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Abstract 
We prove that a curved timelike worldline has a strictly larger causal diamond than a straight 
worldline of equal proper length. Working in (d+1)-dimensional Minkowski spacetime and 
deriving the result via Lorentz invariance and a Taylor expansion of the invariant tip separation, 
we obtain the fractional volume excess 

ΔV/V = (d+1)κ²τ²/6 + O(τ⁴) 

where κ is the magnitude of the four-acceleration and τ is the proper-time half-window. The 
leading correction is universal: it depends only on κ, not on higher derivatives of the worldline. 
Specializing to d = 1, 3 recovers κ²τ²/3 and 2κ²τ²/3. The theorem follows from special relativity 
alone and is a quantitative refinement of the twin-paradox inequality V_γ ≥ V₀. Possible 
applications include the Benincasa–Dowker action in causal set theory, local causal structure for 
accelerated observers, and worldline-local counting observables in discrete approaches to 
quantum gravity. 

1.  Introduction 
The causal diamond of two timelike-separated events P₋ and P₊ is the intersection of the causal 
future of P₋ with the causal past of P₊ — the set of all events that can both receive a signal from 
P₋ and send one to P₊. Causal diamonds are the fundamental local regions of causal set theory 
(CST), and their volumes enter directly into the Benincasa–Dowker action, the discrete analogue 
of the Einstein–Hilbert action. 

A natural question is whether the causal diamond volume of a worldline depends on its 
curvature. We answer this in the affirmative and provide a rigorous proof of the leading-order 
excess. The result appears not to have been stated explicitly in the literature: a curved worldline 
has a strictly larger causal diamond than a straight one of equal proper length, by a fractional 
excess (d+1)κ²τ²/6 in (d+1)-dimensional Minkowski spacetime. The proof proceeds in two steps: 
(i) Lorentz invariance reduces the diamond volume to a function of the invariant tip separation 
alone; (ii) a Taylor expansion of the worldline to third order, using the identity η(γ̇, a) = 0 and its 
derivative, shows that all worldline data beyond κ enters the tip separation only at O(τ⁵), so the 
leading correction is universal. 

The paper is organized as follows. Section 2 recalls the causal diamond definition and volume 
formula. Section 3 gives the proof: setup and notation (§3.1), the Poincaré reduction lemma 
(§3.2), the worldline expansion lemma (§3.3), the main theorem (§3.4), and remarks (§3.5). 
Section 4 provides explicit 1+1D and 3+1D illustrations. Section 5 discusses the result and its 
potential connections. 



2.  Causal Diamonds in Minkowski Spacetime 
Causal diamonds. The causal diamond D(P₋, P₊) of two timelike-separated events is the 
Alexandrov interval: 

D(P₋, P₊) = { Q : P₋ ≺ Q ≺ P₊ } 

In (d+1)-dimensional Minkowski spacetime, the (d+1)-volume of the diamond whose tips lie on 
a timelike geodesic with invariant separation 2σ is: 

V₀(σ) = 2Ω_{d-1} σ^{d+1} / [d(d+1)],   Ω_{d-1} = 2π^{d/2}/Γ(d/2) 

In 3+1D this gives V₀ = 2πτ⁴/3 (using Ω₂ = 4π, d = 3). 

3.  The Theorem 
The two lemmas do the essential work; the main proof is then a single binomial expansion. 

3.1  Setup and notation 
Let ℝ^{1,d} = (ℝ^{d+1}, η) denote (d+1)-dimensional Minkowski spacetime with metric η = 
diag(−1, +1, …, +1) in inertial coordinates (x⁰, x¹, …, x^d). For events A, B with B − A 
future-directed timelike, the invariant separation is Δs(A, B) := √(−η(B − A, B − A)) > 0. The 
causal diamond D(A, B) is the set of Q with A ≺ Q ≺ B, and V(D) denotes its Lebesgue 
(d+1)-volume. 

A timelike curve γ : I → ℝ^{1,d} is smooth with η(γ̇, γ̇) = −1 (proper-time parameterization). Its 
four-acceleration is aᵘ := γ̈ᵘ, and its curvature at τ is κ(τ) := √(η(a(τ), a(τ))) ≥ 0. Since 
differentiating η(γ̇, γ̇) = −1 gives η(γ̇, a) = 0, the four-acceleration is spacelike. 

3.2  Lemma 1 (Poincaré reduction) 
Lemma 1. For any future-directed timelike-separated A, B ∈ ℝ^{1,d}, 

V(D(A, B)) = V₀(½ Δs(A, B)) 
Proof. By translation invariance take A = 0. Set nᵘ := Bᵘ/Δs; then η(n,n) = −1 and n is 
future-directed, so there exists Λ ∈ SO⁺(1,d) with Λn = e₀. Since det Λ = +1, Lebesgue measure 
is preserved, so V(D(0, B)) = V(D(0, Δs·e₀)). The canonical diamond D(0, Δs·e₀) consists of 
points (t, x⃗) with 0 ≤ t ≤ Δs and |x⃗|² ≤ min(t, Δs−t)². Integrating: 

V = 2ω_d ∫₀^{Δs/2} t^d dt = 2ω_d/(d+1) · (Δs/2)^{d+1} 

where ω_d = Ω_{d-1}/d is the unit d-ball volume. Substituting recovers V₀(½Δs). □ 

3.3  Lemma 2 (Worldline expansion and invariant tip separation) 
Lemma 2. Under the hypotheses of Theorem 1,  Δs(γ(−τ), γ(+τ)) = 2τ(1 + κ²τ²/6) + O(τ⁵). 

Proof. Choose inertial coordinates so that γ(0) = 0 and γ̇ᵘ(0) = e₀ᵘ. Since η(γ̇, a) ≡ 0, the 
acceleration a(0) is spatial. Rotate spatial axes so aᵘ(0) = (0, −κ, 0, …, 0). Differentiating η(γ̇, a) 
= 0 gives η(a, a) + η(γ̇, ȧ) = 0. At τ = 0: η(a, a) = κ² and η(e₀, ȧ(0)) = −ȧ⁰(0), so ȧ⁰(0) = κ². 
The Taylor expansion to third order is: 

γ⁰(τ) = τ + (κ²/6)τ³ + O(τ⁴) 



γ¹(τ) = −(κ/2)τ² + C¹τ³ + O(τ⁴) 
γⁱ(τ) = Cⁱτ³ + O(τ⁴),   i = 2, …, d 

where Cʲ := ȧʲ(0)/6 are constants determined by data beyond κ alone. The tip-separation vector 
Δγ := γ(+τ) − γ(−τ) has even-order terms cancel and odd-order terms double: 

Δγ⁰ = 2τ + (κ²/3)τ³ + O(τ⁵),   Δγ¹ = 2C¹τ³ + O(τ⁵),   Δγⁱ = 2Cⁱτ³ + 
O(τ⁵) 

Computing the squared invariant separation (tracking all components, including the spatial 
terms): 

Δs² = −η(Δγ, Δγ) = (Δγ⁰)² − Σᵢ(Δγⁱ)² 
     = [4τ² + (4κ²/3)τ⁴ + O(τ⁶)] − [4Σᵢ(Cⁱ)²τ⁶ + O(τ⁸)] 

     = 4τ²(1 + κ²τ²/3) + O(τ⁶) 

The crucial observation: the Cⁱ terms (encoding ȧⁱ(0), the spatial jerk) enter Δs² only at O(τ⁶), 
hence Δs only at O(τ⁵). This is why the leading correction is universal. Taking the square root: 

Δs = 2τ√(1 + κ²τ²/3) + O(τ⁵) = 2τ(1 + κ²τ²/6) + O(τ⁵) 

□ 

3.4  Theorem 1 (Causal Diamond Excess Volume) 
Theorem 1. Let γ : I → ℝ^{1,d} be a smooth proper-time-parameterized timelike curve 
with 0 ∈ I, and let κ := κ(0). Then: 

V_γ(τ) = V₀(τ)[1 + (d+1)κ²τ²/6 + O(τ⁴)]   (τ → 0) 

Equivalently, ΔV/V = (d+1)κ²τ²/6 + O(τ⁴). Specializations: d = 1: ΔV/V = κ²τ²/3; d = 3: 
ΔV/V = 2κ²τ²/3. 

Proof. Combining Lemma 1 and Lemma 2:  V_γ(τ) = V₀(½ Δs) = V₀(τ(1 + κ²τ²/6) + O(τ⁵)). Since 
V₀(σ) = c_d σ^{d+1} is a monomial: 

V_γ(τ) = c_d τ^{d+1}(1 + κ²τ²/6)^{d+1} + O(τ^{d+5}) 

The binomial expansion gives (1 + κ²τ²/6)^{d+1} = 1 + (d+1)κ²τ²/6 + O(τ⁴), completing the 
proof. □ 

3.5  Remarks 
Universality. The result depends only on κ = |aᵘ(0)|. Two worldlines with the same κ(0) but 
different ȧᵘ(0) — for instance hyperbolic motion in 1+1D and circular motion in 3+1D — agree 
at this order and differ only at O(τ⁴) in ΔV/V. 
Dimensional ratio. The 3+1D result is exactly twice the 1+1D result. Diamond volume scales as 
T^{d+1} in the tip half-separation T, so a fractional stretch ε of T produces fractional volume 
change (d+1)ε. The ratio between dimensions is purely the ratio of the scaling exponents. 
Global inequality. The twin-paradox (reverse triangle) inequality gives Δs(γ(−τ), γ(+τ)) ≥ 2τ 
with equality iff γ is a geodesic. Since V₀ is strictly increasing, V_γ(τ) ≥ V₀(τ) globally, with 
equality iff γ is a geodesic. Theorem 1 is a quantitative leading-order refinement of this 
qualitative statement. 



Curvature at leading order; jerk at next order. The correction (d+1)κ²τ²/6 depends only on 
the four-acceleration magnitude. The four-jerk daᵘ/dτ enters ΔV/V first at O(κ⁴τ⁴) (through the Cⁱ 
terms above), not at the leading order claimed in earlier drafts. 
Scope. Theorem 1 says nothing about: the asymptotic behavior at large τ (the expansion is valid 
only as τ → 0); curves that are not smooth; or whether the excess has dynamical meaning in 
discrete spacetime. That last question requires an independent physical hypothesis, as discussed 
in §§6–7. 

4.  Explicit Illustrations 
The 1+1D and 3+1D calculations from the original paper remain instructive as concrete 
illustrations of the theorem. We retain them here in compressed form. 

4.1  The 1+1D Case 
A stationary worldline has causal diamond (in null coordinates u = t − x, v = t + x) with 2-area 
Vstr = 2τ². For uniform acceleration with κ = a/c², the worldline expands as t(τ) ≈ τ + κ²τ³/6, x(τ) 
≈ κτ²/2. The temporal tip separation is Δt = 2τ + κ²τ³/3, giving: 

V_curved = ½(2τ + κ²τ³/3)² = 2τ² + (2/3)κ²τ⁴ + O(κ⁴) 

Hence ΔV/V = κ²τ²/3, matching Theorem 1 at d = 1. 

4.2  The 3+1D Case 
For circular motion in the x–y plane with relativistic curvature κ = γ²v²/R, the instantaneous rest 
frame gives tips at P± = (±τ ± κ²τ³/6, −κτ²/2, O(τ³), 0). The invariant tip separation (computed 
explicitly via Δs² = (Δγ⁰)² − Σᵢ(Δγⁱ)², with the y-components contributing only at O(τ⁶)) gives Δs 
= 2τ(1 + κ²τ²/6) + O(τ⁵). By Lemma 1 and the 3+1D volume formula V₀ = 2πτ⁴/3: 

V_curved = (2π/3)(1 + κ²τ²/6)⁴τ⁴ ≈ (2πτ⁴/3)(1 + 2κ²τ²/3) 

Hence ΔV/V = 2κ²τ²/3, matching Theorem 1 at d = 3. For non-relativistic orbits (γ ≈ 1), κ = v²/R 
and the excess is ΔV/V = 2v⁴τ²/(3R²). Two objects at the same speed but different orbital radii 
have different curvatures and therefore different excess fractions. 

5.  Discussion 
Theorem 1 is a clean result in Minkowski geometry that appears not to have been stated 
previously in the literature. Its proof is elementary — a Lorentz-invariance reduction followed by 
a constrained Taylor expansion — but the result is non-obvious: the causal diamond volume of a 
worldline depends not only on proper length but on path curvature, with the leading correction 
universal across worldline shapes at a given curvature. The global inequality Vγ ≥ V₀ (with 
equality iff γ is a geodesic) is the qualitative content; Theorem 1 gives the quantitative rate at 
which the excess grows. 

The result is a fact about flat Minkowski spacetime, and its proof uses nothing beyond special 
relativity. In particular it does not depend on any discrete or quantum structure. We expect it to 
be relevant wherever causal diamond volumes along non-geodesic worldlines arise. Three 
natural settings suggest themselves: the Benincasa–Dowker action in causal set theory 



(Benincasa and Dowker 2010), where the diamond volume enters the discrete Einstein–Hilbert 
sum and a correction proportional to κ² along curved worldlines is an immediate corollary; the 
local causal structure seen by accelerated observers, where the excess volume gives a geometric, 
thermodynamics-free distinction between accelerated and inertial worldlines in flat spacetime; 
and any discrete approach to quantum gravity in which spacetime events are distributed with 
finite density, since the theorem determines the leading curvature correction to any 
worldline-local counting observable. We leave the development of these connections to future 
work. 
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