LECTURE 11

Ordinary Least Squares

Using linear algebra to derive the multiple linear regression model.

Data 100/Data 200, Fall 2022 @ UC Berkeley

Will Fithian and Fernando Pérez
Content credit: Lisa Yan, Ani Adhikari, Deborah Nolan, Joseph Gonzalez



Plan for next few lectures: Modeling

R
Prediction and
Inference
(today)
Modeling I: Modeling II: Modeling IlI:
Intro to Modeling, Simple Different models, loss Multiple Linear
Linear Regression functions, linearization Regression




Linear in Theta

An expression is ‘linear in theta” if it is a linear combination of parameters 0 = (6o, 01, ...,0;).

1.9 =00+ 01(2) +02(4-8) +03(10g42) 4. 151 11 2 3 4 go
MR
3 1 8 9 0 95
2. y = 90 + 01x1 + 92x2x3 + 03 . log X4 5. ?1 1 X311 X12 Xi13 SO
2| = [1 X12 X22 xzs] 01
3 1 X13 X23 X33 92
3

Which of the following

expressions are linear
3. ¥=00+6, -x, + logf,-x, + 6506, in theta?
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Linear in Theta

An expression is ‘linear in theta” if it is a linear combination of parameters 0 = (6o, 01, ...,0;).
1. :& = (90 + 91(2) + (92(4 . 8) -+ 93(10g 42) 4. ?1 1 2 3 4 go
— . 1 2
[1 2 48 loga2]|y’ 93 1 8 9 0 o
63
2. 9 — 90 + Glxl + 92x2x3 + 63 . log x4 5. yl 1 X11 X12 X13 zo
o Vol = [1 X12 X222 xzs] 61
2
=[1 x x,x; logx,] gl 3 1 X13 X3 X33 0,
2

63

“Linear in theta” means the expression
3. y=6,+6,-x,+ logb, -x, +65 -6, can separate into a matrix product of two
terms: a vector of thetas, and a

matrix/vector not involving thetas.



Multiple Linear Regression

Define the multiple linear regression model:
?j :.90‘|—915L’1 —|—92£CQ—|— "'—|—9p517p

N

Predicted
value of Y

This is a linear model because it is

a linear combination of parameters 6 = (6p, 61, ...,0,).
(1,...,2p)—>0 = (00,064, ...,0p) —> 1
single observation single

(p features) prediction



NBA 2018-2019 Dataset

How many points does an athlete score per game?

PTS (average points/game)

To name a few factors:

FG: average # 2 point field goals
AST: average # of assists
3PA: average # 3 point field goals attempted

FG AST 3PA PTS
18 06 41 53

—

04 08 15 17
11 19 22| 3.2
60 16 00 139
34 22 02 89

o a & W N

06 03 12| 17

Rows correspond to
individual players.

3PA T

assist: a pass to a teammate
that directly leads to a goal



Multiple Linear Regression Model

FG
1 18

AST 3PA

0.6

4.1

PTS
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6.0
34

o a & W N

0.6

1.9
1.6
2.2
0.3

2.2
0.0
0.2
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89
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Rows correspond to
individual players.
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Today’s Roadmap

Lecture 11, Data 100 Fall 2022

OLS Problem Formulation

e Multiple Linear Regression Model
e Mean Squared Error

Geometric Derivation

e Lin Alg Review: Orthogonality, Span
e |east Squares Estimate Proof

Performance: Residuals, Multiple R?
OLS Properties

e Residuals
e The Intercept Term
e Existence of a Unique Solution

Linear Algebra Resources: £Ed post


https://edstem.org/us/courses/15436/discussion/1160473

Today's Goal: Ordinary Least Squares

1. Choose a model Multiple Linear )

Regression

| 2 LoSsS In statistics, this model + loss is called
2. Choose a loss ordinary least squares (OLS).
function Mean Squared Error

(MSE)

Minimize . o
3. Fit the model averade loss The solution to OLS are the minimizing

' : d o parameters @ , also called the

with geometry least squares estimate.
4. Evaluate model Visualize,
performance ReetSE ,

Multiple R



Multiple Linear
Regression Model

Lecture 11, Data 100 Fall 2022

OLS Problem Formulation

e Multiple Linear Regression Model
e Mean Squared Error

Linear Algebra Resources: £Ed post

10


https://edstem.org/us/courses/15436/discussion/1160473

Today's Goal: Ordinary Least Squares

For each of our n datapoints:
Multiple Li ~
1. Choose a model Reugrléjsiiolr?ear j = 0o + 0121 + o9 + - -+ + prp
A

2. Choose a loss -2 boss Y — XQ

Mean Squared Error

function
(MSE)
Linear Algebral!!
Minimize
3. Fit the model average loss
with estetts geometry
4. Evaluate model Visualize,
performance Reotivst
Multiple R?

11



Vector Notation

y =00+ 01x1 + boxa + -+ Opxy

p
:90+ Z (93'33]'

j=1
1
T (p+1) . » — | 04
— T 8 x,0 e R . L 0.8
1.5
— | 1 04 08 15 o
h c R
0
03

NBA Data

FG AST 3PA PTS
1 1.8 06 41 |53
2|04 08 15| 1.7
3 11 19 22 | 32
4 60 16 00 [139
5 34 22 02 | 89
6 06 03 12 | 17

Rows correspond to
individual players.
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Matrix Notation

Data FG AST 3PA PTS

To make predictions on all n datapoints in our sample:

@1 — 33{9 where J?rf = [1 11 I12
:&2 p— QTCQFQ where :Bg — [1 o1 I929
Qn — CIZ’;;H where mg — [1 Tnl Tpo

1 18 06 41 | 53
2 04 08 15 | 17
3 11 19 22| 32

sagni 0,
for all
preds L

l'lp] Datapoint 1

;czp] Datapoint 2

a:np] Datapoint n

13




Matrix Notation

Data Fc

To make predictions on all n datapoints in our sample:

Y2 =11 =z

Y1 = [1 r11 T12... xlp]

yn:[l Lnl In2

n row vectors, each
with dimension (p+1)

0

0

1 18
2 04
3 11

Expand out each datapoint’s

(transposed) input

AST 3PA PTS
06 41 | 53
08 15 | 17
19 22 | 32

sagni 0,
for all
preds LS.

14




Matrix Notation Data FG AST 3PA |PTS

1 18 06 41 |53

To make predictions on all n, datapoints in our sample: 2 04 08 15 17
3 11 19 22 | 32
7 ] L
Y1 [1 11 I12... xlp] same 90
=1,
02
R for all 0
Y2 [1 L21 L22 ... szp] preds L3
_gn_ [1 Tnl Tno ... xnp]
n row vectors, each Vectorize predictions and parameters
with dimension (p+1) to encapsulate all n equations into a

single matrix equation. s




Matrix Notation

Data FG AST 3PA PTS

To make predictions on all n datapoints in our sample:

_ X 9

Design matrix with
dimensionsnx (p + 1)

1 18 06 41 | 53
2 04 08 15 | 17
3 11 19 22 | 32

sagni 0,
for all
preds L

16




The Design Matrix X

We can use linear algebra to represent our
predictions of all n datapoints at once.

One step in this process is to stack all of our
input features together into a design matrix:

1 i1 L1120 ... Tip

1 o1 22 ... Xy

X = 1 I3y T32 ... T3p
_1 Inl LTp2 ... anp_

What do the rows and columns
of the design matrix represent in
terms of the observed data?

@@

Q?

® v

Bias

1

1

FG
1.8
0.4

1.1
6.0

3.4

4.0
3.1
3.6
34
3.8

AST 3PA

0.6
0.8
19
1.6
2.2

0.8
0.9
1.1
0.8
1.5

41
1.5
2.2
0.0
0.2

0.0
0.0
0.0
0.0
0.0

Example design matrix |

PTS
5.3
1.7
3.2

13.9
8.9

11.5
7.8
8.9
8.5

9.4

708 rows x (3+1) cols

> & &
5§

nl):,l



The Design Matrix X

We can use linear algebra to represent our
predictions of all n datapoints at once.

One step in this process is to stack all of our
input features together into a design matrix:

1 11 L12 ... Tip
1 =z x .. X
21 22 2p A row corresponds to one
X = 1 31 T32 ... I3p observation, e.g,, all (p+1)
features for datapoint 3

1 Ipnl LTn2 .- Ipp

A column corresponds to a feature,
e.g. feature 1 for all n data points

Special all-ones feature often
called the intercept

> S
P o Q& &
(7}6 %%\% 520\ @{(\

XYW
Bias FG AST 3PA |PTS
1 6 41]53
104 08 15| 17
3.2
1 16 00 [139
1 22 02|89
1 8 00 |ns
1 09 00| 78
1 1 00 | 89
1 34 08 00|85
138 15 00]94

Example design matrix
708 rows x (3+1) cols



The Multiple Linear Regression Model using Matrix Notation

We can express our linear model on our entire dataset as follows:

Y2
Us

Yn

_:&1 -

1
1
1

L11
X921
31

Lnl

12
XL29
XL32

Ln2

CElp '90'
$2p (91
5133p .
(9]?
xnp_ - -

Y = X#

Note that our
true output is
also a vector:

Y € R"

Prediction vector

Rn

Design matrix
R (p+1)

Parameter vector

R(+1)

19



Mean Squared
Error

Lecture 11, Data 100 Fall 2022

OLS Problem Formulation

e Multiple Linear Regression Model
e Mean Squared Error

Linear Algebra Resources: £Ed post

20


https://edstem.org/us/courses/15436/discussion/1160473

Today's Goal: Ordinary Least Squares

1. Choose a model

2. Choose a loss
function

3. Fit the model

4. Evaluate model
performance

N
Multiple Linear
Regression Y —
L2 Loss

(MSE)

Minimize
average loss
with estettes geometry

Visualize,
ReotMASE
Multiple R?

X0

Mean Squared Error R(@) — %HY . X@‘ ‘%

More Linear Algebra!!




[Linear Algebra] Vector Norms and the L2 Vector Norm

The norm of a vector is some measure of that vector's size.

e Thetwo norms we need to know for Data 100 are the Lz and Lz norms (sound familiar?).
e Today, we focus on Lz norm. We'll define the L1 norm another day.

1]
Iy

For the n-dimensional vector = = | z3 |, the L2 vector norm is




[Linear Algebra] The L2 Norm Is a Measure of Distance

||x|\2=\/x%+x§+---+:c%=

The L2 vector norm is a generalization of the Pythagorean theorem into n dimensions.

It can therefore be used as a measure of distance between two vectors. /
e Forn-dimensional vectors a, b, their distance is ’ |CL — b’ ’2 . \/
a
b
n .
Note: The square of the L2 norm of a vector is ||z] |§ — Z 333 Looks lldkeE Meﬁﬂ
the sum of the squares of the vector's elements: 1 Squared Error!!

23



Mean Squared Error with L2 Norms

We can rewrite mean squared error as a squared L2 norm:
n

R(0) = 5 ;(yi — 9i)?

1 .
= —||Y — Y3
~[]Y - Y3

With our linear model Y — X@ :

R(0) = L||Y — X0|3

24



Ordinary Least Squares

The least squares estimate @ is the parameter that minimizes the objective function R(0):

R(0) = ;[|Y — X903

T on

How should we interpret the OLS problem?

A. Minimize the mean squared error for the linear model Y = X6

B. Minimize the distance A
between true and predicted values Y and Y

Y1 — Y1 |
L . - Y2 — Yo
C. Minimize the length of the residual vector, e = Y — Y = .
| Yn — Un
D. All of the above o3

\))

E. Something else



Ordinary Least Squares

The least squares estimate @ is the parameter that minimizes the objective function R(0):

R(0) = ;[|Y — X903

T on

How should we interpret the OLS problem?

A. Minimize the mean squared error for the linear model Y = X6

B. Minimize the distance

between true and predicted values Y and Y _ NN
Y1—mn

C. Minimize the length of the residual vector, e = Y — ¥ = 92 _ Y2 - Important

: for today
| Yn — Yn _
AII of the above 7
E. Something else

26



Geometric
Derivation

Lecture 11, Data 100 Fall 2022

Geometric Derivation

Linear Algebra Resources: £Ed post

27


https://edstem.org/us/courses/15436/discussion/1160473

Today's Goal: Ordinary Least Squares

1. Choose a model

2. Choose a loss
function

3. Fit the model

4. Evaluate model
performance

Multiple Linear
Regression

L2 LossS

Mean Squared Error
(MSE)

Minimize
average loss
with eategtss geometry

Visualize,
ReotMASE
Multiple R?

A

Y = X0

R(0) = L||Y — X0|2

The calculus derivation requires
matrix calculus (out of scope, but
here’s a link if you're interested).

Instead, we will derive § using a
geometric argument.

28


https://en.wikipedia.org/wiki/Least_squares#Linear_least_squares

[Linear Algebra] Span

The set of all possible linear combinations of the columns of X
is called the span of the columns of X (denoted span(X)), also
called the column space.

e Intuitively, this is all of the vectors
you can “reach” using the columns of X.

e |f each column of X has length n,
span(X)is a subspace of R". X X2
Sllbs

pa,ce
of
@7& Spanned b
r X

29



A linear combination of columns

Y=X6

So far, we've thought of our model as

horizontally stacked predictions per datapoint:

n

A

Y

\ J
1

fl\
uy
1

P+l

We can also think of Y as a linear combination of feature vectors, scaled by parameters.

r N s

=
|

X:,l X:Q
|

] p+1

\

r|~

J

e
1

P+

— 91 Xz,l ‘I‘ 92 X:Q

30



A linear combination of columns

span(X)

span(X) R™

Our prediction Y — X4@ is a linear combination
of the columns of X. Therefore Y € span(X) .

Interpret: Our linear prediction Y will be in span(X),
even if the true values Y might not be.

Goal: Find the vector in span(X) that is closest to Y .

31



This is the
residual vector,

e=Y—Y.

Goal:

Minimize the Lz norm of
the residual vector.

i.e., get the predictions Y
to be “as close” to our
true y values as
possible.

v

32
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Y| = 01 X, 4+02X.2

S

We will not prove this property
of orthogonal projection: see
Khan Academy.

v

How do we minimize
this distance — the norm
of the residual vector
(squared)?

The vector in span(X)
that is closestto Y is
the orthogonal
projection of Y onto

span(X).


https://www.khanacademy.org/math/linear-algebra/alternate-bases/orthogonal-projections/v/linear-alg-projection-is-closest-vector-in-subspace

v

How do we minimize
this distance — the norm
of the residual vector
(squared)?

The vector in span(X)
that is closestto Y is
the orthogonal
projection of Y onto

span(X).

Thus, we should choose
the @ that makes the

residual vector

orthogonal to span(X).
35



[Linear Algebra] Orthogonality

1. Vector a and Vector b are orthogonal if and only if their dot product is O: al'b =0 b‘
This is a generalization of the notion of two vectors in 2D being perpendicular.

a
g
2. A vector v is orthogonal to span(M ), the span of the columns of a matrix M,
if and only if v is orthogonal to each column in M. span(M)
. ] I |
Let's express 2 in matrix notation. Letv € R™*, M € R™%where M= |m; my ... my|:
m{v =0 -m{fu- 0 | | |
T IW VUV = O
mg’v =0 mT’U _O_ T dxn
ol M" eR zero vector

vis orthogonal to each d-I h
column of M, m; € R™*! oo et s
— full of 0s).



Ordinary Least Squares Proof

The least squares estimate ¢ is the parameter @ that minimizes the objective function R(6):

Equivalently, this is the é such that the residual vector Y — Xé is orthogonal to span(X) .

Definition of orthogonality
of Y — X to span(X)
(0 is the () vector)

Rearrange terms

The normal equation

If XT'X is invertible

R(0) = +||Y — X603
xT (Y—Xé) —0
XTy - XTx6 =0

XTx9 =Xy

h= (XTx) " xTy

Y,

37



XIX) XY

Oy
|

This result is so important that it deserves its own slide.
It is the least squares estimate and the solution to the normal equation X7Xf = X7y . 38



= (XIX)IxTy

This result is so important that it deserves its own slide.
It is the least squares estimate and the solution to the normal equation X7Xf = X7y . 39



Least Squares Estimate

1. Choose a model

2. Choose a loss
function

3. Fit the model

4. Evaluate model
performance

Multiple Linear
Regression

L2 LossS

Mean Squared Error
(MSE)

Minimize
average loss
with ealedtas geometry

Visualize,
ReotMSE
Multiple R?

Y = X¢
R(6) = 1]|Y — X6||3

)= (XTX)~1XTyY

40



) /
&/

1809, German 1805, French 1809 Irish-
mathematician Carl mathematician American
Freidrich Gauss Adrien-Marie Legendre  Robert

[ ] Adrain

Within ten years of publication, OLS was standard in
astronomy/geodesy in France/lItaly/Prussia.

The "least squares method" is directly translated

I nterl u d e from the French “méthode des moindres carrés’”

In Gauss's 1809 work on celestial bodies, “he claimed
to have been in possession of the method of least
squares since 1795. This naturally led to a priority
dispute with Legendre.” [link]

()OS


https://en.wikipedia.org/wiki/Adrien-Marie_Legendre#Mistaken_portrait
https://en.wikipedia.org/wiki/Least_squares#The_method

Performance

Lecture 11, Data 100 Fall 2022

Performance: Residuals, Multiple R?

Linear Algebra Resources: £Ed post

42


https://edstem.org/us/courses/15436/discussion/1160473

Least Squares Estimate

1. Choose a model

2. Choose a loss
function

3. Fit the model

4. Evaluate model
performance

Multiple Linear
Regression

L2 LossS

Mean Squared Error
(MSE)

Minimize
average loss
with ealedtas geometry

Visualize,
ReotMsE
Multiple R?

Y = X¢
R(6) = 1]|Y — X6||3

)= (XTX)~1XTyY

43



Demo

Multiple Linear Regression

Note that our

A
true output is
—_— also a vector:

n
Prediction Design matrix Parameter Y - R
vector vector
R™ Rnx(p+1) R(}H—l)

R(0) = L||Y — X0]|3

)= (XTX)"1xTY

44



[Visualization] Residual Plots

Simple linear regression

Plot residuals vs
the single feature x.

0.6
0.4 .

0.2 o z .

0.0 a—

-0.4

1.8 2.0 2.2 2.4 2.6
Length

Compare



Compare

See notebook

[Visualization] Residual Plots

Multiple linear regression

Plot residuals vs

fitted (predicted) values y,.

Check distribution around

5

3

2

1

Y -Y_hat

0 5 10 15 20 25 30

Y_hat

Same interpretation as before (Data 8 textbook):
e A good residual plot shows no pattern.
e A good residual plot also has a similar vertical spread
throughout the entire plot. Else (heteroscedasticity), the
accuracy of the predictions is not reliable.

Length

46


https://inferentialthinking.com/chapters/15/5/Visual_Diagnostics.html?highlight=heteroscedasticity#detecting-heteroscedasticity

[Metrics] Multiple R*2

Simple linear regression Multiple linear regression
Error 1< . Error 1< .
RMSE Jn;(yi_y") RMSE Jn;(yz’—yﬂ
Linearity Linearity

Correlation coefficient, r Multiple R? also called the

coefficient of determination

r = 1 Z (xz — f) (yz — 3]) R _ variance of fitted values _ U_g
n o o

i1 y variance of y o2

Compare

47



Compare

[Metrics] Multiple R*2

We define the multiple R? value as the proportion of variance or
our fitted values (predictions) ¥ to our true values y .

Nty V!

P2 _ variance of fitted values o

variance of y %

<o

Also called the correlation of determination.

R? ranges from 0 to 1 and is effectively
“the proportion of variance that the model explains’”

For OLS with an intercept term (e.g. § = 6o + 6121 + Oaxa + -+ - + Opxy),
R? = [r(y,9)]? is equal to the square of correlation between y, .

e ForSLR, R? = r? the correlation between x, y.
e The proof of these last two properties is on the next hw 48



[Metrics] Multiple R*2

Multiple linear regression

predicted PTS = 3.98 + 2.4 - AST J ! Z Yi — Ui)? $ ]I]Z((/, — 4;)?

R2=0.457

=1 1=1

Linearity
Multiple R?, also called the

coefficient of determination
predicted PTS = 2.163 + 1.64 - AST

n , - 5 2
1.26-3PA r = 1 Z <”EZ — J/) (yz - 3/) R _ variance of fitted values ﬁ
R2 = 0.609 e Oz Oy B variance of y N o2
As we add more features, our fitted values tend to become closer and closer
Compare to our actual y values. Thus, R? increases.

® The SLR model (AST only) explains 45.7% of the variance in the true y.
e The AST & 3PA model explains 60.9%.

Adding more features doesn't always mean our model is better, though!

We are a few weeks away from understanding why.
49



These slides were not covered
in lecture 2/22 but will be
useful when you explore

properties of OLS in homework.

(Supplemental video:
https://youtu.be/dhG8GiZcyUE)

OLS Properties

Lecture 11, Data 100 Fall 2022

OLS Properties

e Residuals
e The Intercept Term
e Existence of a Unique Solution

Linear Algebra Resources: £Ed post

50


https://youtu.be/dhG8GiZcyUE
https://edstem.org/us/courses/15436/discussion/1160473

Residual Properties

When using the optimal parameter vector, our residuals ¢ = Y — X0 are orthogonal toyspan(X).
T <
X'e=0

Proof First line of our OLS estimate proof (slide).

For all linear models: A
. . N " W-Qb)\(;o* 9‘1* at T
Since our predicted response Y is in span(X) by definition, ¥ = %7 1®
it is orthogonal to the residuals. o T
Y e =
For all linear models with an intercept term,
the sum of residuals is zero. g =00+ 0121 + Og9 + -+ - + 0,1,
n
Z e, = O -1 11 T12 ... $1p-
i=1 L ®y xop ... Ty
. X = 1 T31 T32 ... T3y
You will prove both : :
roperties in homework. , :
prop (Proof hint) ]1T6 — 0 / L my ma .. 2 51

| i



Properties when our model has an intercept term

(previous slide)

. . ° n
For all linear models with an intercept term, Z e —0
the sum of residuals is zero. "

e Thisis the real reason why we don't N D/> t——— A
— i — Yi) = € — AR 5
directly use residuals as loss. n ;(y i) ; x x,09

@o This is also why positive and negative residuals will cancel out in any residual plot where
the (linear) model contains an intercept term, even if the model is terrible.

) « ]
= o

It follows from the property above that for linear models with intercepts, _ —
the average predicted y value is equal to the average true y value. y=1y

These properties are true when there is an intercept term, and not necessarily when there isn't.

You will prove these
properties in homework.

52



Does a unique solution always exist?

I

Constant Model +

MSE ==

Constant Model +  =—=
MAE

Simple Linear

Regression + MSE ¢ = a + bx

Ordinary Least
Squares
(Linear Model +
MSE)

Y = X4

Yes. Any set of values
has a unique mean.

Yes, if odd.
No, if even. Return average
of middle 2 values.

Yes. Any set of
non-constant* values has a

unique mean, SD, and
correlation coefficient.

7707

53



Understanding the solution matrices

In most settings,
# observations
N >>

# features
p

54



Understanding the solution matrices

In practice, instead of directly inverting matrices, we can use more efficient
numerical solvers to directly solve a system of linear equations.

XTxX0 = X'y

- PaN
o+1 AN H — p+1H

The Normal Equation:

Note that at least one solution always exists:

Intuitively, we can always draw a line of best fit for a given set of data, but there may be
multiple lines that are “equally good”. (Formal proof is beyond this course.)

55



Uniqueness of a solution: Proof

Claim

The Least Squares estimate fis unique if and only if X is full column rank.

Proof

e The solution to the normal equation XTI = XTY is the least square estimate 0.

e § hasa unique solution if and only if the square matrix XZ'X is invertible, which happens
if and only if X?Xis full (column) rank.
o The rank of a matrix is the max # of linearly independent columns (or rows) it contains.
o x7Ix hasshape (p+1)x (p+ 1), and therefore has max rank p + 1. TVo ] [l 2]
Lo Y L

l o © ¢ _
e X7IX and X have the same rank (proof out of scope). L@ 20 ][‘8 24 - U) 3]

e Therefore xTx hasrank p + 1 if and only if x has rank p + 1 (full column rank).

56



Uniqueness of a solution: Interpretation

Claim:
The Least Squares estimate fis unique if and only if X is full column rank.

When would we not have unique estimates?
1. If our design matrix Xis “wide”:

o (property of rank) If n<p, rank of X =min(n,p+1)<p+ 1. p + 1 features
o In other words, if we have way more features N X
than observations, then g is not unique. datapoints

o Typically we have n >> p so this is less of an issue.

2. If we our design matrix X has features that are linear combinations of other features.

o By definition, rank of X is number of linearly independent columns in X. \,
o Example: If “Width", "Height”, and “Perimeter” are all columns,

Py )
m Perimeter = 2 * Width + 2 * Height — Xisnotfullrank. Sz |4 w Zm,,]
o Important with one-hot encoding (to discuss in later). L bl

57



Does a unique solution always exist?

I

Constant Model +

MSE ==

Constant Model +  =—=
MAE

Simple Linear

Regression + MSE ¢ = a + bx

Ordinary Least
Squares
(Linear Model +
MSE)

Y = X4

Yes. Any set of values
has a unique mean.

Yes, if odd.

No, if even. Return average
of middle 2 values.

Yes. Any set of
non-constant* values has a
unique mean, SD, and
correlation coefficient.

Yes, if Xis full col rank
(all cols lin independent,
# datapts >> # feats)
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LECTURE 11

Ordinary Least Squares

Content credit: Lisa Yan, Ani Adhikari, Deborah Nolan, Joseph Gonzalez
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