Review of Basic Statistical Concepts

The purpose of this review is to summarize the basic statistical concepts. Introductory statistics dealt
with three main areas: descriptive statistics, probability, and inference.

Descriptiv | Sample data may be summarized graphically or with summary statistics. Sample statistics include
e Statistics | the mean, variance, standard deviation, and median. For the following definitions let x|, x,, ... , x,
represent the values obtaining from a random sample of size n drawn from a population of interest.
Sample I x, +x, +0 +x | The mean is just the average of the n values observed.
xX=— = -
Mean YA n
Sample . 1 3 _ —2 | The sample variance equals the mean squared deviation from X A small
Variance 5 = n— Z(xi x) 2 )
i S means that the observed values cluster around the average, while a
large variance means that they are more spread out. Thus, the variance is a
measure of the “spread” in the sampled values.
Sample | < The sample standard deviation, s, is often a more useful measure of spread
Standard s = \/ ﬁZ(xi —X)* | than the sample variance, s?, because s has the same units (inches, pounds,
Deviation " etc.) as the sampled values and X .
StatGraphics | Common descriptive statistics can be obtained by following: Describe > Numeric Data >
One-Variable Analysis > Tabular Options > Summary Statistics
Example 1 | The file LMF contains the three-year return fora | symmary Statistics for Return
random sample of 26 mutual funds. All of these
funds involve a load (a type of sales charge). Count = 26
StatGraphics output is to the right. Average = 16.2346
Variance = 40.4208
Standard deviation = 6.35773
Minimum = 8.0
Maximum = 32.7
Range = 24.7
Stnd. skewness = 2.26003
Stnd. kurtosis = 1.1129
Random Variables and their Probability Distributions
Random A variable whose numerical value is determined by chance. The key elements here are that the
Variable variable assumes a number (sales volume, rate of return, test score, etc.) and that the sample
selection process generates the numbers randomly, i.e., by a “random” selection.
(In these notes, a random variable will be designated by a capital letter, such as X, to differentiate it
from observed values x. For instance, X might represent the height of a man to be selected randomly.
Once the man has been selected, his height is given by the value x, say x = 68 inches.)
Probability [ Although the values of a random variable are subject to chance, some values are more likely to
Distribution | occur than others. For instance, the height of a randomly selected man is more likely to measure 6’




than 7°. It is the random variable’s probability distribution that determines the relative likelihood
of possible values.

Standardized Values

For the value x drawn from a population with mean M and standard deviation @, the standardized

value

_ X~ the number of standard deviations
& aboveor below the mean that x is

. For example, if incomes have a mean and

standard deviation of $48,000 and $16,000, respectively, then someone making $56,000 has a

standardized income of

$56,000—$48,000  $8,000 1
$16,000

$16,000 2 because their income is one-half standard

deviation above the mean income. The advantage of standardizing is that it facilitates the
comparison of values drawn from different populations.

Standardized Random Variables

X_
z=-2"H

For the random variable X with mean M and standard deviation O, O is the Standardized

random variable. (Note: The Standardized Variable always has mean 0 and standard deviation 1.)

The Normal Distribution

In this course we will make use of (at least) four distributions designed to model continuous data:
the Normal, t, F, and Chi-Square. Of these, the normal distribution is by far the most important
because of its role in statistical inference. Much of the logic behind what we do and why we do it is
based upon an understanding of the properties of the normal distribution, and of the theorems
involving it, particularly the Central Limit Theorem.

Properties

1.

Normal distributions are bell-shaped. (In fact, it is sometimes called the “Bell Curve”.)

2. Normal distributions are symmetric about their mean.

3.

Normal distributions follow the 68-95-99.7 rule:

e (Approximately) 68% of the area under the curve is within one standard deviation @ of the
mean M4

e (Approximately) 95% of the area under the curve is within two standard deviations @ of the
mean M4

e (Approximately) 99.7% of the area under the curve is within three standard deviations @ of the
mean M4

If the random variable X is normal with mean M and standard deviation @, then the random

X-u
7 =
variable O is standard normal, i.e., is normal with mean equal 0 and standard
deviation equal 1.




the Standard Normal Distribtion, Z
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Finding Cumulative Probabilities for any normal random variable X, i.e., P(X < x), are easy to find in
probabilities | Excel. Follow: f, > Statistical > NORMDIST and enter TRUE in the Cumulative field.
in Excel Probabilities of the form P(X > x) or P(a < X < b) can be obtained by subtraction.
- </t <
Example Totﬁltf f% 1.122 <ZZ <2)2, ORMDIST
n -1. =
ofe that P( ) X |z =2
P(Z<2)-P(Z < -12)
Mean ||:| :n_] =10
and use the Excel output to
the right. Standard_dev |1 :u_] =1
Cumulative true ] = TRUE
= 0,977249935
Returns the narmal curmulative distribution For the specified mean and standard deviation,
Answer =0.9772 - 0.1151
=0.8621 Cumulative is a logical walue: for the cumulative distribution Function, use TRUE; for
the probability mass function, use FALSE,
@l Formula result =0,977249935 8] I Cancel
AORMOIST
x|-1.2 =12
Mean ||:| :k_] =10
Standard_dew |1 }J =1
Cumulative [trus ] = TRUE
= 0.115069732
Returns the normal curmulative distribution For the specified mean and standard dewiation,
X is the walue For which wou want the distribution,
@l Formula result =0,115069732 Ok, I Cancel |
Critical . B o\ . . .
Values z, is defined by P(Z > z,) = a. Critical values are used in the construction of confidence intervals and

(optionally) in hypotheses testing. To find the critical value associated with the significance level a,

follow: f; > Statistical > NORMINYV and enter 1 - d in the Probability field.




Example | From the Excel output to

the right that ORI
cr1 we€ se€ tha
& Probability |1 - 0.05 T =095
Zo0s = 1.645
Mean ||:| :-;J =10
Standard_dey |1 :s_] =1
= 1.644553
Returns the inverse of the normal cumulative distribution For the specified mean and standard

dewviation.
Standard_dev is the standard deviation of the distribution, a positive number,

@l Farmula result =1,644853 8].4 I Cancel

The Distribution of the Sample Mean

Because, when we take a random sample, the values of a random variable are determined by chance,
statistics such as the sample mean that are calculated from the values are themselves random

szl +X, 0 +X,

variables. Thus the random variable n has a probability distribution of its
X +x+0 +x,

X=
own. If we intend to use the sample mean n to estimate the mean M of the
population from which the sample was drawn, then we need to know what values the random
variable X can assume and with what probability, i.e., we need to know the probability distribution

of X . It can be shown (using advanced calculus) that X has the following properties:

e The mean of X equals the mean of X i.e., He =M This just says that the sample mean X is
an unbiased estimator of the population mean M.
, ©

— . =—
e The variance of X is less than that of X. In fact ~ M . This states that there is less

variability in averaged values (and the variability decreases as the size of the sample increases)
than there is in individual values. Hence, you might not be surprised if a randomly selected man
measured 7°, but you would be suspicious if someone claimed that 100 randomly chosen men
averaged 7’|

e Jfthe variable X is normally distributed, then X will also be normal.

The properties above, however, don’t describe the shape of the distribution of X (needed for

making inferences about W) except in the special case where X is normal! They only contribute
information about the mean and spread of the distribution. In general, the shape of the distribution of

X may be difficult to determine for non-normal populations and small samples. However:



e For large samples the Central Limit Theorem states that X will be at least approximately
normal. (Most introductory statistics texts consider a sample large whenever n > 30.)

Example | The dean of a business Solution: Let X = weekly income of a sampled graduate 1 year after
school claims that the
average weekly income of
graduates of his school 1
year after graduation is
$600, with a standard
deviation of $100. Find the

probability that a random
sample of 36 graduates Note: Without the Central Limit Theorem we could not have

averages less than $570. approximated the probability that a sample of graduates average less
than $570 because the distribution of incomes is not usually normal.

graduation. We are asked to find P(X <8570) for 36 graduates.

X -3$600  $570-$600

$100/ v/36 ) $100/+/36

P()?<$570)=P[ ];P(Z<—l.8):0.0359

Statistical Inference: Estimation

Point A single number used to estimate a parameter. For example, the sample mean X is typically used
Estimate
to estimate the population mean M.

Interval | A range of values used as an estimate of a population parameter. The width of the interval provides a
Estimate | sense of the accuracy of the point estimate.

Confidence Interval Estimates for Y

Confidence intervals for B have a characteristic format: X = CV *standard error, where CV stands

for Critical Value and the standard error is the (usually estimated) standard deviation of X,

Case I: X normal or n >30, and 0 is known | A (1 - a)*100% confidence interval estimate for [ is given by

weo ()

Case II: n 2 30 and O is unknown A (1 - 2)*100% confidence interval estimate for [ is given by

x+tt (%)
#2\/\n , with n-1 degrees of

freedom

Case III: X is normal and O is unknown A (1 - a)*100% confidence interval estimate for [ is given by

x+tt (yj
%2\/n , with n-1 degrees of

freedom




Case III requires some explanation. When X is normal, and we must use the sample standard

deviation s to estimate the unknown population standard deviation @, the studentized statistic
X —
T H

S / Vn has a ¢ distribution with n-1 degrees of freedom. Hence, we must use the critical value

t ., from the # distribution with n-1 degrees of freedom. The properties of the # distributions are

similar to those for the standard normal distribution Z, except that the # has a larger spread to

reflect the added uncertainty involved in estimating @ by s.
Note: For large samples, where n = 30, there is very little difference between the ¢ distribution with

n-1 degrees of freedom and the standard normal distribution Z. Therefore, for large samples (Case 11

in the table above) some texts replace ¢ , with z _, even when X is normal and O is unknown!

Student's t Distribution

041 Deg. of freedom
[ — 2
I A A 100
= 031 B
= i
= 0o f
O [
) |
0.1 ]
O 1 1 . 1 . 1 1]
-8 -4 0 4 8
X
Example | A manufacturer wants to Solution: Using Excel, ¥ =103.6 hours, and $ =9-18 hours. From
estimate the average life of an | the discussion above, the critical value is 7,5 = 2.776.
expensive component. (Note: In Excel, shown below, to find the critical value associated with

Because the components are
destroyed in the process, only
5 components are tested. The
lifetimes (in hours) of the 5
randomly selected
components are 92, 110, 115,
103, and 98. Assuming that
component lifetimes are
normal, construct a 95%
confidence interval estimate

the ¢ distribution and significance level a, follow: f, > Statistical >

TINV and enter a in the Probability field.)




of the component’s life
expectancy.

TIM

Probability |0.05 A =00
Deg_freedom |4 :n_j =4

= 2. 775450556
Returns the inverse of the Student's t-distribution,

Probability is the probability associated with the two-tailed Student's E-distribution, a
number between 0 and 1 inclusive,

@l Formula result =2, 776450856 ] 4 I Cancel |

Thus a 95% CIE for the mean lifetime of the components is given by

103.6i2.776(ﬁ

5 j or (92.2,115.0) hours

Statistical Inference: Decision Making

In hypothesis testing we are asked to evaluate a claim about something, such as a claim about a
population mean. For instance, in a previous example a Business dean claimed that the average
weekly income of graduates of his school one year after graduation is $600. Suppose that you
suspect the dean’s claim may be exaggerated. Hypothesis testing provides a systematic framework,
grounded in probability, for evaluating the dean’s claim against your suspicions.

Although hypothesis testing uses probability distributions to arrive at a reasonable (and defensible)
decision either to reject or "fail to reject" the claim associated with the null hypothesis of the test, H,
it does not guarantee that the decision is correct! The table below outlines the possible outcomes of a
hypothesis test. (Note: We avoid "accepting" the null hypothesis for the same reason juries return
verdicts of "not guilty" rather than of "innocent")

Decision:
| TRUTH Accept H, Reject H,

H, True correct decision Type I error

H, False Type 11 error correct decision
Type I [ The error of incorrectly rejecting Hy when, in fact, it's true. In a hypothesis test conducted at the
error significance level Q, the probability of making a type I error, if H, is true, is at most Q.
Type II | The error of incorrectly failing to reject H, when, in fact, it's false. For a fixed sample size n, you cannot
error simultaneously reduce the probability of making a Type I error and the probability of making a Type II

error. (This is the statistician’s version of “there is no such thing as a free lunch.”) However, if you can
afford to take a larger sample, it is possible to reduce both probabilities.

Decision Making: Hypothesis Testing




Example | Suppose that a sample of 36 graduates of the business school averaged $570 per week one year after
oraduation. Test the dean’s claim, against your suspicion, at the 5% level of significance.

Solution:
Normal Distribution
1. Hy: g =$600 (the dean’s claim) KOO0 g NS dev
20F /\ 1 — 6001667
H,: g <$600 (your suspicion) 2 ek /o ]
@ . / \ ]
S 12F E
2.a=0.05 (the probability of rejecting the S Gf / \\\ 3
dean’s claim if she’s right) 4 ;J/ \L E
3. Draw some pictures (see box to the right) e a0 o0 a0 o e oo
4. Critical Value: -z s = -1.645 X
5. From the sample -
Standardized Test Statistic: Standard Normal
570 - 600 F ' ' ' ' i ean,Std. dev
7= —_18 04 [ //\\\ f 71\/10,1,Std d
100/+/36 03 [\ ]
6. Conclusion: There is sufficient evidence to 02 | / Accept Hy |-
reject the dean’s claim at the 5% level of ol b S \ ]
significance. o /‘ \\ 1
S aowa s s
-1.645 17

the P-value Approach to Hypothesis Testing

P-value | The smallest significance level at which you would reject Hy. The p-value is calculated from the test
statistic, and is doubled for two-sided tests.

Note: a and the p-value are the “before” and “after” significance levels for the test. We can reach a

decision to accept or reject H, by comparing the two significance levels.

Rule: If the p-value > q, then we "fail to reject" H,

If the p-value < a, then we reject Hy, i.e., we reject H,, for small p-values

Example | Suppose that a sample of 36 graduates of the business school averaged $570 per week one year after
graduation. Use the p-value to test the dean’s claim, against your suspicion, at the 5% level of
significance.

Solution:
Steps 1-3 are the same as before.
4. Critical Values are not used in this approach.
5. From the sample -
Standardized Test Statistic:

570-600 _

* 00436

p-value = P(Z <-1.8) 00359 <0.05= a, where we have used the fact that the test is

left-tailed!
6. Conclusion: There is sufficient evidence to reject the dean’s claim at the 5% level of significance.

-1.8




Notice that we rejected the Dean’s claim under both the critical value and p-value approaches. This
was not a coincidence: the two approaches al/ways lead to the same decision. Since p-values are
routinely computed by StatGraphics and Excel, we will usually use p-values to conduct significance
tests.

Note: Many of the (hypothesis) tests conducted in this course are two-sided, and assume that we are
sampling from a normal population with unknown variance. When this is the case, Statgraphics will
automatically return the correct p-value for the two-sided ¢ test.

Example 1 (p.1)
Exan;ple 1. $R 4 T — A B2 68 e [F) SR 09 =4 Rl eR R AOFE MR, HOB IR A B R N AR
BT,
1. ;Jr%& (Count): 26
B2 B RN T A 268 3L R EE A0[RI R EE, FHBUREIT IR AT AU FERE, BRASEOK,
it SR AT S R
2. E¥{E (Average): 16.2346
B3 B RPTA26(E 3L R B — A RIHERA RN EME . Bk TS —FE N AR R
Bl, EEME R, R AL A0EIHRIE AT,
3 ji 72 (Variance):40.4208

7o 7 2 A s R 0 WORR FE A FE AR, 7 2R, SRR BIERSRAY R BN MR, BB AL
AE@E%&#?TH%/\ZF%%E@k
4. FEHEFE (Standard Deviation): 6.35773
R AR R T AR AR, RO B B 2 RO R, SERRAUEEE AR %56.36,
SRR ES 4 [BIRER A B e v RS B 722 0 R TR R A i K B L R
5. fx/IME (Minimum): 8.0
B OB AT IR EERER, RoR(E261E e, AR —FEI#H2%8%, & r] LLE B#&
BE TR AR E R,
6. E%j(ﬁ (Maximum) :32.7
EF BT R m AR, RORTEE26(EES T, fm i) AR 32.7%, Bk T
EHEENRERERIIRE,
7. *ﬂfﬁﬁﬁa (Standard Skewness):2.26003

2% AR V(R B A Aty = S \fﬁﬁﬁ%ﬁﬁ M, TEARAE (B R A0) R g A B S &, Bk

%ﬁi)«%ﬁ’)m@?&%ﬁ;é AIREE LS [ B EE LR,
8 Ffﬁﬂl%r (Standard Kurtosis): 1.1129

3 AR VRIS P FH 2 Ay 5 BB 40 A B SRR B B A 33 s Bl 49 A EL AR BB A3 A BE 22, B/
}3’\35[@%2‘ PATEAH, SEMAYE 25 1.1129, SR HE M EGRR /0 A AR B A, n e R R ]
?E#E’J@jﬁ”%@ GEE mBaEHR) i,
T
B AEATE BB AL T 26 E 3G R IR PR A A TR, TSI E TR HE A A LU H 5 S
S HyE ﬁ%i@fﬁfﬂ{ﬂiﬁb@ 1 e/ IME Fi e R AE A %I%&ié%ﬂéﬁﬁ:éﬁﬂﬁéﬁu@%& (R RE TG i
A AT HIEE— B HR R T BB o A R, PR R G RRIE R EH
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