DAIHQOC QUOC GIA HA NOI PE THI TUYEN SINH VAO LGP 10
TRUONG PH KHOA HQC TU NHIEN ~ TRUONG THPT CHUYEN KHTN NAM 2020

Dé chinh thire

MON THI: TOAN (cho tit ci cdc thi sinh)
Thoi gian 1am bai: 120 phit (khéng ké thoi gian phat a8)

Ciu L (4 diém)
é} Giai hé phuong trinh

{x’+y’+xy=? _Y}t:i

9x’=xy’+‘?0(x—y}. 'ﬂ‘**i
@ Giai phuong trinh

15— x +8V2x -1 = 24+ 3,J(5-x)(2x-1). X = 4

Céu IL (2 diém)

Tim x, y nguyén duong théa mén
x2y? —16xy+99 =9x" + 36y +13x+26y. A:4
2) Véi a, b 1a nhimg s6 thyc duong théa man =

2<2a+3b<5, 8a+12b<2a’+3b"+5ab+10.
Chimng minh ring
3a? +8b* +10ab < 21.
Ciu IIL (3 diém)

Cho tam gidc AB
tron (0). Piém D thude canh BC
thugc (O) sao cho cac dudmg thing CM

(13 Chimg minh ring AM = AN.
(2) Goi giao diém cta dudmg thing MN véi céc dudng thing AC, AB lin lugt 12
E, F. Chimg minh réng bén diém B, C, E, F cing thupc mt duong tron.

3) Goi P, Q theo thi ty 14 trung diém cua cac doan thing AM, AN. Chimg minh
ring céc dudmg thing EQ, FP va AD dbng quy.

C 6 BAC 14 géc nhé nhit trong ba géc clia tam gidc va ndi tiép duémg
sao cho AD la phan gidc BAC. Ly céc diém M, N
vd BN cing song song véi dudmg thing AD.

Ciu IV. (1 diém)
V6i a, b, ¢ 12 nhimg s6 thyc duong théa mén a+ b+c=3. Chimg minh ring

a(a+bc): : b(b-i'(-‘df s c(c+ab)! .
b(ab+2c’) c(bc+2a’) a(ca+2.b’) )

Dap an tham khao:
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2. Ld&i giai va binh ludn cac bai toan

Bai 1 (4.0 diém).

a) Gidi hé phuong trinh
Xyt ray =1,
9¢® = xy? +70(x — y).

b) Gidi phuong trinh

V5= x+8v2x =1 =24+ 3,/5—x)(2x - 1).

Lai giai. a) Tit hé phudng trinh da cho, ta cé
9x* = xy? 4+ 10(x — Y)(x2 + xy + ¥y = xy? + 10x° = 10y°.
Do dé x* + xy? — 10y = 0, hay
(x —29)(x* + 2xy + 591 =0,

Tacé x* + 2xy 4 5y% = (x + y)* 4+ 4y* = 0, ngodi ra du biing khong thé xdy ra vi néu
khéng sé ¢6 x = y = 0, khong théa man. Do d6 x? + 2xy + 5y* > 0. T diy, ta c6 x = 2y.

Biy gifs, thay x = 2y vao phuong trinh thii nhit ctia hé, ta duge 7y* = 7. Dodd y = 1 (nfong
ing, x = 2) hodc y = —1 (rong ing, x = —2). Vily hé phudng trinh di cho ¢é hai nghiém
(x, v)1a (2, 1)va (-2, 1),

b) Bigu kir}n% =x =5Pbita =+v5—xvab = +2x—1(a, b = 0). Khi do, ta ci
2a® 4 b* = 9. Ngoii ra, tif phuong trinh di cho, ta ciing cé

Ila + 8h = 24 + 3ab = 15+ 2a° + b* + 3ab = 15+ (2a + b)(a + b).
Vi lla + 8b = 3(2a + b) + 5(a + b) nén tir ddy, ta dé dang phn tich dudgc
(2a4+b-5(a+b-3)=0.
Suyra2a+ h=5hoica + h =3
o Trudng hop 1: 2a + b = 5. Vi2a® + b? = 9 nén trong trudng hgp nay, ta ¢é
2a® + (5 —2a)? = 9, uic 2(a — 2)(3a — 4) = 0. Do dé @ = 2 (tuong iing,

x = 1) hodc a = # (tuong ing, x = ).

e Trudng hop 2: a + b = 3. Vi 24® + b? = 9 nén trong trudng hgp nay, ta ¢o
2a’+(3—a)? =9, thc3ala —2) = 0. Dodéa = 0 (tuong ing, x = 5) hoiic
a = 2 (ludng iing, x = ET;)].

" < = . in I . .
Vay phuong trinh di cho cobanghiémlax = 1, x = 5 vix = 5. O
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Bai 2 (2.0 diém).
a) Tim tit ci cde cip s6 nguyén dudng (x, ) thoa min

x2y? — 16xy + 99 = 9x? + 36y% + 13x + 26y.

b) Xét cic s6 thuc duong a, b thay ddi thoa min dong thii cic dicu kién 2 < 2a4-3b <5
va 8a + 12b < 2a? + 3b* + S5ab + 10. Ching minh ring

3a® + 8H* + 10ab < 21.

L& gidi. a) Phuong trinh di cho ¢6 thé dugc viét lai thanh
x2y% 4 20xy + 99 = 9(x + 2y)% + 13(x + 2y).

hay
(xy 4+ 10)> = 9(x + 2y)% + 13(x + 2y) + 1.

Do (xy + 10)? i s6 chinh phuong nén tir iy, ta suy ra 9(x + 2y)* + 13(x +2y) + 1 lasd
chinh phudng. Mit khac, ta lai ¢6

Ix+2yP +1B3(x +20+1>9x + 292 +6(x +2y) + 1 = Bx + 6y + 1)°

Ox + 2y + 13(x +2y) + 1 < 9(x +2y)" + 18(x +2¥) + 9= (3x + 6y + 3)°

nén 9x + 2y + 13(x +2y) + 1 = (3x + 6y + 2)% tie x + 2y = 3. Vix, y lacic sd
nguyén duong nén tif diy, ta cé x = y = 1. Thit lai, ta thiy théa man.

Viy ¢6 duy nhit mét ciip s6 nguyén duong (x, ¥) thoa min yéu ciu 1a (1, 1).

b) Gia thiét thit hai ciia bii todn c6 thé dugc viét lai thinh 4(2a +3b) < (a+b)(2a +3b) + 10.
Pitx=a+bvaiy=2a+3bthitacéx >0,2 =<y =5vidy =xy+ 10

Vi chii ¥ ring 3a% 4+ 862 + 10ab = (a +2b)(3a +4b) via +2b = y—x,3a+4b = y +x,
ta thily bit diing thiic cin chiing minh c6 thé duge viét lai thanh (v — x)(v + x) < 21, hay

Xr+21> ya.
Sit dung bit diing thic AM-GM, ta ¢6 x> + % y? = 2xy = 2(4y — 10). Suy ra
4 4
x> —(dy — 10) — — )~
v = 5[ 4 ) 25}’
Nhui thé, ta chi cén chitg minh
4 4
—{dy = 10) = —y* 4 21 = y%
Si}’ ) 25}’ +21zy

Bit diing thiic nity tuong duong vii 52(29y + 63)(5 — y) = 0 (ding vi 2 < y < 5). Viy taco
diéu phai chiing minh. Déu déng thifc xay rakhi vachikhia = b = 1. O
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Bai 3 (3.0 diém). Cho tam gidc ABC ¢6 £ BAC la géc nhd nhilt trong ba goc cla tam
gidc v ndi tiép duding tron (). Trén canh BC, liy di€m D sao cho AD 14 phiin gidc cia
goc BAC. Ly cdc diém M, N (M khic C, N khic B) thudc duting tron ( Q) sao cho cdc
duing thiing CM vi BN ciing song song vdi duting thing 4 D.

a) Chiing minh riing AM = AN.

b) Goi E, F lin lugt 1a cic giao diém ciia dudng thing M N véi hai dudng thing AC,
AB. Chitng minh riing bén diém B, C. E, F cing thudc mdt duding tron.

c) Goi P, Q theo thif tr 13 trung diém ciia cdc doan thing AM va AN, Chiing minh
riing ba duting thing EQ. FP va AD déng quy.

Loi giai. a) Goi K la giao difm thit hai ctia AD v (@). Xét duting tron (), ta cd

%sdﬁ =4’BAK=(£CAK=%sdEE=> BK = CK. (1)
Mi BM || AD || CN nén

%sd}i]? = ZABM = /BAK = %sd’é'k' = AM = BK. (2)

Tuong wr. ta cling cé
AN = CK. (3)

Tir (1), 2y va(3).asuyra AM = AN.
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b) Vi uf gidc ACBM ndi tiép vi AM = AN (cau a)) nén

| I
2° 2
- %sdANB = /AMB = 180° — ZBCA.

/BEF = /AEM = %mi‘ﬂ + —sdBN = —sdAN + %sdﬁ

Suy ra ZBEF + ZBCF = 180°. Viy ui gidc BCFE n{i tiép hay bon diém B, C, E. F cing
thudc mot duting tron.

c) Goi G la trung diém cta AD. Pudng tron ngoai tiép tam gidc BCG cit lai AD tai H.
Ta ¢6 hai tam gidc AEN va DCA ¢6 ZAEN = £DCA (vi ti gidc BCFE nii tiép) va
ZANE = ;—sdm = %sdﬁ = ZDAC nén hai tam gidc niy dong dang. Chi y EQ vi CG
theo thit ty Ia trung tuyén cia hai tam gidc ddng dang niy nén cic tam gidgc AEQ va DCG
dong dang. Suy ra ZAEQ = ZDCG. Do d6 néu goi I 1a giao diém ciia £Q v AD thita
cO LAEl = ZAEQ = £DCG = ABCG = ABHG = ZABHI. Suy ra i gidc BETH ndi
tiép. Do d6 hai tam gigc AE[ va AHB déng dang. Suy ra

Al -AH = AB - AE. (4)
Chiing minh twong tu, néu goi /' la giao diém ciia FP va AD thi ta ciing ¢6

Al'-AH = AC - AF. (5)
Mt khic, theo cdu b) bai todn, dé 6 hai tam gidc AEF va ACB dbng dang nén

AE-AB = AF - AC. (6)

Tir (4), (5) va(6). tasuyra Al - AH = Al'- AH. Do dé Al = Al’, vic [ va I tring nhau.
Viy ba duting thiing AD, EQ vi FP déng quy tai /. . 0

Bai 4 (1.0 diém). Cho cic sb thyc duong ., b, ¢ thda man @ +b +¢ = 3. Ching minh riing

ala + be)? i b(b + ca)® A +ab)? <
blab + 2¢2)  c(bc +2a%)  alca +2b%) —

L& gidi. St dung bit ding thic Cauchy-Schwarz dang cong mau, ta c6

_ (@®+abe)* | (b +abe): | (c? +abe)

~ab(ab 4+ 2¢?)  be(be + 242 calca + 2b2)
. (@ + 8 4 ¢ + 3abe)?

= ab(ab + 2¢2) + belbe + 2a?) + calea + 2b?)

_ (@ + b+ c* + 3abe)?

T (ab+be + ca)?

Nhu thé, ta chi cin chitng minh

a* + b® 4 ¢* + 3abe = 2(ab + be + ca),
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hay
2(a® 4+ b + ¢%) 4 3abe = (a + b + ¢)%.

MGt cich twong dudng, ta chi cin ching minh
2(a’ + b* + ¢) + 3abe = 9.

Trong ba s6 a, b, ¢ ¢6 hai s6 ndm vé cung phia véi 1. Khing mit tinh tong qudt, gia sif hai s6
dolaavab Khidé,taci(a—1)b—1)=0.Suyraab=a+b—1=2—¢ Tidiy, tacd

2a + b+ ) +3abe = 2@+ B+ D) 4+ 3c(2—¢) =2(@* + b)) + 6¢c - ¢*
>a+bP+6c—ct=03-cP+6c—c*=09

Phép chiing minh dugc hoan tit. Dau déng thic xdy ra khi vachikhia = b =¢ = 1. 0



