099  0.00047
—0.01 —0.00003  0.00007  —0.00003

SwW
0.00068

|

22
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Step 4: Compute Gradient of Error
Theory

* Why the formula?

wW = wW — Sw" Sw™ = he,

* The theory of weights adjustment
* Gradient descent, partial derivatives 5 Oy

* The theory of optimization Y=o, = 2z

Machine Learning - Neural Networks Tutorial,
Paul Tero of Existor Ltd, 2015

23


https://www.williambot.com/en/news-neural-networks.html
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Step 5: Backward Propagation
Basic Concept

*In Step 4 we use the error e, to update w"”

* Here we need to further update w*"

* Backpropagate the error of output layer e,
to hidden layer: the error of hidden layer e

* Use the error ¢, to update w

24
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Step 5: Backward Propagation
Backpropagate Errors to Hidden Layer

e, = eywhy

(0.08 0.11 —0.3°
=10.345 —0.665 0.32] | 0.1 —0.15 0.08
| 0.1 0.1 —0.07

—[-0.007 0.17 —0.18]

25
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Step 5: Backward Propagation
Backpropagate Errors to Hidden Layer

Then we undo the activation function to
find the corresponding weighted sum

Zeh = e, © (1 —tanh®*(z,)) = ep, © (1 —tanh®([0.2 0.15 —0.01]))
=[-0.007 0.17 -0.18] ®[0.961 0.978 0.999]| =[0.192 0.147 —0.001|

() : elementwise multiplication

Zeh =€, © (1 — tanh? (z1))
derived from math




Machine Learning Backpropagation 27

Step 5: Backward Propagation
Changing Weights

Y —->H: " " | 5why:ah6y

H— X: ™ = w®™ — §w™ suw*™ = axz.,

1

sw*h = azT zy, = 0.01 [0} [0.192 0.147 —0.001] = [ 0 0 0
0

0.00192 0.00147 —0.00001 ]

0 0 0
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Final Network
an example

* Assume we finally get the trained MLP as below

28
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Final Network
ConvertAtoB

e An input of 100
e Hidden nodes activation values: +1, -1 and -1.
e Output layer has weighted sums of -10, 10, -10,
O Probabilities : 0%, 100%, 0%.
o An output of 010.

29
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Summary of the
Single-sample Training

* Given a single training sample (x,y)
* x: input values, y: desired output values

* Network training will get a new weight matrix w

* Basic steps to train the network

1. Randomly initialize the weight matrix w=(wx’“,why)
Forward propagation: y'=xw -
Compute the error: E=y —y'
Compute gradient of error: Aw=f(E) L_ (=single sample,
Backpropagation: w = w - Aw if it is online
Go to step 2 (next iteration) _ gradient descent)

single iteration

A A T o

30
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Backpropagation Summary

e )
Yo H: W =W — §wv  w" = ahe,

output error e, =p-y )

\
"Ho X: w™ = w®™ — §w* ™ = azxz,,

ey = eywhy Zeh = e, © (1 — tanh?®(zp))
H—- X

Zeh ©n

Red equations are derived from mathematics : gradient descent and chain rule

See Appendix for mathematical derivations
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Learning Algorithms

Wang, Yuan-Kai, EE, FJU

32
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The Learning Algorithm

* We just know how to train the MLP for
"only one" learning sample: (x.y)

e How to train the MLP for a lot of learning
samples, Z={(x.p)s (X,20,)5 <o s (V)3 ?

* Online learning

e Offline(Batch) learning

33
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Online Learning
vs. Batch Learning

*Online * Batch
e Randomly initialize w e Randomly initialize w
* Loop fora (x,y)EX * Loop for all n samples (x ) E I
in random order
* Forward propagation: * Forward propagation:
geterror £ get error £
* Backward propagation: * Backward propagation:
get weight change Aw. get weight change Aw.
* Update w: W=W-aVe(W) * Update w: i — W — a X7, Vel (W)/n
e Until convergence e Until convergence

Online learning is also called
SGD(Stochastic gradient descent)
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Improving
the Learning Algorithm

* Improving convergence

e Acceleration of convergence
vs. lower error rate of learning
(these two goals are contradictory)

* Methods
B Momentum
m Adaptive learning rate o
m Improved gradient descent (line search ...)
* Mini-batch techniques

 Hardware acceleration: Parallel training, GPGPU

35
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Parallel Training

* An active topic of research

No clear winner yet

* Baseline: lock-free stochastic gradient

Assume shared memory

Each processor access the weights through the shared
memory

Each processor runs SGD on different examples

Read and writes to the weight memory are
unsynchronized.

Synchronization issues are just another kind noise...

36
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Local optima vs Global optima
Convex vs Non-convex
Offline vs Online

Optimization and Learning

37
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What is Optima

Global maxima

== LOCal maxima

0.‘\\

- s /)
/)
M

2\ | ,r/'I[“
Z . /’/’ 0‘
0 <= 53’?'9’0“““
“‘ .’
\\‘9‘@,/

Optima can be maxima or minima
Maxima or minima? It depends on z

If z is error: minima is optima
If z is accuracy: maxima is optima

38
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Local Optima vs Global Optima

Optimization can identify multiple
solutions before arriving at the
global optimal solution.

Global optimal solution ——/

False optimum

” ‘ \\ \ \\\\
-,/, O‘ \\\\‘\‘\L";;;f;" W Stagnation region
5% 0 " O‘ s U ’/1 \’.‘ 3“
00 v ;;0‘ \ ooty g WXV
; ,-/"‘ \\k AT
Tt AL LA

Starting point

Suboptimal (local) solution
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Convex vs Non-convex

Two different landscapes

40
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Convex

Definition
Yi.i, YO<AZ 1,
[z +(1—Ay) < Af(z) + (1 —=X) fly)

Property

Conclusion

They always return the same solution.

1

Example: Linear model with convex loss function.
— Curve fitting with mean squared error.
— Linear classification with log-loss or hinge loss.

Any local minimum is a global minimum.

Optimization algorithms are easy to use.

41
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Non-convex

Landscape
— local minima, saddle points.
— plateaux, ravines, etc.

1(x‘.x:)
N

2l » By -
Y ST A A |

Optimization algorithms
— Usually find local minima.
— Good and bad local minima.

Examples
— Multilayer networks. — Mixture models.
— Clustering algorithms. — Hidden Markov Models.

— Learning features. — Selecting features (some).

— Result depend on subtle details.

42
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Derivatives

Derivatives indicate
the general position of
the closest local
minimum

\ =

No such local cues without derivatives

— Derivatives may not exist.

Second derivatives can
give an estimate of the
position of the closest local
minimum. /

— Derivatives may be too costly to compute.

43
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Optimization vs. Learning

Empirical cost
— Usually f(w) = ,lL f?:l L(z;, y;, w)
— The number n of training examples can be large (billions?)

Redundant examples

— Examples are redundant (otherwise there is nothing to learn.)

— Doubling the number of examples brings a little more information.
— Do we need it during the first optimization iterations?

Examples on-the-fly

— All examples may not be available simultaneously.

— Sometimes they come on the fly (e.g. web click stream.)

— In quantities that are too large to store or retrieve (e.g. click stream.)
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Offline vs. Online

Minimize C'( :—Hu [ +NZI Lo @iy )

]|

Offline: process all examples together
— Example: minimization by gradient descent

OL
Repeat: w+—w—7v| A E
P W — W — ( W o= o 0“ Tso Ui U ))

Online : process examples one by one
— Example: minimization by stochastic gradient descent

Repeat: (a) Pick random example x¢, y;

oL
(b) w+— w—y <)\u - 3 (¢, yt, U'>)
ow

45
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Stochastic Gradient Descent

Starting point

— Very noisy estimates of the gradient.
— Gain ~; controls the size of the cloud.
— Decreasing gains v; = Yo(1 + Mot) L.

— Why is it attractive?

46
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Source of the example: Machine Learning - Neural Networks Tutorial,
Paul Tero of Existor Ltd, 2015

Appendix:
Theory of Backpropagation

Wang, Yuan-Kai, EE, FJU

47


https://www.williambot.com/en/news-neural-networks.html
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Two Derivatives

p
Y >H: oW = wW — S ow™ = ozhey

~

output error e, =p-y )

-
s

Ho X: w* = @™ — §w® ouw™ = azxz.,,

en, = eywhy Zeh = e, © (1 — tanh?®(zp)) )

W™ = ——— = TZep swh = 97 = he,

wxh why p y

48
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Partial Derivatives ol

0J

iJ

* We need to calculate how the loss J
changes as each weight changes

= hiey; @

w

"change in the loss J"
with respect to the change in
the weight w;?
between . and Y,

J=—3"" yjlogp;

. Cross entropy

p v

O
@

49



Machine Learning Backpropagation

0J
ow'™

tj

Partial Derivatives

*We need to proceed according to the chain rule of
calculus, deriving one step at a time
* Chain rule : chain together a bunch of different

derivatives like this 97 Op; 0z

8w§}y Op; 0z; 5‘wa

J = — Z;’il Y;j logpj

w™ P

0

O
@

p; = Softmax(zj) =

Ry = hw" “yj = Zi:

50
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. . . Op;
Partial Derivatives 8—;
J

*We start with the second one (which is softmax)
because it will reveal something that is needed to
compute the first one

* The derivative of eZ is also g? Oe* = e*
* |t is a function which changes at the same rate as itself

51
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. . . Op;
Partial Derivatives 8—;
J

* We break apart the top and bottom halves of the fraction and
treat them separately and then apply the chain rules for things
that are being multiplied together

p; = softmax(z;) = =< =
Op, 1 . 1 - 1 -
a_z; _ 6(623 o ) — a(ezy) S o - e~ 6( S et )

= () g — ¢ 05 )

. 1 . 1 .
= 0(e%)=— — €% - E’)(ezﬂ )}@D
2 e (22 e*)
We have to apply the chain rule again to find derivative of the sum. The sum
contains the thing we are differentiating z. along with all the other z, which we

k
are not interested in. Those other z, are constants and can be removed.
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op;

Partial Derivatives .
J

Op; .. .. py
o =) s — e —L—{5(e”)

P
Op; 9 B (ezj)z +ezja(2ek)
—_— — —_ . — __p~j 1 <k
oz  Pi TP ey 12 €")
— __p?j 1 Zq
97 7& q ~ € 5 ) (e*)

53
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_9J 9p; 0z
N 0pj 0zj G
ij

J

* SO now we have two dervatives

0z: — Pj —Pj Ozgzj PiPq

J

e Now we can return to the first two terms of -9

8J Op; 0z

ij
Op;
0z;

37 9P
8p] 3zj — 0(_ Z] 1 Y5 lngJ)

op;
= —0(y; logpj)a—zj —0(2 2 Ya 08 Pg) 92

— Yy _p.2) _ 21 (_p.
—_p_j(pj p;°) Zj;éq(pq( PjPq))

= —Yj T YiPi+ 2y YaPa = Pi 2Yi — Y
=Pi— Y

ow™ Op; 0z puw)

54



Machine Learning Backpropagation 55

. . . . 5J 9p; 0z
Partial Derivatives ;= = 5, 5. 5.~

ij

— h
ow™ - hz 2y = hw™
i
— —  — Y5 Wl lf o BY B
3’1,0?“]9 (8pj 3zj ) Bw?f (p J y]) 2 1“1y

* This result is the same as the intuition
* Note: softmax and cross entropy were specifically chosen to

go together because they have such a nice friendly derivative

* Because there may be many simpler and less computationally expensive
formulas which give a nice probability distribution, but softmax is so popular
because of its derivative.

* Also, tanh is also a very complicated function with a nice

derivative, as is its alternative sigmoid
* The same goes for other versions of log loss and the squared error loss. All are
carefully selected for their graceful derivatives.
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0J
8,waf;h

Partial Propagation

* Backpropagate the error of output layer e, to hidden
layer: the error of hidden layer e
*In the following equations
* Output nodes are indexed by j
* Hidden nodes are indexed with i
* Input nodes are indexed by m

h

oJ __ zny (BJ Op; 0Ozy; Oh; Oz )
Ow*h 7=1 8pj Bzyj Oh; Ozy; Bw%z

mi
m I i
. &

56
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: : .J
Partial Propagation P
0z,
= Y
8hz 1]
aJ  _

22 (eyjw;;) ;

h . ;
8w7a’:n’l, 82}” 8wfn,z
8h — tanh (Z ) _ e*hi —e ?hi _1_ ta,nh2 (z )
! e e*hi +e " ?hi hi
Ozp; —
zh m
8Iwmi

0?Uih — anl (whyeyj)(]. — tanh2 (Zhi)){[,‘m

mai
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0J

xh
ow*"

Partial Propagation

h
€hi = 2?31 (wi]y €y;)

Zehi = eni(1 — tanh®(z;))

ow™ = azxl 2.,

58



