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Summary 
 
This article presents a derivation of the transformation of the electromagnetic charge and 
current density vector  𝓙 = ρ+J , where 𝓙 = ᐁXF  [note ] and the electromagnetic Clifford vector 1

field F (in Cl3,0(R)) is assumed to transform under length preserving coordinate change as  F2 = 
exp(p)*F*(exp(p))' , [note ]   .  It is also assumed that the 4-vectors such as coordinates 2

q=t+gx+ey+fz  and 𝓙  must transform as 𝓙2 = exp(p)*𝓙*exp(p)T   [note  ].   3

 
Introduction 
 
Clifford Algebraic electromagnetic equation has a form of a 4-dimensional (t,x,y,z) differential 
operator nabla   applied to the complex electromagnetic field 4-vector F =  -S - E - i B  [see ]  , 4 5

that  must equal zero.     This can be also expressed as   
F = ᐁ|a     (eq.1, see [4] )  

where a is defined as  a  = ϕ+A , where ϕ is electric potential  and A is magnetic vector 
potential. 
The Nabla operator that applies to 4-vector potential field  a is defined in [4] as :  6

 ᐁ| = ძ/ძt + (ძ/ძx) g  + (ძ/ძy) e + (ძ/ძz) f 

6 Partial derivative operator applies first, then a base vector is right-multiplied to the result.  The formula 
can be better understood if the beses g,e,f are put in the denominators ar right-divisions, that is:               
ᐁ| = ძ/ძt + (ძ/ძ(xg))  + (ძ/ძ(ye)) + (ძ/ძ(zf)) 
 

5 F = generalised EM field tensor = -S - E - i B = -S - Exg - Eye - Ezf  - i (Bxg + Bye + Bzf) .   The general full 
form is F = -S - E - i B  + iM , however,  the imaginary scalar component M of the Clifford EM field vector 
F must be zero or constant  in order to cancel the unobservable magnetic monopole charge density and 
magnetic monopole current density. With M=0, equation ᐁF  = 0 corresponds to the well known Maxwell 
equation, if we define S as  ρ + J = ᐁS  . 

4 ᐁ = ძ/ძt - g ძ/ძx - e ძ/ძy - f ძ/ძz  ,  ძ/ძt + g ძ/ძx + e ძ/ძy + f ძ/ძz 
3 ()T is hermitian conjugate (example eT=e and (ef)T=fTeT )  

2  ()' is quaternion conjugate (example e'=-e and (ef)'=f'e' ) We restrict p to be a linear combination of 
base vectors {g,e,f,i,j,k} only. 

1 ᐁX := ძ/ძt - (ძ/ძx)g - (ძ/ძy)e - (ძ/ძz)f    [this form is assumed, to prove that it leads to correct transform for 
𝓙 = ᐁXF  
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Derivation of transform of 𝓙 
 
This assumes that 𝓙 is a derivative of some Clifford field F that transforms using a formula  
containing quaternion conjugation).   The derivation will be split in two cases: (1) Lorentz 
transform and (2) 3D Rotation.   
 
1) Lorentz transform of 𝓙 
 
Let us take an arbitrary Lorentz transform generator vector u that is a linear combination of base 
vectors e,f,g .    For the sake of consistency with the previously referenced articles [1] etc, it is 
assumed that base vector g represents axis x, e is axis y and f is axis z.    
 
Without losing the generality of the proof, we can assume that a general generator vector u  (in 
{g,e,f}) is aligned with g  (that is there is some real U that  Ug = u )  The reference frame can 
always be rotated to align u with g (we leave that without proof) 
 
We will indicate the transformed vectors or coordinates with the subscript 2.  
The time-space 4-vector q=t+gx+ey+fz  transform as  
​ q2 = exp(u) q exp(u) 
​ q2 = exp(u) q exp(u) = exp(2u)t + exp(2u)x + ey + fz =       [note  ] 7

​ ​ ​ ​ t*cosh2U + x*sinh2U +​ ​ // t2 

​ ​ ​ ​ x*cosh2U*g + t*sinh2U*g +​ ​ // x2g 
 ey +​ ​ ​ ​ ​ // y2e 

 ​ fz  ​ ​ ​ ​ ​ // z2f 
 

(where U := u/g) 
 

therefore: 
​ t2 = t*cosh2U + x*sinh2U 
​ x2 = x*cosh2U + t*sinh2U 
​ y2 = y 
​ z2 = z 
We will transform  𝓙=ᐁXF   ←  𝓙2=ᐁXF2       in reverse, starting with the formula  : 
 

𝓙 = ᐁXF = ძF/ძt - ძF/ძx g - ძF/ძy e - ძF/ძz f 
 
and evaluating the inner terms.   
 

7 We use the following property of exponential function:   exp(gU)*g = g*exp(gU) , For perpendicular 
vectors (i.e. for anti-commuting vectors), for example g and e it follows exp(gU)*e = e*exp(-gU) 



ძF/ძt = (ძF/ძt2)*(ძt2/ძt) + (ძF/ძx2)*(ძx2/ძt) + (ძF/ძy2)*(ძy2/ძt) + (ძF/ძz2)*(ძz2/ძt)  = 
​ (ძF/ძt2)*(cosh2U) + (ძF/ძx2)*(sinh2U)  
 
ძF/ძx = (ძF/ძt2)*(ძt2/ძx) + (ძF/ძx2)*(ძx2/ძx) + (ძF/ძy2)*(ძy2/ძx) + (ძF/ძz2)*(ძz2/ძx)  = 
​ (ძF/ძt2)*(sinh2U) + (ძF/ძx2)*(cos2U) 
 
ძF/ძy = (ძF/ძt2)*(ძt2/ძy) + (ძF/ძx2)*(ძx2/ძy) + (ძF/ძy2)*(ძy2/ძy) + (ძF/ძz2)*(ძz2/ძy)  =​ (ძF/ძy2) 
ძF/ძz = (ძF/ძt2)*(ძt2/ძz) + (ძF/ძx2)*(ძx2/ძz) + (ძF/ძy2)*(ძy2/ძz) + (ძF/ძz2)*(ძz2/ძz)  =​ (ძF/ძz2) 
 
Now, we will substitute the F expressed in terms of the reverse transformed F2 into the above 
formulae, that is:  F = exp(-u) F2 exp(+u) .   This will yield: 
 
𝓙 = ᐁXF = ​ exp(-u)*( (ძF2/ძt2)*cosh2U  +  (ძF2/ძx2)*sinh2U)*exp(+u) + 
​ ​ -exp(-u)*( (ძF2/ძt2)*sinh2U  +  (ძF2/ძx2)*cosh2U)*exp(+u)*g + 

-exp(-u)*(ძF2/ძy2)*exp(+u)*e + 
-exp(-u)*(ძF2/ძz2)*exp(+u)*f  

= 
  exp(-u)*( (ძF2/ძt2)*(cosh2U - sinh2U*g)) + 
- exp(-u)*( (ძF2/ძx2)*(cosh2U - sinh2U*g)*g )*exp(+u) + 
- exp(-u)*(ძF2/ძy2)*e*exp(-u) + 
- exp(-u)*(ძF2/ძz2)*f*exp(-u) 

​ = 
 exp(-u)*(  (ძF2/ძt2) *  exp(-2u)  )*exp(+u) + 
-exp(-u)*( (ძF2/ძx2)*g*exp(-2u) )*exp(+u) +  
-exp(-u)*(ძF2/ძy2)*e*exp(-u) + 
-exp(-u)*(ძF2/ძz2)*f*exp(-u) 
= exp(-u)*( (ძF2/ძt2) +(ძF2/ძx2)g +(ძF2/ძy2)e +(ძF2/ძz2)f )*exp(-u) =  
= exp(-u)*( ᐁX

2F2 )*exp(-u)  
= 
    exp(-u)*( 𝓙2  )*exp(-u)  
 
therefore, finally: 
 

  𝓙2 = exp(u)*( 𝓙  )*exp(u)  

 
Therefore,  Lorentz transform of 𝓙 follows 4-vector transform and is consistent with the 
hermitian conjugate formula.   
 
 



2) Rotation transform of 𝓙. [note  ] 8

 
We take as previously, a generator vector v aligned with the base vector g (x axis), except this 
time v has imaginary coefficient.   v = i V g   where V is a real number and i is imaginary unit 
(also i=efg) 
 
​ q2 = exp(v) q exp(-v) 
​ q2 = exp(v) q exp(-v) = t + gx + exp(2v)ey + exp(2v)fz =       [note  ] 9

​ ​ t +​ ​  

​ ​ gx +​ ​  
ey*cos(2V) - fy*sin(2V) + 
fz*cos(2V)  + ez*sin(2V)  
 =  

​ ​ t +​ ​ ​ ​ // t2 

​ ​ gx +​ ​ ​ ​ // x2g 
ey*cos(2V) + ez*sin(2V) +​ // y2e 
fz*cos(2V)  - fy*sin(2V)     ​ // z2f 

 
therefore: 
​ t2 = t 
​ x2 = x 
​ y2 = y*cos(2V) +  z*sin(2V) 
​ z2 = z*cos(2V)  - y*sin(2V)  
 
We will transform now (in reverse) the 𝓙 = ᐁ|F  : 
 
𝓙 = ᐁXF = ძF/ძt - (ძF/ძx)g - (ძF/ძy)e - (ძF/ძz)f 
 
ძF/ძt = (ძF/ძt2)*(ძt2/ძt) + (ძF/ძx2)*(ძx2/ძt) + (ძF/ძy2)*(ძy2/ძt) + (ძF/ძz2)*(ძz2/ძt)  = (ძF/ძt2) 
ძF/ძx = (ძF/ძt2)*(ძt2/ძx) + (ძF/ძx2)*(ძx2/ძx) + (ძF/ძy2)*(ძy2/ძx) + (ძF/ძz2)*(ძz2/ძx) = (ძF/ძx2) 
ძF/ძy = (ძF/ძt2)*(ძt2/ძy) + (ძF/ძx2)*(ძx2/ძy) + (ძF/ძy2)*(ძy2/ძy) + (ძF/ძz2)*(ძz2/ძy)  =​  
​ (ძF/ძy2)*(cos2V) - (ძF/ძz2)*(sin2V) 
ძF/ძz = (ძF/ძt2)*(ძt2/ძz) + (ძF/ძx2)*(ძx2/ძz) + (ძF/ძy2)*(ძy2/ძz) + (ძF/ძz2)*(ძz2/ძz)  =​ ​ ​
​ (ძF/ძz2)*(cos2V) + (ძF/ძy2)*(sin2V) 
 
Now, we will substitute the F expressed in terms of the inverse-transformed F2 into the above 
formulae:   F = exp(-v) F2 exp(v) .   This will yield: 
 
𝓙 = ᐁXF = exp(-v)*( (ძF2/ძt2))*exp(v) + 

9 We use the following property of exponential function:   exp(gU)*g = g*exp(gU) , For perpendicular 
vectors (i.e. for anti-commuting vectors), for example g and e it follows exp(gU)*e = e*exp(-gU) 

8 This chapter is almost identical as in ref [13], because rotation transform is the same for EM field Clifford 
8-vector  F as for 4-vectors such as a and 𝓙.     



​ -exp(-v)*( (ძF2/ძx2))*exp(v)*g + 
-exp(-v)*((ძF2/ძy2)*(cos2V) - (ძF2/ძz2)*(sin2V))*exp(v)*e + 
-exp(-v)*((ძF2/ძz2)*(cos2V) + (ძF2/ძy2)*(sin2V))*exp(v)*f  
= 
exp(-v)*( (ძF2/ძt2))*exp(v) + 

​ -exp(-v)*((ძF2/ძx2))*exp(v)*g + 
-exp(-v)*( (ძF2/ძy2)*(cos2V)*e - (ძF2/ძz2)*(sin2V)*e + 

    (ძF2/ძz2)*(cos2V)*f  +  (ძF2/ძy2)*(sin2V)*f )*exp(-v)  
= 
exp(-v)*( (ძF2/ძt2))*exp(v) + 

​ -exp(-v)*( (ძF2/ძx2))*g*exp(v) + 
-exp(-v)*( (ძF2/ძy2)*(cos2V)e +  (ძF2/ძy2)*(sin2V)*ggf + 

    (ძF2/ძz2)*(cos2V)f  -   (ძF2/ძz2)*(sin2V)*gge   )*exp(-v) 
= 
exp(-v)*( (ძF2/ძt2))*exp(v) + 

​ -exp(-v)*( (ძF2/ძx2))*g*exp(v) + 
-exp(-v)*( (cos2V)*(ძF2/ძy2)e +  (sin2V)*(ძF2/ძy2)*g(gf) +​ ​ //note  10

    (cos2V)*(ძF2/ძz2)f  -  (sin2V)*(ძF2/ძz2)*g(ge)  )*exp(-v) 
= 
exp(-v)*( (ძF2/ძt2))*exp(v) + 

​ -exp(-v)*( (ძF2/ძx2))*g*exp(v) + 
-exp(-v)*( (cos2V)*(ძF2/ძy2)*e -  (sin2V)*(ძF2/ძy2)*g(ei) +​ ​  
    ​      (cos2V)*(ძF2/ძz2)*f  - (sin2V)*(ძF2/ძz2)*g(if)  )*exp(-v) 
= 
exp(-v)*( (ძF2/ძt2))*exp(v) + 

​ -exp(-v)*( (ძF2/ძx2))*g*exp(v) + 
-exp(-v)*( (ძF2/ძy2)*(cos2V  -  gi*sin2V)*e +​ ​  
    ​     (ძF2/ძz2)*(cos2V   - gi*sin2V)*f )*exp(-v) 
= 
exp(-v)*( (ძF2/ძt2))*exp(v) + 

​ -exp(-v)*( (ძF2/ძx2))*g*exp(v) + 
-exp(-v)*( (ძF2/ძy2)  exp(-2v) *e* + (ძF2/ძz2)*exp(-2v)*f )*exp(-v) 
= 
exp(-v)*( (ძF2/ძt2))*exp(v) + 

​ exp(-v)*(- (ძF2/ძx2))*g*exp(v) + 
exp(-v)*(- (ძF2/ძy2)*e*exp(+2v) - (ძF2/ძz2)*f*exp(+2v) )*exp(-v) = 
exp(-v)*( (ძF2/ძt2)) - (ძF2/ძx2))*g - (ძF2/ძy2)*e - (ძF2/ძz2)*f )*exp(+v) 
= exp(-v)*( ᐁX

2F2 )*exp(v)  
=  exp(-v)*( 𝓙2  )*exp(+v)  
Finally 
 

10 gf = -fg = -eefg = -ei   and   ge = geff = efgf = if 



𝓙2 = exp(+v)*( 𝓙  )*exp(-v)  

 
 
Conclusion 

 
In a general case, we can combine the u and v cases in one formula that employs the Hermitian  
conjugate ( )T    [note  ] 11

 

𝓙2 = exp(p)*( 𝓙  )*(exp(p))T  
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