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exp(¢; )exp(¢y) = exp((¢1 + ¢2)")
In(exp(A)exp(B)) = A+ B



exp(¢; )exp(¢y) = exp((¢1 + ¢2)")
In(exp(A)exp(B)) = A+ B

incorrect!




BCH(Baker-Campbell-Hausdorff) =4 & 2 ALK

In(exp(A) exp(B)) ~ A+ B+ = [A B| + %[A, (A, B]| — %[B, B, A]] +---

[A,B] = AB — BA

correct!

https://en.wikipedia.org/wiki/Baker%E2%80%93Campbell%E2%80%93Hausdorff_formula



BCH(Baker-Campbell-Hausdorff) =4 & 2 ALK

In(exp(A) exp(B)) ~ A+ B+ - [A, B] + —[A,[4, B] - — [B,[B,A]| + -

[A,B] = AB — BA
if @1, ¢o small

In(exp(A)exp(B)) ~ A+ B+




BCH(Baker-Campbell-Hausdorff) =4 &

- Approximate BCH formulas
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BCH(Baker-Campbell-Hausdorff) =4 & 2 ALK
exp(A¢")exp(¢") = exp((¢p + J; ' (6)A¢)")

Lie algebrail Al & & A A= SHCFH?

exp((¢ + Ap)") = exp((J1A¢)")exp(¢") = exp(¢” )exp((J; Ad)")

exp((J1A®)")exp(¢") = exp((¢ + JiJ; ' Ad)")  proof
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e=z—Tp

nJH 2l measurement 0l A errorE = A2
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SOB)IA 2 th2 S5
z=Tp+w Measurement

e=z—Tp Error function

nJi 2] measurement Ul Al errorE ZAZ ol=TE O HH??

man z |Z; — Tpl)Q Cost function



SOB)0IAl 2l T4 8=

Cost function= Optimization 24 ™ ? -> derivative!
Gradient descent, Gauss Newton, LM etc... mm J E sz TPH2

. f(z+ Az) — f(z)
AIJZ;IEO Az



SOB)0IAl 2l T4 8=

Cost function= Optimization 24 ™ ? -> derivative!
Gradient descent, Gauss Newton, LM etc... mln J

. flz+ Azx) — f(x)
AIJ%IEO Azx
if A, B € SO(3)
A+ B ¢ SO(3)

Lie groupOll M & & 2| constraint Z 2!

Z |z: — Tpl,



SOB)0IAl 2l T4 8=

- Cost function=2 Optimization ot ™ ? -> derivative!
Gradient descent, Gauss Newton, LM etc... mln J E HzZ TpH2

. f(z+ Az) — f(=)
AIJ%IEO Azx

if A, B € SO(3)
A+ B ¢ 50(3)

Lie groupOl M & & 2| constraint 2 2
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Sophus &' &

- c++ implementation of Lie groups commonly used for 2d and 3d geometric problems

https://qithub.com/strasdat/Sophus



https://github.com/strasdat/Sophus

Sophus & & - useSophus

https://github.com/gaoxiang12/slambook?2



https://github.com/gaoxiang12/slambook2

Sophus & & - GaussNewton

initialGauss: 1 0 @ 0
0100
006010
00601
#Iteration @.
cost: 8.00112
T:
0.63235 0.170351 0.755721 -0.410987
0.11205 ©0.945152 -0.306809 -0.191596
-0.766536 0.278689 0.57858 1.05265
0 [¢] [¢] 1
#Iteration 1.
cost: 4.43452
T:
0.931598 0.142259 0.334495 -0.47993
-0.0196055 0.938559 -0.344561 0.141249
-0.36296 0.314435 0.877149 0.364711
[¢] [¢] 0 1
#Iteration 2.
cost: 3.6357
T:
0.719135 0.183931 0.670085 -0.665767
0.182926 0.880205 -0.437924 0.145222
-0.67036 0.437502 0.59934 0.763202
0 [¢] [¢] 1
#Iteration 3.
cost: 3.56049
Ts
0.905197 0.173098 0.388144 -0.54283
0.0194336 0.895482 -0.444674 0.303279
-0.424548 0.410061 0.807223 0.3302
0 [¢] [¢] 1
#Iteration 4.
cost: 3.54844
Ts
0.745608 0.185691 0.63999 -0.67915
0.191033 0.860522 -0.472237 0.229778
-0.638416 0.474363 0.606139 0.635543

https://github.com/dawan0111/Simple-SE3-Optimization



https://github.com/dawan0111/Simple-SE3-Optimization

Sophus & & - GaussNewton

initialGauss: 1 0 @ 0

0100

006010

00601

#Iteration @.

cost: 8.00112

T:
0.63235 0.170351 0.755721 -0.410987
0.11205 ©0.945152 -0.306809 -0.191596

-0.766536 0.278689 0.57858 1.05265

0 [¢] [¢] 1

#Iteration 1.

cost: 4.43452

T:

.931598 0.142259  0.334495 -0.47993
-0.0196055 0.938559 -0.344561 0.141249
-0.36296 0.314435 0.877149 0.364711

[¢] [¢] 0
#Iteration 2.
cost: 3.6357
T:
0.719135 0.183931 0.670085 -0.665767
0.182926 0.880205 -0.437924 .145222
-0.67036 0.437502 0.59934 .763202
0 [¢] [¢] 1
#Iteration 3.
cost: 3.56049
Ts
0.905197 0.173098 0.388144 -0.54283
0.0194336 0.895482 -0.444674 0.303279
-0.424548 0.410061 0.807223 0.3302
0 [¢] [¢] 1
#Iteration 4.
cost: 3.54844
Ts
0.745608 0.185691 0.63999 -0.67915
0.191033 0.860522 -0.472237 0.229778
-0.638416 0.474363 0.606139 0.635543

https://github.com/dawan0111/Simple-SE3-Optimization

1

2

Measurement

Error function

Cost function


https://github.com/dawan0111/Simple-SE3-Optimization

Sophus & & - GaussNewton

9(Tp) _ 1, exp(6¢") exp (§") p —exp (") P
06~ 560 o0&
— iy I+ exp(§M)p—exp(§)p
560 113
_ . 08 exp(éM)p
- jm, g2
[ 69" dp Rp+t
P oL 0T 0 1
= 5650 o€
[ 6¢" (Rp+1t)+dp
e ok 0T 1
= ago [0p, 00" B [ or

6d gaussNewton

Sophus
Eigen::Matr ble, 6, 6> H = Eigen::Ma double 6>::Zero
Vectoréd b )
Eigen:: d ix = Eigen::Mat

6> jacobian = Eigen::Matrix<
IJd 503 = Eigen::Vector3d::Zero();
ationMatrix() landmark + T.translation();
so3 - measure;
:Identity();

jacobian.bloc <3d: )
3d::hat(so3) * -1.0;

jacobian.block(®
b += error.transpose() * informationMatrix * jacobian;

H += jacobian.transpose() informationMatrix * jacobian;

oréd dx = H.colPivHouseholderQr().sol -b);
n dx;

https://github.com/dawan0111/Simple-SE3-Optimization

:Identity();

’



https://github.com/dawan0111/Simple-SE3-Optimization

Sophus & & - GaussNewton

1t 1 =0; 1 <10; ++1i)
::cout << "#Iteration " << i << "." << std::endl;
o cost = costFunction(measures, landmarks, T);
::cout << "cost: " << cost << std::endl;

to dT = gaussNewton(measures, landmarks, T);

Sophus: :SE3d::exp(dT) * T;
d::cout << "T: " << std::endl;
::cout << T.matrix() << std::endl;

https://github.com/dawan0111/Simple-SE3-Optimization



https://github.com/dawan0111/Simple-SE3-Optimization

Sophus & & - GaussNewton

0; 1 < 10; ++1) {
:cout << "#Iteration " << i << "." << std::endl;
cost = costFunction(measures, landmarks, T);

::cout << "cost: " << cost << std::endl;

3D Rotation

dT = aaussNewton(measures, landmarks, T);

x < > ‘ Lie Group Lie Algebra
Sopnus:-SE3a..expth; T
cCout << "1: " << std::end L; S50(3) cxp(()a'):cos()l +(1-cos@)aa" +sin fa” Exponential 50(3)
:cout << T.matrix() << std::endl; Rer™ . gek
RR" =1 Logarithmic. 5 _ o0 Ir(l;) =k Ra=a « 0 -4 4
det(R)=1 =4 0 -4
4 ¢ 0

3D Transform

Lie Group Lie Algebra
op(e)=| TP ) 9P
SE(3) 2 o 1 se(3)
TeR™ J= ﬂ1ﬁl 1—1"——(z aa’ + 17—C‘ﬁa‘ Exponential é= Plere
0 0 0 ¢
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Logarithmic ¢ = arccos ”‘([;) = Ra=a t=Jp

https://github.com/dawan0111/Simple-SE3-Optimization



https://github.com/dawan0111/Simple-SE3-Optimization

Sophus &! & - TrajectoryError

*ﬁIIUSE UBUNTU 20 ”Set to ON 1f you are using Ubuntu 20.04" ON)
d pack {Pangolln REQUIRED)
IUSE UBUN U 20)
"You are using Ubuntu 20.04, fmt::fmt will be linked")
age(fmt REQUIRED)

L‘FMT LIBRARIES fmt::fmt)

rie {Pangolin INCLUDE DIRS})
trajectoryError trajectoryError.cpp)
braries(trajectoryError ${Pangolin LIBRARIES} ${FMT LIBRARIES}

https://github.com/gaoxiang12/slambook?2



https://github.com/gaoxiang12/slambook2

Sophus &! & - TrajectoryError

N
l ‘
ATEan = | 3 D I110g(Ty; Teti) VI3,
i=1

- (size t 1 = 0; 1 < estimated.size(); i++)

Sophus::SE3d pl = estimated[i], p2 = groundtruth[i];

double error = (p2.inverse() * pl).log().norm();
+= error * error;

= rmse / double(estimated.size());
= sqrt(rmse);
< "RMSE = " << rmse << endl;

https://qithub.com/strasdat/Sophus

(4.44)


https://github.com/strasdat/Sophus

Sophus & & - TrajectoryError

https://qithub.com/strasdat/Sophus



https://github.com/strasdat/Sophus

FAPEHE 2 12 2l U=

- mono% ZR UBINMOR AU HE HAIRMOR H2lstlh GtHet HEHMA SAHHEO B
- 2l tH=simB@)= 7Xt& BIHZ OHAI 0l AH L= 2| 0|ot= H=It otLt 4 UL x,y,z, roll, pitch, yaw, scale
sR t
p' = [ oT 1 ] p = sRp + t. (4.48)
Sim(3) = {S = [ ":)l} ; ] € IR‘“‘“}. (4.49)

P A
sim(3)={¢¢=]| ¢ | eR",¢ = [ "I(')*,,‘d’ P ] e R4x4 % (4.50)
o



FAPEHE 2 12 2l U=

Exponential mapping e ex 33 T P
exp (¢Y) = [ 7Y dap ] . (4.51)
Where J; is:
~e?—1_ oe’8inf+(1—e’cos0)d ,
i o L o? + 02 =
4 e” —1 (e”cos Theta —1)o + (e” sin6)6 alal
o o2 + 02

s=¢e’, R =exp(¢"), t=Jsp. (4.52)
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Summary
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