9.1 Al Double Integral Navigator: Mastering Regions,
lterated Integrals, and Order of Integration

Before you begin: Review the "Preparing to Use Al Tools" section for guidance on effective
prompting, verification, and ethical use of Al. Recommended Al Tools: Use a free Al tool such
as ChatGPT, Claude, or Grok for this activity.

In this activity, you'll collaborate with Al to develop intuition for setting up and evaluating double
integrals over rectangular and general regions. You'll practice identifying Type | and Type Il
regions, applying Fubini's theorem, and recognizing when changing the order of integration
simplifies calculations. These skills are essential for computing volumes and working with
multivariable functions.

Student Instructions:

1. Region Classification Challenge: Give the Al this prompt: "I'm going to describe 5
regions in the xy-plane. For each one, don't tell me if it's Type | or Type ll—just describe
the boundary curves clearly. I'll classify each region myself, then you can check my
answers. Region 1: bounded by y = x? and y = 4. Region 2: bounded by x =0, y = 0, and
X + 2y = 4. Region 3: bounded by y = sin(x) and y = 0 from x = 0 to x = 1. Region 4:
bounded by x = y?2and x = 2 - y2 Region 5: the region in the first quadrant bounded by
xy =1,y =x, and y = 2." After classifying each region yourself, ask the Al to verify your
classifications and explain any you got wrong.

2. lterated Integral Setup Practice: Work with the Al step-by-step: "I want to set up the
double integral of f(x,y) = xy over the region bounded by y = x and y = x?in the first
quadrant. First, let me sketch this region and identify the intersection points myself. |
think they intersect at... [share your work]. Now, before you show me the integral setup,
let me try writing it as both a Type | and Type Il integral. Check my limits of integration for
each setup.”

3. Conceptual Exploration of Fubini's Theorem: Ask the Al: "Help me understand WHY
Fubini's theorem works—why can we split a double integral into two single integrals and
integrate in either order? Use the geometric interpretation of slicing the solid to explain
this. Also, when might Fubini's theorem NOT apply? Give me an example of a function
or region where we need to be careful.”

4. Error Analysis with Order of Integration: Prompt the Al: "Evaluate the integral [|_R (x
+ y) dA where R is the triangular region with vertices at (0,0), (2,0), and (0,3). Set up and
evaluate the integral, but make one common error that students make when determining
the limits of integration for a triangular region. Show all your work so | can find the
mistake.”

5. Strategic Order Comparison: Give the Al this problem: "Consider the integral |[_D
e (y? dA where D is the region bounded by y =x, y = 2, and x = 0. Set up this integral
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in both orders of integration (dy dx and dx dy). Don't evaluate yet—just show both
setups. I'll determine which order is actually possible to evaluate and explain why." After
analyzing both setups, ask the Al to confirm your reasoning about which order works.

6. Real-World Volume Application: Ask the Al: "Help me set up a double integral for a
real-world scenario: A swimming pool has a rectangular base that is 10 meters by 6
meters. The depth varies according to the function d(x,y) = 1 + 0.1x + 0.05y (in meters),
where x and y are measured from one corner of the pool. Help me set up and evaluate
the double integral to find the volume of water the pool can hold. Before we calculate, let
me predict: will the volume be more or less than if the pool had a constant depth equal to
the average of the corner depths? Explain why my prediction is right or wrong."

Reflection Questions:

e Which was more challenging for you: identifying the correct region type or setting up the
correct limits of integration? What strategies helped you improve?

e How did the geometric interpretation of "slicing" help you understand why we can
integrate in either order for rectangular regions?

e What clues help you recognize when one order of integration will be significantly easier
than the other?

e How does understanding double integrals as volumes connect to the Riemann sum
interpretation you learned in single-variable calculus?

e |n what real-world applications (engineering, physics, economics) might you need to
compute volumes or accumulated quantities over two-dimensional regions?

Optional Extensions:

e Have Al create a region that can be described as Type | but NOT as a single Type Il
region, requiring you to split it into multiple pieces

e Ask Al to explore what happens when you try to set up a double integral over a region
with a "hole" in it (like an annulus)

e Challenge Al to create a double integral where the integrand appears impossible to
integrate in one order but becomes elementary in the other order

Submission Guidelines:
If your instructor requires submission, export or screenshot your Al conversation and include

your written responses to the reflection questions. You may submit this through your course's
learning management system or as directed by your instructor.
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9.2 Al Application Explorer: Volumes, Areas,
Averages, and Probability with Double Integrals

Before you begin: Review the "Preparing to Use Al Tools" section for guidance on effective
prompting, verification, and ethical use of Al. Recommended Al Tools: Use a free Al tool such
as ChatGPT, Claude, or Grok for this activity.

In this activity, you'll work with Al to explore the diverse applications of double integrals including
finding volumes of solids, areas of regions, average values of functions, and solving probability
problems. You'll develop intuition for when and how to apply double integrals to real-world
scenarios involving accumulation over two-dimensional regions.

Student Instructions:

1. Volume Prediction and Verification: Start with this prompt: "I want fo find the volume of
the solid bounded by z = 4 - x? - y? and the xy-plane. Before we calculate, I'm going to
predict: since this is a paraboloid opening downward with vertex at (0, 0, 4), and it
intersects the xy-plane in a circle of radius 2, | think the volume will be... [make your
prediction and explain your reasoning]. Now help me set up and evaluate the double
integral to check my prediction. Was my estimate reasonable?"

2. Conceptual Understanding of Area via Double Integrals: Ask the Al: "Help me
understand WHY integrating f(x,y) = 1 over a region D gives the area of that region.
Connect this to what the double integral actually represents geometrically. Also explain:
if I already know how fto find area using single integrals, when might using a double
integral be advantageous?”

3. Average Value Application: Work collaboratively with Al: “"A metal plate occupies the
region bounded by y =0, y =4, x = 0, and x = 3. The temperature at any point is given
by T(x,y) = 100 - 2x2 - y? degrees. Before calculating, let me identify: What are the corner
temperatures? Based on those, what's my rough estimate for the average temperature?
Now guide me through setting up the double integral for the exact average, but let me try
each step before you confirm.”

4. Error Detection in Improper Integrals: Prompt the Al: "Set up and evaluate the
improper double integral of f(x,y) = e(-x-y) over the first quadrant (x 2 0, y = 0). In your
solution, make one conceptual error related to how we handle the limits at infinity or how
we separate the integral. Show your work so | can find and correct the mistake."

5. Probability Modeling Scenario: Give the Al this real-world problem: "At a coffee shop,
the time to take an order (X) averages 2 minutes, and the time to prepare the drink (Y)
averages 5 minutes. Both follow exponential distributions and are independent. Help me
set up the joint density function and the double integral to find the probability that a
customer's total time is under 10 minutes. Walk me through what the region of
integration looks like and why. After we calculate, interpret: is this probability higher or
lower than you'd intuitively expect?"
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6. Comparison of Methods: Ask the Al: "Consider finding the area of the region bounded
byy=x2andy = x + 2. Set up this area calculation three ways: (1) using a single integral
with respect to x, (2) using a single integral with respect to y, and (3) using a double
integral. Don't evaluate any of them yet, just show all three setups. I'll analyze which
approach seems most efficient and explain why, then you can confirm my reasoning."

Reflection Questions:

e How does the formula for average value of a function over a region connect to the
intuitive idea of "averaging" that you use in everyday life?

e What made the improper integral problem challenging? How did you recognize where
the error occurred?

e In the probability application, why do exponential distributions model waiting times well?
What real-world assumptions does this make?

e When finding area, what factors would make you choose a double integral over a single
integral (or vice versa)?

e How might engineers, economists, or scientists use average value calculations over
two-dimensional regions in their work?

Optional Extensions:

e Have Al create a probability problem involving non-independent random variables and
explore how the joint density function changes

e Ask Al to explore what happens to the average value of a function if you double the size
of the region. Does the average change?

e Challenge Al to find a volume where the integrand must be split into cases because the
bounding surface changes formula partway through the region

Submission Guidelines:

If your instructor requires submission, export or screenshot your Al conversation and include
your written responses to the reflection questions. You may submit this through your course's
learning management system or as directed by your instructor.

9.3 Al Polar Coordinate Strategist: Mastering When
and How to Use Polar Double Integrals

Before you begin: Review the "Preparing to Use Al Tools" section for guidance on effective
prompting, verification, and ethical use of Al. Recommended Al Tools: Use a free Al tool such
as ChatGPT, Claude, or Grok for this activity.
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In this activity, you'll develop strategic thinking about when polar coordinates simplify double
integrals and when they don't. You'll practice converting between rectangular and polar forms,
setting up limits of integration for polar regions, and understanding why the extra factor of r
appears in polar double integrals.

Student Instructions:

1. Classification Challenge—Polar or Rectangular?: Give the Al this prompt: "I'm going
to describe 6 double integrals. For each one, don't tell me which coordinate system is
better, just describe the region and integrand clearly. I'll decide whether rectangular or
polar coordinates would be more efficient, then you can check my reasoning. (1) [| over
X2+ y2<4of (x2+y?) dA, (2) [Jover0<sx<2 0<y<3ofxydA, (3)[[overxz+y2<1, x
> 0 of eMx2 + y?) dA, (4) I] over the triangle with vertices (0,0), (1,0), (1,1) of (x + y) dA,
(5) [ over the region between circles x2+ y2= 1 and x2 + y2 = 4 of 1A\(x2 + y?) dA, (6) I
over0<x<1,x*<y<xofx?dA."

2. Conceptual Understanding of the r Factor: Ask the Al: "Help me understand
geometrically WHY we need the extra factor of r when converting dA to polar
coordinates. | know dA = r dr d6, but | want to understand this deeply. Use the idea of
polar 'rectangles’ being shaped like pie slices or curved trapezoids. Also explain: what
would go wrong if someone forgot this r factor?"

3. Collaborative Polar Region Setup: Work step-by-step with Al: "l want to set up the
double integral of f(r,6) = r? sin 6 over the region inside the cardioid r = 1 + cos 6. Before
you show me the limits, let me sketch this curve and identify: What values of 6 trace out
the full cardioid? What is r at 6 = 0, 1/2, m? Now let me propose the limits of integration,
and you check if I'm correct.”

4. Error Analysis in Polar Conversion: Prompt the Al: "Convert the integral ||_D (x? +
y?7N(3/2) dA to polar coordinates and evaluate it, where D is the disk x? + y?>< 9. In your
solution, make one common error—either forgetting the r factor in dA, using wrong limits
for 6, or making a substitution mistake. Show your work so | can find and correct the
error.”

5. Comparison of Methods on the Same Problem: Give the Al this problem: "Find the
volume under z = \(x2 + y? and above the disk x2 + y2 < 4. Set up this volume integral
TWO ways: once in rectangular coordinates and once in polar coordinates. Don't
evaluate either one yet—just show both complete setups with all limits. I'll analyze why
one setup is dramatically simpler than the other and identify exactly where the
simplification occurs."

6. Real-World Polar Application: Ask the Al: "A circular irrigation system waters a field in
a circular pattern. The water distribution (in inches per hour) at distance r feet from the
center is given by W(r) = 2e*(-0.01r?). The system covers a circular area of radius 50
feet. Help me set up and evaluate the double integral to find the total volume of water (in
cubic feet) delivered per hour. After we calculate, interpret: Does most of the water fall
near the center or spread throughout? How can we tell from the function?"
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Reflection Questions:

e What visual or algebraic clues help you quickly recognize when polar coordinates will
simplify a double integral?

e How did understanding the geometry of polar "rectangles" help you remember why the r
factor is necessary?

e In the comparison problem, where exactly did the polar setup become simpler—in the
limits, the integrand, or both?

e What types of real-world problems naturally involve circular or radial symmetry where
polar coordinates would be the obvious choice?

e When might you start a problem in polar coordinates and then realize rectangular would
have been easier? What would signal this?

Optional Extensions:

e Have Al create an integral over the region bounded by a polar rose (like r = cos 26) and
explore how symmetry can reduce the work

e Ask Al to set up a double integral over an off-center disk like (x-1)? + y>< 1 in polar
coordinates, and analyze why this is trickier than centered disks

e Challenge Al to find an integral that looks like it should be easier in polar coordinates but
actually isn't, and explain why appearances can be deceiving

Submission Guidelines:

If your instructor requires submission, export or screenshot your Al conversation and include
your written responses to the reflection questions. You may submit this through your course's
learning management system or as directed by your instructor.
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Understanding Al language models

Artificial intelligence (Al) tools like ChatGPT, Grok, and Claude are designed to generate
human-like text responses. These Al language models can be used to understand and
generate natural language, making them highly versatile for math learning, from
explaining concepts to assisting with problem-solving. Al's ability to learn from a vast
body of text allows it to provide informative, contextually relevant responses across math
topics.

You input directions, instructions, or a question and the Al tool generates a response. The
input that you give to the Al tool is called a prompt.

Writing Effective Prompts

e Be Clear and Specific
o Too general: Tell me about solving equations.
o Use more details: Outline three common mistakes when solving quadratic
equations and explain how to avoid them in a step-by-step process.

e Provide context

o Too vague: Explain derivatives.

o Provide context: You are a calculus tutor. I'm struggling with finding the
derivative of a composite function in a real-world scenario involving velocity
and acceleration. Provide a worked example using the chain rule for the
function v(t) = (3t*2 + 2)*4, and explain each step.

e lterative Approach
o Initial prompt: Identify five key steps in graphing a linear function.
o Follow-up: For the function y = 2x + 3, how would you apply these steps,
and what adjustments are needed if the slope is negative?

Verifying Al-Generated Information

e Cross-Check Facts. Do not assume that Al-generated output is accurate or
authentic. Al often makes up fictional responses or incorrect math solutions.
Because you cannot be certain of the source of the Al's output, it is important to
verify Al responses with credible sources, such as your textbook, class notes, or
reliable math websites.

e Critical Thinking. While its responses may seem like Al is doing analysis and
critical thinking, the Al tool is actually programmed to respond to your prompt
based on patterns in language. It is analyzing those language patterns to generate
a response. This is very different from the synthesis of information and critical
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thinking about math concepts that your human mind does naturally, such as
deriving proofs or identifying logical flaws in a solution. You have to review each

response and evaluate the plausibility and accuracy of Al responses and whether
they logically make sense in a mathematical context.

Acknowledging Use of Al

Your use of Al should be disclosed so that you are not taking credit for work that was not
created by you. Use your instructor's preferred method of acknowledgment.
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