PHUONG PHAP CASIO — VINACAL
BAI 32. CJC TR| CUA SO PHUC

1. B4t dang thirc thwrng gép

- B4t dang thtrc Bunhiacopxki :Cho cac sé thwe %-2-%:Y ta ludn co
a b

2 2 2 2 2 & —=—

(ax+by) S(a +b )(x +y ) _DAu = xay ra Xy

«  Bé4t déng thrc Vecto : Cho 2 vecto u(x) ya V(¥ (2 1u6n o6
[} [} [AVAVAVAAY
u|+\v 2‘u+v‘

<:>\/x2 +y2 +\/)c'2+y'2 Z\/(x—x')z—l-(y—y')2

+

er=2co

' '

D4u =xdyra ~* 7V
2. Phwong phap meo st dung st tiép xuc

» Dang 1: Cho sb phirc z c¢6 tap hop cac diém biéu dién sé phirc z 1a duwong
tron () ban kinh R. Voi méi didm M thusc duong tron () thi ciing thuse

duwong tron (€) tam gbc toa d6 ban kinh OM = Ja’ +b*

+)Dé d I&n nhat thi OM  |6n nhat dat dwoc khi dwdng tron (€) tiép xuc
trong v&i dwdng tron (€) va oM =0I+R
+)Dé 4 nhé nhat thi OM nho nhét dat dwoc khi dwéong tron (€) tiép xuc

ngodi véi duang tron (C) va OM =0I-R

I

T >
O !
., J,/JJ

» Dang 2: Cho sé phtrc z cé tap hop cac diém biéu dién sb phirc z la dwdng
théng () . V&i mbi diém M thudc () thi cling thudc dwéng tron (€)
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+)bé 4 nhé nhat thi OM nhé nhét khi d6 OM  vudng goc véi (4) va
OM =d(05(d))

R

» Dang 3: Cho s6 phtrc z cé tap hop cac diém biéu dién sb phirc z la Elip c6
dinh thuac truc 1on (%% va dinh thuac truc nhe B(%0) Vi méi didm M

thubc (d) thi cling thuéc dwong tron (E)

+YDé Z I&n nhat thi OM  |on nhét khi d6 M tring véi dinh thudc truc I6n va
max |z|= OM =04

+)Dé 4 nhé nhat thi OM nho nhéat khi d6 M triing véi dinh thudc truc nhé
4 max|z|=0M =08

» Dang 4 : Cho s6 phtrc z cé tap hop cac diém biéu dién s phirc z 13
x2 y2
H): X -2 (. . ,
Hyperbol e ¢6 hai dinh thuoe tryc the (%0 A(@0) 4 5
phirc z c6 mddun nhd nhat néu diém biéu dién s6 phirc z nay trung véi cac

dinh trén. (médun I&n nhat khéng ton tai)
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VD1-[Thi thtr THPT Vinh Chan — Pha Tho I&n 1 ndm 2017]

Trong cac sb phirc z théa man diéu kién

|7-2-4i|=|z-2i . Tim s6 phtrc z ¢o

modun nhé nhat.
Az=-1+iB. z=-2+2iQ, z=2+2i D . z=3+2i

72
L X4

[

R
*%*

GIAI
Cach Casio
Trong céac sb phirc & dap an, ta sé tién hanh xap xép cac sb phirc theo thir tw
modun tang dan :
-1+ < |-2+2i| = [2+2i] < |3+ 2i]
Tiép theo sé tién hanh thr nghiém tirng sé phirc theo thir tw médun ting dan,

s6 phirc nao thda man ha thire didu kien 1 =2~ 41=17 =21 43y tian thi 1a
dung

Voi z=—1+i Xt higy : [(71+1)=2=4=[(-1+1)-2i

q c(p1+b)p2p4abSpgocp11+6Db
p 2 b =

CMPLY Math &

| (-1+i1-2- 41|—|b
22

Ra mét gia tri khac 0 vay Z=~1+i khéng théa man hé thirc. = Dap an A sai
Twong tw nhw vay véi Z=2+2i
g ¢c2+2bp2p4b$pgc2+2bp2b-=

CMPLY Math &

| 2424 -2 41|—|E+b
[

Vay sb phirc Z2=2+2i thda man hé thiec = Dap sb C la dap sb chinh xac
Cach meo

Goi s phirc z ¢6 dang z=a+bi _ z thda man |Z_2_4’|:|Z_2"

S la-2+(b-4)i|=|a+(b-2)i|
<:>(a—2)2+(b—4)2 :az+(b—2)2
Sat—4a+4+b>-8b+16=a>+b>—4b+4
= 4a+4b=16

<a+b-4=0

Trong cac dap an chi co dap an C théa man @+b-4=0 = Pap an chinh xac
laC
Céach ty luan

Trang 3/9



Goi sb phirc z cddang Z=a+bi _ z théa man |Z_2_4’|:|Z_2"

<:>‘a—2+(b—4)i‘:|a+(b—2)i‘

o (a=2) +(b-4) =a* (b2
&a’—4a+4+b>-8b+16=a"+b° —4b+4

S 4a+4b=16

Sa+b=4

Theo bét dang thirc Bunhiacopxki :
16=(a+b)’ s(lz+12)(a2 +b2):|z|2 =a’+b*>8

:>|Z‘22\/§
a_b
<1 1 ©oa=b=2=z=2+2i
D4u = xay ra a+tb=4

VD2-[Thi th&r chuyén Khoa hoc tw nhién 1an 2 ndm 2017]
|(1+i)z+1—7i| =2

Vé&i cac sé phirc z thda man . Tim gi4 tri 1on nhét cda 4
A max|z| =4 B. max|z| =3 C. max|z| =7 D. max|z| =6
GIAI
< Céach meo

(1+1)z+1-7i] =2

1 Goisdphtrc z codang Z=4a+bi | z thda man
<:>|(a+bi)(1+i)+1—7i|:\/5
<:>‘a—b+1+(a+b—7)i|:\/§
<:>(a—b+1)2+(a+b—7)2=2
< 2a*+2b* +50-12a—-16b=2
S at+b'—6a-8h+25=1
< (a-3) +(h-4) =1

Vay quy tich diém biéu didn sé phirc = 1a dwong tron tam £ (34) ban kinh

R=1 . Ta goi day la duong tron (C)
1 V&i mbidiém M biéu dién sb phirc Z=a+bi thi M ciing thudc duwdng tron

0(0;0)

tam ban kinh V@' +b°  Ta goi day la dwong tron (€) , Médun cla

= ciing 1a ban kinh dwong tron (€'
1 Pébankinh () I6n nhat thi @-/-M  thang hang (nhw hinh) va () tiép
xuc trong voi (C)
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Khido OM =0l +R=5+1=6

= Pap sb chinh xac la D
% Cach ty luan

- |(1+i)z+1—7i‘=\/§

7 Goisbphtrc z codang Z=a+bi | z thda man
<:>|(a+bi)(1+i)+1—7i|=\/§
@‘a—b+1+(a+b—7)i|=\/5
< (a=b+1) +(a+b-7) =2
& 2a> +2b° +50-12a—16b =2
& a’+b*—6a—-8h+25=1
<:>(a—3)2+(b_4)2=1

 taog A =@ b =6a+8b-24=6(a3)+8(b-4)+26

Theo bat déng thirc Bunhiacopxki ta c6 : 6(a=3)+8(b—4)<[6(a=3)+8(b-4)

s\/(62 +8) (a=3)"+(b-4)" | =10

Vay |2 <36 =z <6

= dap an D la chinh xac
< Binh luan

[ Viéc str dung bat dang thirc dé danh gia 2 la rat kho khan, doi hdi hoc sinh
phai ndm réat virng bat dang thirc Bunhiacopxki va cac bién dang ciia né
[ Trong tinh hubng cua bai toan nay, khi so sanh 2 cach giai ta thy dung meo
tiép xuc t ra don gian dé hiéu va tiét kiém thoi gian hon.
VD3-[Thi thtr b4o Toan hoc tudi tré l1an 5 ndm 2017]

Cho sb phirc = théaman 7~ 4T+ 4=10 ot 16n nhat va gia tri nhé nhat cia
4 lan lwot 1a
A10va4 B.5va4 C.4va3D.5va3

GIAI

< Céach meo

1 Goisdphtrc z codang Z=a+bi | z théda man |7 =4[ +[z+4[=10

S la—4+bil+|a+4+bi|=10

c>\/(a—4)2+bz +\/(a+4)2 +b° =10

o J(a+4) +b =10—/(a—4)" +b

& a’ +8a+16+b> =100+a”> —8a+16+b> —20,/(a—4)" +b?
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= 204/(a—4)" +b* =100-16a

< 5y(a—4)" +b* =25-4a
<:>25(a2 —8a+16+b2)=625—200a+16a2

< 9a® +25b° =225

a’ b
o —t—=
25 9
Vay quy tich diém biéu dién sb phirc z 1a dwdng Elip dinh thudc day 16n la

A(59) inh thusc day nho 1a 3(%:3)

7 V&i mbidiém M biéu dién sb phtrc Z=a+bi thi M ciing thudc dudng tron

0(0;0) ban kinh V&' +b°  Ta goi day la dwdng tron () , M6dun cua

tam
()
z cling la ban kinh dwdng tron
1 Pébankinh (€ 1on nhatthi M trung voi dinh thude truc Ion va M =4(5:0)
=0M=5

= max|z| =

1 Pébankinh (C) 16n nhatthi M trung véi dinh thude truc nho va
M =B(0:3) — opm =3
= min|z| =
= Pap sbd chinh xaclaD
% Cach ty luan

1 Goisdphtrc z cddang Z=a+bi | z thda man [=4]+[z+4]=10

& la—4+bil+|a+4+bi|=10

o \J(a—4) +b* +(a+4) +b* =10

o \/(a +4)2 +b” + \/(—a +4)2 +(—b)2 =10
Theo bét dang thirc vecto ta c6 :

e 10=(a+4) +b5 +\(ca+a) +(-b) 2\[(a+4)~(a+4)] +[b=(-b)]

< 10> 4a® +4b°

©1022|z|=z|<5

2 2 2
0 Tacs <:>\/(a—4) +b +\/(a+4) +b* =10
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Theo bét dang thirc Bunhiacopxki ta c6 :
2
100:(\/(61—4)2 +b +(a+4) +b2) <(P+1%)[(a=a) b7+ (a+4) +5? ]

<:>100£2(2a2+2b2+32)

< 2a> +2b* +32>50
< at+b*2>9
Vay ‘z‘z Z9<Z>‘Z‘S3

< <
= 322252 445 4 D 1a chinh xac

VD4-Trong céc sb phirc z thda man 22~z +2=2 , tim s6 phirc z cé médun
nhé nhat.
A_ZZI—\/gi B_Z=—1+\/§i C. z=1 D. z=\/§+i
GIAI
< Céach meo
1 Goisbphtrc z codang 2= TV | z théa man |2=2-|z+2=
<:>‘x—2+yi|—|x+2+yi‘=2
<:>\/(x—2 Ty —\/ x+2) +y* =
& /(x-2 +y =2+ (x+2)2+y
c>(x—2)2+y =4+4 (x+2)2+y - x+2
2 2 —1—2x>0<::>x<—l
<:>—1—2x:\/(x+2) +y = )
Sl+dx+4x" =x" +4x+4+)°
2
<:>x2—y—:1
3
2
S (H):x* -2 =1
Vay tap hop diém biéu dién s6 phrc z 1a Hypebol 3 c6 2 dinh

thuse thue 1a 4 (10).B(L0)

= i 2 . R . X : . , R . _ 2 2
Z=X+VE 66 diém bidu dién M (xy) va cé modun la OM =Va" +b

] Sé phtrc

.Dé OM gat gia tri nhd nhat thi M tring v&i hai dinh cla (H)
M=A4=M(1;0)=z=1

= Dap an chinh xacla C
1) BAI TAP TY LUYEN
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|2z-2+2i|=

Bai 1-Cho cac sb phirc z théa man ' Moadun z nho nhét co thé dat

duwoc la bao nhiéu :

14242 14242
2 B. 2 C.V2+1 D V2-1

[2=3if+iz+3[=10

>

Bai 2-Trong cac s6 phirc z théa man . Hai sé phtrc %1 va % c6

mddun nhd nhét. Hoi tich “1%2 1a bao nhiéu

A 25 B. 25 C.16 D. 16
Bai 3-Trong cac sb phirc z théa man iz=3|=|z~2~1] . Tinh gié tri nhd nhét cta 4
1 1 1 1
A2 B. V2 C.5 D. V5
|2z-2+2i]=1

Bai 1-Cho cac sb phirc z théa man . M6dun z nhé nhét cé thé dat

dwoc la bao nhiéu :
~1+242 1+22
A 2 B. 2 C.V2+1 D.V2-1
GIAI

< Céach meo

. Goisé phtrc Z=**+¥1 théa man 22—-2+2i| =1 |2x—2+2yi +2i| =1
o (2x-2)" +(2y+2) =1

o (-1  +(y+1) =%
Vay tap hop cac didm biéu didn sé phirc = 1a duwomg tron (C) e tam 7 (571 pan

kinh 2

= V&i moi diém M(xy) bidu dién sé phiec Z=*+ V' s thudc dwong tron tam O
ban kinh K==V 47\, vay @ =17l nh nnét thi dwong tron (€ phai
tiép xtic ngoai véi duong (C)
Khi d6 didm M s& Ia tiép didm ctia duomg tron (C) va (€ va

—1+2\/5
2

s(1p0)d+(p1pO0)dSpalR?2-=

|z|=OM =0l -R =
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CMPLY B Math, &
JO1-00<+(-1-00<F
-14+24Z
z
= Pap sb chinh xac 1a A

|2=3if+|iz+3|=10

Bai 2-Trong cac s6 phirc z théa man . Hai sé phtrc %1 va %2 ¢o

moédun nhd nhét. Hai tich %12 13 bao nhiéu
A 25 B. 25 C.16 D. 16
GIAI
< Céach meo

- Goisb phirc Z= Y théa man |Z_3i‘+‘iz+3’=10

<:>‘x+(y—3)i|+‘y+3+xi|=10

o +(y=3) +y(y+3) +x* =10

= \(r+3) #2210+ (-3)

o (y+3) +x? =100—20m+x2 +(y-3)
& 20y/x* +(y-3)" =100-12y

& 25x% +16y* =400

2 2

PRI
16 25

2 2

E)- X7

Vay tap hop cac diém biéu dién sb phirc z la dwéng Elip 1625 ¢4 2 dinh

thudc truc nho la A(=40),4'(4,0)

z=x+Yyi

. Voimaididm M (%7) gy dign sé phtrc s& thudc dwong tron tam O

" _ 2 2
pan kinh & =1A=VF 7 i (B) va quong tron (€) c6 cang tam © nen
d& OM nhé nhatthi M 13 dinh thudc truc nho
SM=A4A'"2z=-4 M=A4A=z=4

Téng hop 2.2, = (—4).4 =-16
= Pap sb chinh xac la D
% M& réng

2| g6 gia tri I&n nhéat thi hai diém M biéu dién hai
B(0;-5),B'(0;5)

= Néu dé bai hdi tich “1%2 v&i 2
sb phirc trén 14 hai dinh thudc truc 1én
>M=B'=z=-5 M=A=z=5i
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z,z, =5i.(-5i) =-25i* =25

Téng hop
Bai 3-Trong céc sb phirc z théa man iz=3[=[z-2~1] . Tinh gia tri nhd nhéat cla g ;
1 1 1 1
A2 B. V2 c.5 D. V5
GIAI
« Céach meo
|iZ—3|:|Z—2—i‘

Goi sb phirc Z=*+ VI théda man
<:>‘—y—3+xi‘=|x—2+(y—l)i|
c>(—y—3)2 +xt=(x=2) +(y-1)
S Y 6y +9+x =x" —dx+4+)y° -2y +1

& x+2y+1=0
& 204/x* +(y—3)" =100-12y

Vay tap hop cac didm biéu didn sé phirc = 1a duwong thang (¢):¥+27+1=0
vei méi didm M (%) bigy dign sé phire 7= X+ thi FIZOM20H oy 7 |
hinh chiéu vudng géc ctiia O 1én dwéng thang () va OH |3 khoang cach tir diém

O |&n dwong thang ()

0H—d(0-(d))—‘1’0+2‘0+1|—L
Tinh ’ Jre2 s
27
vay =

= Pap sb chinh xac la D
| ‘_’xz—y2+1+2xyi

X+ yi+ -| = -
x+yz‘ ’ X+ yi

‘x3—xy2+x+x2yi+y3i—yi+2xy2|
‘ x4y’ |
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