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With quantum mechanics came the Heisenberg principle, also known as the
uncertainty principle, which tells us that it is impossible to know the position
and speed of a particle simultaneously. Furthermore, it turns out that this
Heisenberg principle is an intrinsic quality of nature. Its smallest building
blocks of matter simply are fuzzy and diffuse objects. “The uncertainty
principle means that you can’t know everything about a certain system at any

given time”. Heisenberg 1] , spoke of Unschdirfe, the literal translation of

which is "fuzziness" rather than "uncertainty". Since the relation A¥Ap=1/2

is a consequence of the fact that ¥ (*) and (P of a particle are related to each
other via a Fourier transformation. The fuzziness relation for position and

p i Nk

momentum follows via where ¥ =#h/27 is the reduced Planck constant

and ¥ is the wave number. It says that the fuzziness of a position (as measured
by Ar) and the fuzziness of the corresponding momentum (as measured by
Ap =WAk 'y must be such that their product equals at least ¥/2 . The

Heisenberg principle is given by AxAp =0/2 "or (AxAk>1/2) for the electron

at non-relativistic speeds. The derivation of the Fourier transform inequality
relation between the uncertainty in position and the uncertainty in

wavenumber was derived by Schrodinger using the Schwartz inequality [2.3] :

In this work we review the Heisenberg uncertainty principle of subatomic
particles of the standard model at high energies when the ratio between the

speed of the subatomic particle is close to the speed of light v/cl0.5-1 On

this energy scale, you cannot measure the location in space and time because
fuzziness quantum effects increase when the energy increases, and the particle
size decreases.


http://en.wikipedia.org/wiki/Fourier_transform

In this article, a new approach to this inequality is presented using the Sugeno

fuzzy integral, giving Ax-¥Ak =0.6810 a5 most probable value to the minimum
of Heisenberg's formula for particles with spin 1/2. Thus, we obtain a value of

v/c=0.6180.... at high energies which satisfy A¥A2=8/2 Here ¢ is the light

velocity and we find that where the four forces of nature appear unified. We
study the problem of quantum particles in one-dimensional because we want
to compare it with string theory, which at very high energies shows fuzziness

in space-time that is greater than the result indicated by Heisenberg 1 .

1 Introduction

The fuzzy theory is an appropriate tool for describing those phenomena that
occur in the interaction of particles and the forces of nature because this theory
provides a strict mathematical framework in which vague conceptual
phenomena can be precisely studied. Therefore, fuzzy theory can be merged
with quantum theory for describing its concepts which are difficult to explain
by conventional logic.

The goal of this paper is to help to close the gap between quantum theory
concepts and conventional language. The main matter of this discussion is the
uncertainty principle. In this paper, a new approach to this principle, based on
fuzzy theory, is presented. The uncertainty principle formulated by Heisenberg

[1.2] in 1927, can be stated as: Any measurement of the position x of a particle

with the error A¥ causes the disturbance 47 on its momentum p satisfying
i

AxAp > —
’ 2

(1)

It should be emphasized that Heisenberg not only derived this relation from
the famous y-ray microscope thought experiment, but he also gave a
mathematical justification, in which he indeed proved Eq. (1) for Gaussian

wave functions. Subsequently Schrodinger [3.4] proved it for general wave

functions in terms of the duality particle- wave function [5-8] . Recently,
there are reviews of this principle, but it is recognized that it does not modify

what was developed by Heisenberg. [9-15] . As a related topic associated with
this uncertainty inequality, it is important to make the connection of the



Fourier transform inequality identity to quantum mechanics. This can be
achieved with a short review of the de Broglie wave concept of quantum
particles, and the resultant Schrodinger wave equation. Specifically, de
Broglie proposed that a free quantum particle, which has a precise momentum,

P could be modeled as an infinite extent quantum wave function, where:

v () =ye” which has a precise wavenumber, & , that is associated with the
momentum, as ¥ = Wk , where U is the normalized Planck’s constant. With the
additional Einstein concept of the frequency @ of the free particle wave

function being associated with the precise energy £ , as £ =00 the time

. ) . 1
dependent wave function, Y (60 =we also satisfies the Schrodinger wave
function equation for a free particle,
a NZ 2
W —wy (x,t) =———; ,t
i atW(x ) . a_xl//(x ) ).

which it is essentially an energy balance equation, where the energy of a free

2 2
particle is £=Heo=p"/2m=(k)"/2m 15 order to extend the concept of the
infinite extent wave function, equation (2), to the situation that the quantum

particle might have a finite spatial extent A¥ | it was necessary to consider an
infinite linear superposition of precise momentum, or wavenumber eigenstate,

wave functions, with 7 =% | using a Fourier integral representation approach,
where

W (x+Ax) = —;7 [ dicp(k+Ak)e" ™ gk + Ak) = —_;ﬂ [ by (o + Ax)e 0

: 3)

This imply that there must be an infinite spectrum of momentum components
of such a wave function, since each wavenumber component has the property

that 7 =0k , and thus, if the particle has a finite spatial extent, AX | then it will

also have a finite wavenumber extent, A% | which indicates that it also has a



finite momentum extent, P = Ak Consequently, due to the inverse variance,

or uncertainty width relation, between AX and Ak | found from the Fourier
transform and the variational analysis given above, the quantum uncertainty

principle is given by Ax-Ak21/2 o Ax-Ap=W/2 According Heisenberg

if we apply quantum mechanics to unique objects (e.g, quantum black hole,
leptons like electrons, muons or inter galactic photons etc..), then the
probabilities resulting from equations of quantum mechanics at high energies

can be calculated using a fuzzy interpretation of quantum mechanics [16,17] :

The probabilities are interpreted as degrees of belief from fuzzy logic
operations well defined as shown in section 2.

2. About Fuzzy Sets Theory

A fuzzy sunset A of a classical set U is characterized by its membership
function

¢,:U—[0,1]

If P4 Is the set 0.1} , then we have a crisp subset. [16,17,18]

Definition of & -level

Let A be a subset of U and *© [0.1] ,then the @ level of the fuzzy subset A
is the classical subset of U that is defined as

[4] ={xeU:0,(x)2a}, for @ e[0.1]

We are interested in on the fuzzy subsets 4 of R so their & levels are given
by

4], - [a_“’a+“] , a,sd, , for each ¢ <(0.1] . We use the symbol R, to

denote the class of these fuzzy subsets



Definition of Fuzzy measure,

Let A be asigmaO - algebra of a classical set €2 omega. A map

piA—o [O’OO) is called a fuzzy measure such satisfies:

a) ) =0 andb)if 4B<Aand 4< B then H(A=p(4)

The definition of measure of Sugeno (1974) [18] considered the boundary
conditions “(»=1in a). that is a normalization of the fuzzy measure.
Definition of Lebesgue measure,

Let 4€%0 gng @€ [0.1] . The usual Lebesgue “(D of the & -level of 4 is
given by

u(4])=a; -a,

The usual Lebesgue measure is a fuzzy measure (Roman, Flores) [19-21] .

Definition of Sugeno integral

Let # be a fuzzy measure on -2 If SEF ) and €2 then the

Sugeno integral of /* on 4 with respect to the fuzzy normalized measure “
. The Sugeno integral is given by

J.fdu:a\io[a/\,u(/lbﬂ {fZa})J ey
4 - €

> >

Where v , ~ denote the operations sup and inf on [0.] , respectively. If

A=%NR then

fdu=|fdu=v [arp{f2al]
'm[ '[ * 4)



Remark. Consider the distribution function F associated to / :
F(a)=p(AR {f >a}) (AR {f>a})>a

(Al {f>a})<a

, then, due to the prepositions and

we have

F(oc)=J‘fd/,t=oz
/ S

Thus, from computational point of view the fuzzy integral can be calculated
solving the equation (@)=

In connection with our problem, is important to observe that, physically a
point particle in space closely resembles a fuzzy point in Zadeh fuzzy set

theory [16] . In the usual set theory, a point either belongs or does not belong
to a subset. But according to Zadeh’ fuzzy set theory a point can be a member

of a subset with probabilistic or uncertain feature. a fuzzy point P1in the set

Hp ()= o X=X

Z is a fuzzy subset with a membership function: 0 or

x=0 otherwise, where 0<x<1_ where a fuzzy point P is said to have support

(x)>0

% and X values. The point in the set Z at which o constitute the

support of the fuzzy point.

Here, we need a function ) i SO)=0 f(D)=0 gpq Jaa () =1 565 wwe

choose /() =4x(1=) . this function fully satisfies the postulates of the fuzzy
theory indicated on this section 2.

f(x)=9,:Q—>[0,1] given by

f(x)=4x(1=x) . f(*) which must be a membership of a fuzzy subset F of

In this context we define the function

whose @~ levels are given by

1-Vl-a 1+\/ﬁ}

2 2

[F], ={xel :4x(1—x)2a}{



If M is the usual Lebesgue measure on Q=0 then the level function £ (@) s

l+Vl—a 1-+l-«a
F@=u(Fl)= 5 5 V=@

Thus, the Sugeno integral is

sup [a /\EJ

ae[O,l]

[fdu=

Since (@) has a decreasing function part, we have

J5-1

[fdp=a=F() == —=0.61803 ©

Which gives the fixed point of £ (@) This numerical result between [0.5.1] is

the most likely for Heisenberg's principle under the fuzzy approach at high
energies at the beginning of the universe. We note that this result corresponds

to a transcendental number (@) =1/¢ where ¢ =1.6180.......... is the

irrational golden number.
The Sugeno integral was defined only for functions whose range is contained
in [0.1] and for normalized fuzzy measures [22] . Also, the quantum wave

functions ¥ ) of subatomic particles (as leptons; electrons muons, baryons
like the quark’s family with spin 1/2, intergalactic massive photons or

JwGow @dr=1

primordial black hole 1224]), are normalized like
The chosen function /() =8M(x) gatisfies the fuzzy Chebyshev's
inequality, so in comparation with the classical Chebyshev's result, the fuzzy
Chebyshev’s reverse inequality does not hold [20] SO

[ fdu=| gdu[ hdu—06180202x05=0.1



3. Interpretation of Heisenberg uncertainly principle under the fuzzy

theory approach

The particle-waveform duality stars from the comparison of the magnitudes of
the behavior of a particle understood as a wave and as a particle, a value is
obtained for the wavelength that the wave motion associated with subatomic

particle would have, which is given by A=U/P \where v is the velocity of the
particle and m is its mass. This magnitude, called the de Broglie wavelength,

increases with decreasing speed, and vice versa [25] ,A=U0/p o p=lk=mv

with Einstein relation £ =080 =mc*

From section 2. the chosen membership /) =a(1-%) jg 3 continuous
function derived from the first-order nonlinear difference equation
[26,27]

Zia =72,(=2,) \where time is implicit so making *r =% (075D with

2
XY =rls(x,) r=(Fa)At s =aht g0 % =" 7%) then we have,

X

n+l

=x,(I+ @At =altx)) Thys we obtain

Ax/At=(x,, —x,)/ At > dx/dt =ax(1-X) 1y this form we have a differential

equation /(¥)=dx/dt=ax(1=x) . with a=4 which is a normalized equation in

[0.1]

The normalized function f(x) in our case corresponds to the ratio of the speed

of the massive particle and the speed of light such that v/¢=0.6182 or

mv/mec=0.6182 and by definition # =" . On the other hand, the quantum size

of a subatomic particle characterized by the Compton wavelength [28]

gives
by A=2/2rn=0/mc 50 we have mc=0/A~8/Ax Here we find a point of
contact with string theory if this string is quantized canonically, such that we

(Ax*) Il A° £ anH(@) ¢lose to

get . We consider the linear part of the bisector o

0.6182 | then we obtain 2P Ax=0.61821 11 this form, for particles at high



velocity we obtain the new Heisenberg uncertainly principle Ap-Ax=0.61820 (.

Ak-Ax=0.6182 being k the wave number. This result is valid for particles like

the electron, muon and tau and quarks with spin % derived from the standard
model.

Thus, the Heisenberg uncertainly principle at high velocity under the fuzzy
theory is obtained giving a value fixed greater than the value determined by
Heisenberg at low velocity for the case of electrons with spin 2.

Ap-Ax|,  =0.61820> Ap-Ax =0.50

Heisenberg

There is another form of Heisenberg’s uncertainty principle for simultaneous

measurements of energy and time, AEAt20/2 where AE is the uncertainty in

energy and A7 is the uncertainty in time. The uncertainty principle for energy
and time can be of great significance if the lifetime of particle is very short is

unstable and interacting with bosons. Then A? is very small, and AE is very
large. Some nuclei and exotic particles have extremely short lifetimes (as

small as 107°s), causing uncertainties in energy as great as many GeV (10°eV

2
). At high energies v/c<1 ApcAx Bl Ame"Ax W AEAx 2lc/2 o

— 7] —_— . .
AEAx/c=AEAx] Ax(At) " =AEAT20/2 gnq fuzzy resultis AE-Ar=0.61820 Tt is

so well established experimentally that the uncertainty in decay energy is used
to calculate the lifetime of short-lived states. Some nuclei and particles are so
short-lived that it 1s difficult to measure their lifetime. But if their decay
energy can be measured, its spread is AE | and this is used in the uncertainty

principle. In our case AE-Ar=0.61820 jg ysed to calculate the lifetime Af .

4. Summary

To our knowledge, this article determines for the first time the Heisenberg
uncertainly/indeterminacy principle under the fuzzy theory giving a minimum
value fixed greater than the value determined by Heisenberg, for the case of
leptons (electrons, muons) and baryons (quarks) with spin ' at relativistic

Ap-Ax|,  =0.61821 > Ap-Ax|

.. =0.50 ) )
velocities, vV/¢20.5 Quantum . To Obtain this



result, the function chosen here is based on “ Tépicos de logica fuzzy e
biomatematica” of L C Barros and R C Bassanezi, pg 193-195, (2006).

In the standard model all elementary subatomic particles are considered as
dimensionless points, while in the fuzzy model considered in this work, there
1s a minimum distance for each subatomic particle. Our fuzzy approach can be
a clue and a bridge to study the string theory where particles have one
dimension like strings that vibrate at a characteristic frequency and unifies all
fundamental forces including quantum gravity.

The smallest of the subatomic particle sizes is determined by the Planck

19
conditions, that is the string theory at very high energy ( E, 0107Gey ) has a

=Ax,, 010" cm

minimum length given by the Planck length. ly , Where also fy

t W10™*s

m
rand ‘?

1s the Schwarzschild radius of a black hole of mass 1s the

evaporation via Hawking radiation [28.29] . At this energy level, string theory

imparts a “fuzziness” to all our familiar notions of space and time. On string
theory particles, Heisenberg’s uncertainty principle increases like

’ 2 . .
AxAp 2U/2+aAp” /) yhere o B const  Here, we can compare this result with

¢ Axdp2U/2+0.161820 Also, as string theory theoretically give

30]

our fuzzy resul

rise to natural fuzzy dark matter candidate in the form of ultralight axions [

or like a axial Higgs boson, our approach also take into account the dark
matter.

The standard model still presents some problems derived from uncertainty in
the measurements of the muon, the appearance of tetraquarks, and pentaquarks
and more elementary particles than those theoretically indicated by this model.
One of the main objectives of the Large Hadron Collider, LHC-CERN in its
new stage with 13.6 TeV, possibly will allow find new exotic particles and the
Higgs field will be studied in greater detail where fuzziness will be more and
more important at high energies. Here, fuzzy approach will have a decisive
role.
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