CHUYEN PE BAT PANG THUC (LOP 7)

DANG 1: TONG LUY THUA

Phuong phap:
So sanh céc so hang trong tong vdi cac s6 hang trong tong lién tiép d€ tim moi quan h¢, Néu muon

chtirng minh 16n hon 1 gia tri k nao do, ta can so sanh voi s6 hang c6 mau 16n hon, va nguoc lai

I 1 1 1
A=—=+—=+—5+...+ <1
22 3 4 100

Bai 1: Chimg minh rang:
HD:
Ta thay bai toan c6 dang tong cac lliy thira bac hai, nén ta sé phan tich tong A nhu sau:
1 1 1 1 1
A=—+—+—+...+ +
22 33 44 99.99 100.100
Pén day ta s& so sanh véi phan s6 c6 mau nho hon, vi yéu ciu bai toan 1 chimg minh nho hon.
1 1 1 1
<—+— ot +
1.2 23 3. 98.99 99.100

1) (1 1) (1 1 11 11
=l == |+ == |+ == |+t ——— |+ ———
(1 2] (2 3) (3 4) (98 99) (99 100)

1 1 1 1 1 1
+— s+t <—
6

Bai 2: Chimg minh ring: 6 5 7771000 4
HD:
O bai toan nay, ta phai chirng minh hai chiéu, chiéu thir nhat ta can chirng minh:

I 1 1 1 1 A>l

A=—+—5+5+.+——+—=
5567 7 997 100" va Chung minh 6

1 1 1
_ >_

1 1 1 1 1 1
A=—+—+ +...+ +
55 66 7.7 99.99 100.100 5.6 6.7 7.8
1

ot +
99.100 100.101

Ta co:
1. 1_96 2% 1
5 101 505 @én day, ta sé sosanh 505 voi 6 nhu sau:
96 96 _1 1
Taco: 505 576 6 bing cach ta nhan ca tir v miu ciia phan sé © vé6i 96 dé duoc hai phan sb
9% 96 1
>——>—=—
505 567 6 (1)

cung tir roi so sanh khi do ta co:
1 1 1 1 1 1

- . \ . =gttt t—St—35
Chiéu thtr hai, ta can chimg minh: 5 67 7 99° 100" 4
Ta lam tuong ty nhu sau :

1 1 1 1 1 1 1 1

A=—+—+ +...+ +
S5 66 7.7 99.99 100.100

<L+—+ ot +
45 56 6.7 98.99 99.100

1 1 1
A< <—
=> 4 100 4 (2)

l<A<l

Tu (1) va@)tacd: © 4



1 1 1 1 3
— 4 +—+..t

Bai 3: Chimg minh ring: 2° 3° 4 100* 4
HD :

1.1 1 1 111 .1 1

o A=l+ +—t..+ + <— et
Ta bién doi: 4 33 44 99.99 100.100 4 23 34 45 99.100
3

I 1 1 3 1
A<—+———="-—<
4 2 100 4 100 4

1 1 1 1 1
. . . A=—2+_2+—2+... 3
Bai 4: Ching minh rang: 22 46 100° 2

HD :

Nhan thiy bai nay 13 tong cung lity thira nhung co s6 lai chin, nén ta s& dua vé tong liiy thira hai lién
tiép nhu sau :

1 I 1 1 1 1 1 1 1 1
A== |1+ +s+F5+. . +—F |[<|l+—+—+—+.+—F
2 22 3 4 50 4 12 23 34 49.50

A<l 1+1—i l—L< !
— 4 50) 2 200 2
. A=l+%+%+...+%<2
Bai 5: Chiing minh rang: 2 20 2 2
HD:
Nhan thay bai nay co dang tong Iy thira ciing co sd, nén ta s& thuc hién phép tlnh tong A
Viéc tinh chinh x4c duoc tong A s& giam b6t s sai s6, tuy nhién khong phai tong nio ciing c6 thé
tinh duoc,

2 3 4 99 100
Ta tinh tong A nhu sau: 2.2 2 2 2
Sau d6 1y 2A trir A theo vé va nhom céc phéan s ¢6 cing mau ta dugc
3 1 1 1 100 1 1 1 1
=—+ 2+—3+...+W—W B=_2+_3+_4+"'+T9 )
2 .27 2 2 270 dat 272 2 27 vatinh tong B theo cach nhu trén ta
1 1 3 1 1 100
=5 " 5% A=-+o % S
duoc : 2 27 | thay vao A ta duoc : 2 2 27 2
1 2 3 100 3
. ) ] 5 A=3+32+¥ W<Z
Bai 6: Chirng minh rang:
HD :
2A=1+1+L2+i3+... %—%
Tinh tugng tu nhu bai 35, ta co: 3 .3 3 9 3

1 1 1 1
B__+_2+_3+"'+W . X
Dit 3.3 3 3™, va tinh B r6i thay vao tong A ta dugc
1 1 1 1 100 1 3 3
Booe— = 2= l4mm—— - oyl g2
2 23” 2 23% 30 2 2

HD :

Taco:



1 1
statgtt

1

A= 5 <
(2n)

Bai 8: Chirng minh rang;
HD:

1

22

1 1 1
2—2+3—2+F+

1

+42

Taco:
1

22

1

A P

Bai 9: So sanh
HD :

Bai 10: Ching minh rang véi s6 ty nhién n>2 thi
HD :

ot ! ]=l(1—lj _1 1
(n—l)n 4 n) =4,

1

2

1 1 1

3—2+F+...+?

khong 1a s6 ty nhién

1 1 1
A<1+E+Z+...+ 1 <2
Taco: ' ' (n— )n mit khac ta thiy A>1 vay ta c6 : 1<A<2
1 1 1 1 2004
. A=—=F+5+—F5+..+ s <———
Bai 11: Ching minh rang: 27 3 4 20057 2005
HD:
1 1 1 1 1 2004
A<—+—+—+..+ =1- =
1.2 23 34 2004.2005 2005 2005
1 1 1 1 100
. . . :—2+—2+—2++ 5 > —
Bai 12: Ching minh rang: 7273 100" 101
HD:
A>1>@
101
1 1 2 3 2016 1
. X N _<_+_2+_3+... W -
Bai 13: Chting minh rang: 4 5 57 5 5 3
HD :
1 1 1 2016
4A:1+(§+5_2+'“+52Wj_—52016

1 —

T 2015
5

1 1

4 450 thay vao A ta duoc :
2016 5 5.5 1
—oe <= A< —>—=—
5 4 16 15 3
2006 1 2 _ 7 7
52016 5 25 28

4B =1

2015
5

1 2
=—+4 —2 +

Mat khac : 55
Tu (1) va (2) ta dugc BPCM
1

A

25

99100
Bai 14: Chiing minh rang: 3% 3%
HD:

EUE .
3 3 3

1

4A=(1— —33)

Tinh tong A , ta dugc :

, it tong trong ngodc bang B rdi tinh B ta ¢ :

(1

1
4 2

3

16

100
3" Dit tong trong ngodc bing B



3 ! :>4A=E—L—IOO<E=>A<i

T4 437 4 3°4 3% 4 16
3 5 7 19
) ) : A=F 5+ 55ttt 5—
Bai 15: Ching minh rang: 1727 2737 374 9°.10
HD:

Taco:
A=1—%<1
10
3 N 5 N 7 - 4019 -
Bai 16: CMR : 1°2° 2°3° 324° 7 2009°2010°
HD:
_22—12+32—22+42—32+ +20102—20092
Taco: 1220 223 34 7 2009°2010°
BN U N SO DR S S
1?22 22 372009 20107 2010°
LIRS S S b1 1
Bai 17: Chiing minh rang: 22 2t 20 2° P
HD :
1 1 1 1 1 1 1 S 55 1 1
22 =2_4‘§+§—F+~~+W—WZ> S+Z=T=2_2__22006<_:
I 1 1 1 1
. . . B=—+—2+—3+...+TO5<—
Bai 18: Ching minh rang: 3 .33 3 2
HD:
1 1 1 1 1 1 2B 1 1 1
—B=—=4+—4+—+.+5—=>B-——B=—=—-——<— B<—
3 3 3 3 3%0% 3 303 3% 3 2
1 2 3 2015
. L =ttt s -
Bai 19: Chung minh rang: 3.3 3 3 c6 gia tri khong nguyén
HD:
3
M =>M <—
Tinh 4 nén M <1 vaM > 0 vay M khong co gia trj nguyén
2 2 2 2 1003
. A:—2+—2+—2+...+ T <=
Bai 20: Ching minh rang: 35T 2007 2008
HD:
2 2 2 2 1 1 1003

A<—+—+—+. +———= =—
24 46 6.8 2006.2008 2 2008 2008

3 3 3
S=—+—+...+
1.4 4.7 n(n+3)

<1

Bai 21: Ching minh rang;

HD :
S = 1—l + 11 +
4 4 7

1 1 1
+(—— j=l— <1
n n+3 n+3 A

A—22_12+32_22+ +102—92_(l_Lj+(L_Lj+ +(
1222 223 7 9210? 1> 27 22 32 )



1 1 1 1 1

: L BEl e e >
Bai 22: Chtng minh rang; 27 3 4 20047 2004
HD:
B:I—(%+%+L2+...+ ! 2) i .
22 3 4 2004 , Bat tong trong ngac bang B ta co6:
A<—+—+—+...+ ! <1- L =>-4>-1+
1.2 23 3. 2003.2004 2004 2004

B>1-4=1-1+ =B>—
2004 2004
1 1 1 1 1
. 53757 T 58 T ome  5aa < 0-2
Bai 23: Ching minh rang: 2° 27 2 2 2
HD:
1 1 1 1 1 1 1 1 1 1
Tacé. ZA:2—4—2—6+?—+22W—22W=>A+ZA=2—2—W<Z
2 l=>A<l
4 4 5=02
. =i2 Lz +L2 l<A<i
Bai 24: Chuing minh rang: 37 4 507 thi 4 9
HD:
1 1 1 1 1 1 1 1 1 48 48 1
=ttt +t—>—t—F = = > = —
Taco : 33 44 5.5 50.50 34 4.5 5051 3 51 153 192 4
Mat khac :
1 1 1 1 1 1 1 1 1 1 1 191 200 4
A=—t—+—+ . +——<—4—+—F . F—=—t = < ——=—
33 44 55 5050 9 34 4.5 4950 9 3 50 450 450 9
l<A<i
Véy4 9
A=L+L+...+ ! l<A Bl
Bai 25: Cho 1.2 34 99.100 CMR: 12 6
HD:
A=L+L+“.+L A=(i+i+...+i)+(—+L+...+Lj
CMR: 51 52 100 —> 51 52 75 76 77 100
A>L.ZS+L.25:l l:l A<L.25+L.25=l+l=§
TH1: 75 100 3 4 12 TH2: 50 75 2 3 6
1 1 1
) =—+S+t..+t—
Bai 26: Cho m 2 50° CMR: A <2
HD:

1

1 1 1 1 1 1
—+... I+— —tF—=2-—<2
Ta co: 1 22 33 50.50 1.2 23 34 49.50 50

Bai 27: CMR:



111 1 1 1 1 1 2 3 4 99 100 3

———t———+———< ———t =t <—
a, 2 4 8 16 32 64 3 b, 3 3 3 3 37 3% 16
HD:
a, Ta o 2 4 8 16 32 64 2 4 8 16 32
DA+ A=3A=1-— c1o> g4t
Nén 64 3
3A+A=4A=1—1+i2—%+i4—...—%—%
b’TaC('): 3 3 3 3 3 3
poq_i,t 1t 1 n 3 1
bat 3 .3 3 3 3% 4 33”7 , Thay vao A ta duogc:
3 1 100 3 3
4A=———F———<—=>A<—
4 3¥4 3% 4 16
N S S S
Bai28: CMR: 70 7° 7% 7 50
HD:
11 1 1 1 1
:_2__4+"'+W_W 50A:1_W<1:>A<_
bat 7T 77 77 Nhan 49 A => 7 50
1 1 1 1 1 1 1
=Tttt o o A<
Bai 29: Cho o T 7" T CMR: 50
3 5 7 4019

+ + +...+ <
Bai30: CMR : 1’2° 2°3° 34 2009°.2010°

1 1 1 11
Bai 31: CMR: 5 5 5 7757 4

2012 2012 2012 2012

< 2 + 3 + > +...+—2 <

Bai 32: CMR: 2011°+1 2011°+2 2011°+3 2011°+2011
HD:

2012 _ 2012 2012 _ 2012
Taco: 2011°+1 2011° | 2011 +2  2011* | tyong tu nhu vay :

2012 2012 2012  2012.2011 2012
A< ct—— ..t = = <2=>A4<2
20117 2011 2011 2011 2011
2012 S 2012 2012 2012
Miit khac: 20117 +1 20117 +2011 , 20117 +2 2011%+2011 , Tuong tu nhu vay:
2012 2012 2012 2012.2011 2012.2011

> 3 + 3 +...+ 3 = 5 =
2011 +2011 2011 +2011 2011 +2011 2011 +2011 2011(2011+1)

1

V100

+ + +...+ >10

-
-
-

Bai 33: CMR: CMR :
HD:



1 1 1 1

1
> ————=—
0°2 107 J100 10 vy

1
Ta co : \/T

1 1 1 1 1 L+ l 100
NN RN N T "0 10
3,815 2499
Bai 34: CMR: 4 9 1 2500 > 48
HD:
E:(l—lj+(1—lj+(1—ij+...+(l——l ]
4 9 16 2500
=49—[L2+%+L2+...+Lj>48
2° 3 4 50°
A:L‘FL‘F... —1 7 A<§
Bai 35: Cho 1.2 34 99.100 , CMR: 12 6
HD:

11 1 (1 1 1] ( 1 1j

A=—+—+..+— A=| —+—+.+— |+| —+—+..+—

CMR: 51 52 100 —~ 51 52 75) \76 77 100
A>L.25+L.25:l+l:l A<i25+i25—l 1
TH1: 75 100 3 4 12 TH2: 50 75 2 3

Rl
6

11 1
I+ ——=+—+..+—>45
Bai36: CMR: V2 3 2025

1 1 1
I+ =+—=+—+..+—<100
Bii37: CMR: V2 V3 N4 \/250
HD:
g ) )
Xét s hang tong quat \/— \/; +\/— \/; + ( )
N/ s SN - SN SN PN
Do dé: \/— J_ f ( 0)
<2\/250 =100
Véi n=2500 ta co: J_ f \/
1 1 1 1 1
. A= + + +...+ <=
Bai 38: Chirng minh rang: 1.23 234 34.5 18.19.20 4
HD:
24= (L_L) ST S S |
1.2 19.20 4 19.40 4
. D= 36 + 36 + 36 +...+—36 <3
Bai 39: Chirng minh rang: 1.3.5 357 5.79 25.27.29
HD:

D=9 4 + 4 + 4 +..+ 4 =9 11 3—L<3
1.3.5 357 579 25.27.29 1.3 27.29 3.29



1 1 1 1 3
S+ttt - <—
Bai 40: CMR: 2° 3~ 4 1990° 4

9 1 1 1 1 1 99

—— <+ st —+ - <
Bai4l: CMR: 202 27 37 4 99~ 100" 100



DANG 2: TONG PHAN SO TU NHIEN

Phuong phap:
V&1 tong phan s6 tu nhién, véi chuong trinh 16p 6 -7 ta nén cho hoc sinh 1am theo cach nhom dau
cuoi va so sanh gitta cadc nhém véi nhau, dé tao ra cac ngodc co cung tir, o1 so sanh binh thuong

1 1 1 1 1 1 1 1

—t—ft—+—F—F—+—<—
Bail:CMR: 4 16 36 64 100 144 196 2
HD:

1 1 1 1 1
=—F—+—F.t—<—
2

22 42 6 T 147

t 1ttt 1. 1.1
Bai2:CMR: 5 13 25 41 61 8 113 2
HD:
1 1 1 1 1 1 1 1 1 1 1
<—F—F—F——F—— = —F—=—
5 12 12 12 60 60 60 5 4 20 2
11 1 1 1 1 1 3
— < —t—t— . t—Ft—<—
Bai3:CMR: 15 21 22 23 59 60 2
HD:
1 1 1 1 1 1
<—F— . +— >—F—4 . +—
20 20 20 hodc 60 60 60
1 1 1 1 1 7
—t—t—F . t+t—t—>—
Bai4: CMR: 41 42 43 79 80 12
HD:

1 1 1 1 1 1 1 1
VT = (—+—+—+...+—j+(—+—+—+...+—j
Nhom thanh 2 ngoac: Khi do ta co: 4l 42 43 60 61 62 63 80

1 1 lj (1 1 1 20 20 1 1 7
=>VT> —+—+. . +— |+ —F+—F+ .+ — |=—F—=—F+—=—
60 60 60 80 80 80) 60 80 3 4 12
2010 2011 2012 I 1 1 1
. A= + + =ttt —
Bai 5: Sosanh AvaBbiét: 2011 2012 2010 vy 3 4 5 17
HD:
A=1—L+1—L+l+i:3+ L + L1 >3
2011 2012 2010 2010 2011 2010 2012
(1 1) (1 1] (1 1) 555
B=|—+. .+ |+ =+t — |+ =+t = [<F+—+—
M:1+1+1+...+i
Bii 6: Cho 56 7 17, cMR: M<2
HD:

1

1 1 1
_— +_

L Tg=1
va 10 11 17 8 Téng M ¢6 13 sb

I 1 1 I 1
e e
Ta co: 5 6 7 9 5



3 3 3 3 3
= 4+ - 4+ - 4=

Bii7:Cho 10 11 12 13 14 cmR: 1<S<2

HD:
3 3 3 3 3 3 3 3 3 3 15
=—t—Ft—F+—F—>—F—Ft—F+—F+—=—=1=>5>1
10 11 12 13 14 15 15 15 15 15 15
:i+i+i+i+i<i+i+i+i+i:1—5:1,5<2=>S<2
10 11 12 13 14 10 10 10 10 10 10
5 5 5 5
S=—+—+—+...+—
Bai 8: Cho 20 21 22 49 | CMR: 3<S<8
HD:
Téng trén c6 30 s6 hang:
S>i+i+...+i:30.i:3z>S>3
Ta cé: 50 50 50 50
S<i+i+i +i:30.iz>S<8
Nguoc lai: 20 20 20 20
. A:L+ ! + ! +..+ ! é<A<i
Bai 9: Chiing minh rang: 101 102 103 200 thi 8 4
HD:

Ta théy téng A ¢6 100 sb, nhu vay ta s€ nhom thanh 50 ngodc, mdi ngoac s€ cd hai phan 30,
gom 1 phan s6 dirg dau va 1 phan s6 dirng cudi, ctr nhu vay don sau vao trong tong

1 1 1 1 1 1 301 301 301
=] —+ + + Fot| —+— |= + +..t
101 200 102 199 150 151) 101.200 102.199 150.151

(50 ngoac)
[ 1 1 1 j
=301 + +..t
101.200 102.199 150.151 , lic ndy ta s& so sanh tit ca voi chung 1 phan sb dau
hodc cudi,
A>§
TH1: Ta chung minh 8 thi ta co:
A>301.( ! + ! +..+ ! j:301. 0 30l 300 300 é
150.151 150.151 150.151 150.151 453 453 480 8 (1)
A<E
TH2: Ta ching minh 4 taco:
A<301. ! + 1 +..+ ! =301. 50 301 303 3
101.200 101.200 101.200 101.200 404 404 4 )

Tir (1) va (2) = DPCM
7 1 1 1 1

Bai 10: Ching minh rang: 12 101 102 103 200

HD:
L S
Nhén thay tong 101 102 200 chinh 1a tong bai 1
> é é > l = 4> l
Nén ta ching minh dugc 8 ,ma 8 12 12

10



=i+L+i+...+ 1 i<A<§

Bai 11: Cho 11 12 13 70 Chtmg minh rang: 3 2
HD:
Thay rang tong A c6 60 s6 hang
A> 4 . )
TH1: Ta chtimg minh 3 bang cach nhém 2 s6 mot ngodc thong thudng

1 1 1 1 I 1 81 81 81
A= —+— |+| =+— |+ 4| =+ — |=—F—+.. +——
Ta cb: 11 70 1269 40 41) 11.70 12.69 40.41
a Co:
81 81 N 81 _81.30_243>24O 240 _4

A> + +... = = > =
4041 4041 4041 4041 164 164 180 3

A<é

TH2: Tuy nhién dé chirmg minh 2 néu chung ta 1am nhu trén thi s& khong chimg minh dugc
Ly do: vi viéc chimg minh nhé hon ma chiing ta so sanh 16n hon luong du thira, ddn dén tong A 16n
5

hon 2, do d6 dé giam bot lugng du, tiy vao bai toan, ching ta nén nhém thanh 6 ngoic

1 1 1 1 1 1 1 1 1 1 1 1 1
A= —+—+. . +— |+ =+ A — |+ =+t — [+ =+ — |+ =+t — [+ =+ +—
(11 12 20) [21 30} (31 40} (41 50) (51 60) [61 70)
1 1 1 1 1 1 1 1 1 1 1 1 1
A<| —=+—+..— |+ =+t — [+ =+t — [+ =+t — [+ =+t — [+]| =+ —
[11 11 11] (21 21) (31 31) (41 41) [51 51) [61 61)

1 1 1 1 1
Lo o o1 1111, (1+_+_+_j+(_+_j 2+0,5=é
11 21 31 41 51 61 2 3 4 5 6-\ 2 3 6 4 5)_ 2

(30 ngoac)

A
1 1 1 1 3 4
=—t—t—+..t— . —<S<—=
Bai 12: Cho 31 32 33 60 | Chung minh rang: 5
HD:
Nhom tong S thanh 3 ngodc
S:(L+...+Lj+(i+.”+L]+(i+...+Lj<&+E+& Lo 1010 1. 1. 1 4
31 40 41 5 51 60) 31 41 51 30 40 50 3 4 5 5
10 10 10 1 1 1_3
—t—t—=—F—+—=>=
Mt khac: 40 50 60 4 5 6 5
1 1 1 1 1 1
A=———+———+.+——— .
Bai 13: Cho 2.3 45 98 99 , Chuing minh rang: 0,2 <A<0,4
HD:
Tach tong A thanh:
A:(l—l+l—lj+(l—l+...+L—Lj:£+...>£:1:0,2
2 3 45 6 7 98 99) 60 60 5
RN RAN (NN (AT
Vi 2 3 45 6 7 8 9 10 97 98) 99 ~5
3 1 1 1 3
. =< + +...+ <=
Bai 14: Ching minh rang: 5 2004 2005 4006 4
HD:

11



1
Thay ring tong A c¢6 2003 s hang, sb hang & giita 1a 3005

( 1 1 j ( 1 1 ) ( 1 1 j 1
A= + + + +o.+ + +
THI: 2004 4006 2005 4005 3004 3006, 3005

1 | 1 1
=6010 + +...+ +
(2004.4006 2005.4005 3004.3()06) 3005

1 6010.1001 1 2002 1803 3
—— 1001+ > + > > =—
3004.3006 3005 3005.3005 3005 3005 3005 5

4<6010— 1 Joos L _ 60121001 3003 3003 3
TH2: 2004.4006 3005 20044006 4006 4004 — 4

A=L+L+L+ +L §<A<£

Bai 15: Cho 5152 53 100 , Chting minh rang 5 40
HD:

A4>6010

Tong A ¢6 50 s6 hang

I 1 11 1 1 1 1 1
A:(—+—j+(—+—j+‘..+(—+—j: 51( + +..t )
Ta b 51 100 52 99 75 76 51.100 52.99 75.76 (25 ngoic)
151.25 151 155 155 _ 31
< <

51.100 204 204 200 40 (1)
A>151. 25 151 150 150_§
Miit khac: 75.76 228 228 250 5 (2
Tu (1) va (2) ta c6 bPCM

A=L+L+L+...+L .
Bai 16: Cho 21 22 23 80 | Chtrng minh rang: 1< A <2

HD:
(1 1} (1 1) (1 1]
A=| —+—|+| —=+— [+ +| —=+—
Téng A ¢6 60 s6 hang: 21 80 2279 50 51 (30 ngoac)
Azlol( R . j<101 30 _303_101_1l12_,
21.80 22.79 50.51 2180 168 56 56
A>101.i=ﬁ
Mit khéc: 50.51 255
. i+§ E+...+2499>48
Bai 17: Chitng minh rang: 4 9 16 2500
HD:

Nhan thay cidc mau clia tong A 13 binh phwong cau cic s6 tw nhién lién tiép, con tir s6 kém mau s6 1a
1
nén ta tdich A nhu sau:

A:(1—1j+(1—lj+...+(l—Lj:49—(%+i2+%+ +L2j
4 9 2500 2° 3 4 50
1 1 1
B:(— —+.. +—j<1_> —B>-1=>4=49-B>49-1=48
Ma 50°

22 32

12



1 1 1 1 2016
A=l+—+—+—+.+ >
3 4 2770 1 2

Bai 18: Chimg minh rang:
HD:
1
Nhan thdy tong A c6 phan s cudi co dang 2" | nén mubn Chirng minh tong A 16n hon 1 sb ta nhém
1

sao cho phan s6 c6 dang 2" & cudi ngodc :
A—1+l+ l+l + l+l+1+1 .+ #+ +L ]
Ta Cé : 2 3 4 5 6 7 8 : 22005 +1 o 22006 22006

A>1+l+ i+L + i+i+i+i Fot L Fot 1 1
2 22 22 23 23 23 23 22006 22006 _W
A>l+%+2.%+22.%+...+22"05.221W—221W

11 1 1 2016( 1j>2016

1 1 — | >—
A>1+_+E+'"+E_22OO6 :1+2016.§—W:T+ _22016 2

A:1+l+l+l+...+% .
Bai 19: Cho : 2 3 4 277 =1 chtng minh ring A>50 va A<100

HD :
1

Nhan thiy tong A giéng v6i bai 10, mubn chirg minh 16n hon ta dé phan sé dang 2" & cudi

ngoac :
A—1+l+ l+l + l+1+1+l +ot ;+ +L _L
2\3 4)\5 6 7 8) " \2”+1 7 2") 2@
11 11 100 1
1 1 1 1 1 _
A> 1422t Dt sl oAt T (1—2wj>50
1

Mit khac mudn chimg minh A <100, ta nhom sao cho phéan s c6 dang 2" nam ¢ dau ngoic :
I 1 I 1 1 1 1 1 1 |

A=1+| -+ |+|—+-t—F+o [H| o+t |t ot o
2 3 4 5 6 7 8 15 27 27 -1

A<1+21+22L+232L+ +2%. 21 =14+1+1+..41=100

vay A<100
. 1+l+l+l+...+i>4
Bai 20: Chuing minh rang: 2 3 4 64
HD:
I (1 1 1 1 1 1 1 1
A=l+—+| —+— [+ —+t—+ -+ [+t 5+t
2 \3 4 5 6 7 8 27+1 2
ST L+22L3+ I JE NS U S S S
2 2° 2 2 2
455 454 453 2 1
A= + + +ot +
Bai 21: Cho 1 2 3 454 455 |50 sanh A v6i 2007
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HD:

A=(£4+1J+(4—53+1j+...+[i+1j+l
Ta co: 2 3 455

456 456 456 456 1 1 1
= + +..t + =456| =

.+——|=456.B
2 3 455 456 2 3 456]

11 1 1 (11 1111 1 1 1 1
B=—+=+.t—==+| =+ [+| =+=+=+= |+t Fot = |+ =—=+—+
2 3 456 2 (3 4 56 7 8 2'+1 2 257 258

1 (11 1 1 1 1 1 1 1 1
>+ —+= |+ =+ = = [ttt Sttt = |+ —+ .t —
2 (4 4 2° 23 22 2° 2 456 456
1 2 2 2" 200 [ 11 1j 200 200 2024
+ =|=+=+ +—=4 =—

= sttt g to—=| Stot o =4+—=
2 2° 2 2° 456 (2 2 2) 456 456 456

A> 456. 2024 2024 > 2007
Khi do: 456
. . , , 1+l+l+...+l>1000
Bai 22: Ching minh rang luén ton tai s6 ty nhiénn dé: 2 3 n
HD:
5000 A=1+l+l+...+%>M=IOOO
Chon 7=2"" Khi d6 : 23 2 2
B=1+l+l+l+...+%
Bai 23: Cho 2.3 4 27, So sanh B v6i 50
HD:
1 (1 1 1 | 1 1 1
B=lt+—+|=+=|+.4| — .t = [P+ + 2.5 +...+2" =
2 \3 4 27 +1 2% 2 2’ 2
—1+1+1+ +l—l+%>50
2 2 2 2
. A=l ! + 1 +...+L2>1
Bai 24: Chung minh rang: n o n+l n+2 n
HD:

1 ( 1 1 lj
A=—+| —+——+.+— ) D1z
n \n+l n+2 n) o™ —(n+1)+1=n*-n

2
A>1+L2+...+L2=l+n 2n =l+1—£2=1
n n n n n n vay A>1

s0 hang

1 1 1 1

Bai 25: Chiing minh rang: 12 13 14 144
HD:
Tong nay 1a 1 trudng hop ciia bai 15: Ap dung cach 1am bai 15 ta c6:

14
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12

vt —
13 14 12°

1(1 1 1]1 11 1 1 122-12
12 127 122 77 127 12 12°

I 1 1 1
—t—t—t.+—>1

Bai 26: Chitng minh rang: 6 7 8 36

HD:
Twong tu tong nay cé dang ciia bai 15, nén ta co:
b(r,1, 11 ?
A:—+( +—+.. 2]> +6 6_1 =>A>1
6 \7 8 6 6 6
. 1+1+1+1+ -+ 7{]16<2016
Bai 27: Chung minh rang: 2 3 4 2
HD:
1 1 1 1 1 1 1 | 1
A=1+| —+— |+ —+-+—+ - [+t st T o + s
Ta cb: 2 3 4 5 6 7 2 277 -1) 2
A<1+2. 2+2 2—+2 2—+ 42 22015+22W <1+1+1+.. +1+22016—2015+22016<2016
1 1 1 1
. ) =+ —+—+..+—=>1000
Bai 28: CMR luén ton tai s tw nhienndé 2 3 4 n
HD:

ChQn n= 21999
1+ 1+ 1+ R L >1000
Bai29:CMR: 2 3 2%

HD:
1 (1 1 1 111 1 1
VT = 1+2 (3+Zj+(§+6+7+§j+...+[—21;;5+1+...+—21 j

>1+— ! +2. 2L+222L+ 2‘998#=1+%.1999>1000

Bai30:CMR: 2 3 4 7 2016
1 35 1999 2013
+ +.e. +—

Bai 31: CMR: 2 4 6 2000 - 18892

HD:
A:1_l+§_§+1_.,_+_1999 1+(§—1]+(1—§]+...+(%—@]
2 4 6 8 2000 — 4 8 6 2000 1998
2 2 2 2 1 5 5473 2365 2013 2013
—+—+—+...F >l+—=
8 60 112 2000.1998 4 4 4473 1892 1892 18892

ELEE S ! 1
1 (3n+2)(3n+5) 15

Bai 32: CMR:
! + 1 + ! +...+L>£V >2
Bai33:CMR: "+l n+2 n+3 2n 14

15



DANG 3: TICH CUA 1 DAY

Phuong phap:
a a _a+m
S =<1l=>—=<
Vi dang tich ta sir dung tinh chat: b b b+m v m>0, va nguoc lai
4 2468 200
Bai 1: Cho 1357 199 Ching minh rang: 14 < A <20
HD:
n+1 n+l_ n+2
. . >1=> >
Ta thay: Phansd6 7 n n+1 nén ta co:
2.4.6...200)(3.5.7...201 )
4337 201 £l )( ) o 52015196214 = 4> 14
274767200 Kkhidé - (1.3.5...199)(2.4.6...200)
n+l n
<

Mat khac: n—1 néntaco:
(2.4.6...200)(2.3.5.7...199)

42357 19 A < => 4> <200.2=20> => A< 20
1727476 77198 1hi dé - (1.2.4.6...198)(1.3.5.7...199)
414710 208 1
Bai 2: Cho 3697127210 Chung minh rang A 25
HD
n n—-1 n-1
, <l=> < <
136 207 _ , (147.10..208)(13.6.207) , 1 1 1 1
A<———...—=> A" < => T L o fe
347 208 (3.6.9...210)(3.4‘7...208) 3210 630 " o5 25
4135 9 o LouL
Bai 3: Cho 2 46 100 Ching minhrang 15 10
HD:
n n+1
<l=> <
A c6dang n+1 n+l n+2 khidotacod:
<gi 6 100 4 < (1.3.5....99)(2.4.6...100) > e L<L_>A<i
3'5'7 """ 101 Kkhi dé - (2.4.6...100)(3.5.7...101) 101 100 10
Mat khac
124 8 py (1.3.5..99)(1.24..98) 1 N B B I |
147 10 244 1
A = ——— . — < —
Bai 4: Chirng minh rang 369127246 27
HD:
136 9 243 5 (1.4.7......244)(1.3.6......243) 1 1 1 1
A<————..—=>A"< 42 < _ < — fc—
34710 244 (3.6.9....246)(3.4.7....244) - 3246 738 272 27
p-L1337 199 po b
Bai 5: Chirng minh rang 2468 200 Chiang minh rang 201
HD:
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P<%.ﬂ ...... 20;0:> P (1.3.5....199)(2.4.6...200) _ p? <L
Ta 6 - 35 201 (2.46.....200)(3.5.7.9....201) 201
246 200
Bai 6: Cho 173757199 Chung minh rang: 101< §* <400
HD:
S<z.§.§ _____ 199 _ §? (2.4.6....200)(2.3.5...199) _
Ta 6 - 124 198 (1.3.5.7..199)(1.2.4.6...198)
S5 Eéz ...... 201 TN (2.4.6....200)(3.5.7....201) 5015101
Mt khéc : 246 200 (1.3.5.....199)(2.4.6....200)

L%-Q(iz—ljm( 12—1) _1
3 4 100 Sosénh A véi 2

(L)
.. 2
Bai 7: Cho

HD :
Ta thay tich A gdm 99 sé am :
A—(l—lj(l—lj [1 _lj__[ﬁﬁ 99.101)_—101
4 N9 ) 10000 2233 77100100/ 200 g
101 1 __-101 -1

<
200 2 200 2
A< _—1
Vay 2
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DANG 4: BAT PANG THUC CHU

Phuong phap:
Vi chuong trinh 16p 6-7 cac dang bai toan chiing minh bat dang thic chi, ta thuong stir dung tinh
a a a+m
—<Il=>-< ,m>0 . .
chat: b b b+m hodc nguoc lai va dua vé cung mau
a b c
. = + +
Bai 1: Cho a, b, ¢ > 0, Chirng minh rang: a+b b+c c+a ¢o gia tri khong nguyén
HD:
a a a a+c
> <
a+b a+b+c a+b a+b+c
b b b b+a
> <
b+c a+b+c b+c a+b+c
c c c c+b
> < r r 2
Taco: c+ta a+b+c va c+a a+b+c  Congtheo vé cac bt dang thirc trén ta co:
a b c a+b b+c c+a
+ + <M < + +
a+b+c a+b+c a+b+c a+b+c a+b+c a+b+c hay 1<M <2,
Vay M khong nguyén

Bai 2: Chox,y,z tla s6 tu nhién khac 0, Chtrng minh réng:

X t
M = TR A .
X+y+z x+y+t y+z+t x+z+t c6 gia tri khong nguyén
HD:
X X x X+t
> <
X+y+z Xx+y+z+t X+y+z x+y+z+t
Yy o Y y . y+z
X+y+t x+ty+z+t X+y+t x+y+z+t
z z z zZ+x
> <
y+z+1t x+y+z+t y+z+t x+y+z+t
t t 4 t+
> < 4
Ta c6: X+z+t x+ty+z+t Vi X+z+t x+y+z+t ,Céngtheovétaduo’c:
1<M <2  Vay M khong nguyén
. A= A b + ¢ + d
Bai 3: Cho a, b, ¢, d Chung minh rang: atb+c a+b+d b+c+d a+c+d Co gia tri khong
nguyén
HD:
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a a a a+d

a+b+c>a+b+c+d a+b+c<a+b+c+d
b S b b - b+c

a+b+d a+b+c+d a+b+d a+b+c+d
C S C C < c+a

b+c+d a+b+c+d b+c+d a+b+c+d
d d d d+b

> <
Ta coO: atc+d a+b+c+d va a+tc+d a+b+c+d Céngtheovétadu’o'c:

1<A4<2 Vay A c6 gia tri khong nguyén
Bai 4: Cho a, b, ¢ 1a céc s6 duong, va tong hai so luén 16n hon s6 con lai. Ching minh rang:
a b c

+ <2
b+c c+a a+b

HD:

Chung ta co thé 1am theo cach & trén, hodc 1am theo cach thir hai nhu sau:

Giasta: a=zbzc=>a+b>a+c>b+c

a a
b+c b+c
b b
<
c+a b+c
< < C ) VT<a+b+c:1+ 2 <1+1=2
Khido: a+b b+c  congtheo vé ta dugc: b+c b+c
a b c d
. I< + + + <
Bai 5: Cho a, b, ¢, d > 0. Chung minh rang: atb+c b+c+d c+d+a d+a+b
HD:
a a a a+d
> <
a+b+c a+b+c+d a+b+c a+b+c+d
b S b b < b+a
b+c+d a+b+c+d b+c+d a+b+c+d
c c c c+b
> <
c+d+a a+b+c+d c+d+a a+b+c+d
d d d d+c

> <
Ta co: d+a+b a+b+c+d va d+a+b a+b+c+d C@ngtheovétadu‘qc:

a+b b+c c+d d+a
2< + + + <3

Béi6:Choa,b,c,d>0,Chl'rngminhrﬁng: a+tb+c b+c+d c+d+a d+a+b
HD:

Ta co:
a+b < a+b < a+b+d
a+b+c+d a+b+c a+b+c+d

b+c - b+c < a+b+c
a+b+c+d b+c+d a+b+c+d

c+d - c+d < c+d+b
a+b+c+d c+d+a a+b+c+d

19

1<A4<?2



d+a d+a d+a+c

< <
a+b+c+d a+b+d a+b+c+d Cong theo vé ta duge: 2<A<3
<2 2 4 2 2
Bai 7: Cho cac s6 x,y,z nguyén dwong, CMR: ¥tV y+z z+x
HD:
Ngoai hai canh nhu trén, ta cling c6 thé huéng dan hoc sinh lam theo canh nhu sau:
AN A Y T
Taco: ¥tV Y+z z+X  ‘Tyongtytacingco: YTV YTz z+x
GNP AN S P AR S | A S|
M3 X+y y+z z+Xx X+y y+z ZzZ+X Nén x+y y+z z+Xx
<2+ 2 4 2
Bai 8: Cho cac s6 x,y,z nguyén duong, CMR: Xty yt+z o z+x
HD:
aERE A Y 2 T s
Taco: *TV Y+z Z+X  Tyongtwtacingco: ¥tV ry+z z+x
BNV S Y [ S R SEN ALY
Ma \X+y y+z z+x X+y y+z z+x Nenp ¥ty y+z z+x

2 2 2
Bai 9 : Cho a,b,c l1a ba canh cta 1 tam giac : CMR : 2(ab+bc+ca) >a +b +c

HD :
Trong tam giac, téng d6 dai hai canh 16n hon canh con lai nén ta co :

b+c>a:>a(b+c)>a2 =>ab+ac>a’

Tuong tu ta co :
bc+ba>b* 3 ac+ch>c’

I 2 + + > 2+ 2_|_ 2
Cong theo vé ta dugc : (ab be ca) a +b"+c

a b c<2

+ +
Bai 10: Cho ba s6 duong O<as<b=<cxkl ,CMR: bc+1 ac+1 ab+1
HD:

a—-1<0

0<a<b<c<l=> = (a-1)(b-1)=0
Vi b-1<0 =>ab—a—b+1>0
—>ab+lzatb=> 1< ! £ < (c20)

ab+1 a+b = ab+1 a+b

c < 2c ,(cZO):> c < 2c

Ma a+b a+b+c ab+1 a+b+c
b < 2b a__ 2a

Chung minh tuong tu ta co: ac+l a+b+c yy bc+l a+b+c
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a_ b L ¢ <2a+2b+20_2
Cong theo vé ta dugc: bc+1 ac+l ab+1~ a+b+c (BPCM)
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