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We take the functionis f(x,y) = \/ngyz (x.y) # (0,0)

Now we check it's
m Limit

m Continuity

m differentiability







LIMIT:- Let D € R4, f: D — R be a function and (a, b) be a limit point of D. Let (x,y) € D and (x,y) = (a,b) in
any manner. f is said to tend to the limit A if to each (> 0) there is a § (> 0) such that

|f (x,y) — A| < € whenever (x,y) € Ns(a,b),a § — nbd of (a, b).

We may choose Ns(a,b) = {(x,y)/0 < |x —a| < 5,0 < |y — b| < §}
The lim, )5 qp) f(x,¥) = Ais called double limit or simultaneous limit.

Find the limit of f(xy) = %

lim —2—= |2 —O|
(x,y)—=(0,0) yx2+y2 | |/x2+y?
_ _lxllyl
x2+y2
<\/x2+y2-\/x2+y2
- x2+y?2

=Jx2+y2<e,ifx? +y?% < §%(=€?)




iteratea or kepedatea limit.-

Let N be a certain nbd of (a, b) and f(x, y) be defined on N. For a fixed value of y, lim,._,, f(x, y), if exists,
will involve y.

~ lim, 4 f(x,y) will be different for different values of y and thus lim,._,, f (x, y) will be a function of y.

Letlim,_, f(x,y) = ¢ (y)

If then, lim,,_,, () exists and is equal to A, we write

lim {limf(x, )} =4~ @

y—-b \x—-a

We change the order of obtaining limit. Keeping x fixed, if lim,,_,, f (x, y) exists it will be a function of x say
¥(x). If lim,_, ¥ (x) exists and is equal to B we write

1 1 | 2 e s (2)
lm L)) = B
This limits given in (1) and (2) are called iterated or repeated limits.

Here for f(xy) = \/%yz

lim{limf(x,y)}=lim{lim 2 }=o,

y—-0 Lx—-0 y-0 (x-0 /x2+y2

o . c Xy
similarly, llm{llmf(x, y)}= lim {llm } =(
x—-0|y—-0 x—0 | y—0 /xz + yz
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LCONUINUILY :-Let D be a non-empty subset of R“ and f: D — R be a function. Let (a, b) € D. We say that f
is continuous at (a, b) if given € > 0,35 > 0 such that |f(x,y) — f(a,b)| < € Vx Ns(a, b) n D In other words, f
is continuous at (a, b) € D if lim, jy-,0,0)f (@ + h, b + k) = f(a, b) where (a + h,b + k) € D. f is called
continuous on D if f is cont. at every point of D.

Note : Iflim, 0,0/ (x, y) does not exist, the question of continuity of f at (a, b) does not arise.

Theorem :- If f(x, y) is continuous at (a, b) and f(a, b) # 0 then there exists a neighbourhood of (a, b) where
f(x,y) and f(a, b) maintain the same sign.

Theorem :- If f(x, y) be continuous at (a, b), then the functions f(x, b) and f(a, y) are continuous at x = a
and y = b respectively.




Prove that the function

:
, (x,v) # (0,0
f(x, y) = {22+ y? () # (0.0) Is continuous at (0,0)
.0 (x,¥) = (0,0)
Lete > 0.
Now If(x,y) = f0.0)] = | 2=~ 0|
Xy Xyl Vx2+y2x* +y?

iy Ve Jetr
=Jx2+y?<e

if x2 + y?2 < 62 where § = ¢

Thus for chosen € > 0,3 a positive § such that

|f(x,y) — £(0,0)| < e whenever x? + y? < §2

This proves that f is continuous at (0,0).




TY

Z

UMY

-

&

OF t AT (0,0)




Let f be a tunction ot two independent variables x and y detined over a domain D € R“ and P(a, b) €
D. Let N be a nbd of (a,b) suchthat N c D and Q(a + h, b + k) € N. If @ be the angle that the line
joining PQ makes with the positive direction of x-axis, then the direction cosines of PQ are

[ =cosaand m = sina.

It p = Vh* + k*

Then h = pcosa, k = psina,and p - 0as Q — P.
f(a+pcos a,b+psin a)—f(a,b)

lim,_,g . , if exists, is called the derivative of f(x,y) at (a, b) in the direction «
and is denoted by D, f(a, b). If @ = 0 the derivative is denoted by 2 (gi’b) andifa = g, the derivative

. 0f(ab)
1S 3y

, and these derivatives are called the Partial derivatives of f(x, y) at (a, b) with respect to

x and y respectively.

fxt+hy)—f(xy)
h

e . D .
, if exists, is é or, f, and lim;_,,

f(xy+k)-f(xy)
k

) i
, if exists is 3y OF fy*

Thus, lim;,_,,



 Find the partial derivative of f(xy) = =at (0,0)

Here f(x,y) is continuous at (0,0)
Now we know that the partial derivative of f(x,y) with respect to x is

f(x+h'y) _f(x'y)

Sl h

0+h,0)—f(0,0
At (0,0), fx<oo>—,1H0f” -l
—llmu=0
h-0 h

we know that the partial derivative of f(x, y) with respect to y is
of . fy+k)—f(xy)
fy or = lim
y k-0 k




At (0,0), fy(0,0) _ ’l(l_r)r(l) f(0,0+k;—f(0,0)

Since £,.(0,0)= £,,(0,0)=0 therefore partial derivative exist at (0,0)
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Let D € R X R be the domian of definition of f (x, y), a tunction ot two independent variables x and y

Let (x,y) € D be an interior point of D and N be a nbd of (x,y) lying in D.Let again,(x + h,y + k) €
N.

ThenAf = f(x+ h,y + k) — f(x,y) 18 called the increment of f(x,y) at (x,y) Letp = Vh* + k4,1 1S
said to be differentiable at (a, b) if we can express Af at (a, b) in the form Af = Ah + Bk + ep where
A and B are independent of h, k and € — 0 as p — 0 Ah + Bk is called the Total Differential of f at

(a, b) denoted by df, and ¢p is called the error in taking df in place of Af.

Thus, if a function f is differentiable at any point (x, y) € D

=2 ;df should tend to zero as (h, k) = (0,0).




 Check the differentiability of f(x,y) = —

x2+y2
partial derivatives at (0,0)
0
_ fho0)-f©0 . 5=0 0
lim =lim——=]lim-—=0.
h-0 h h-0 h h-0 h

~ The partial derivative f,(0,0) exists and is equal to 0 .

f(0,K)-£(0,0)

Similarly, lim =0. ~ £(0,0) = 0.
k-0 e y

Supposing that the function is differentiable at (0,0) we can write

£(O+ R, 0+ k) — £(0,0) = hf,(0,0) + kf, (0,0) + ev/h? + k2

where ¢ should tend to zero as (h, k) — (0,0).



Now, since f(0,0) =0f(h,k) =h.0+ k.0+ eVh* + k= £ = hz;kz which does not tend to a unique limit as
(h, k) = (0,0).

hk ) mh?

In fact, if (h, k) — (0,0) along k = mh we see that lim, 1) 0,0)& = limp,x)(0,0) s —

a function of m.

1+m?2’

~ limp 1y (0,0 € dose not exist . Hence f(x,y) is not differentiable at (0,0)




