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Exam 3 Review

Chapters 6, 7, 8, 9 and 10

Determine whether each proposition is true or false, and then prove or disprove it. Clearly indicate the

. . . . .~ 3 2 .
Given an integer a, then a is even if and only if a + 3a + 5ais even.
. . 2 2
For every integer n, either 4|n or 4|(n — 1).
The number +/15 is irrational.

Proposition. Theset A = {a € N:aisprime A a = 100 A a < 110} has cardinality greater

method of proof.
1. Proposition.
2. Proposition.
3. Proposition.
4.
than 2.

5. Proposition.
6. Proposition.
7. Proposition.
8. Proposition.
9. Proposition.
10. Proposition.
11. Proposition.
12. Proposition.
13. Proposition.

F1+F3+F5+...+F2n

If A4, B, and C are sets,then (A U B) — C = (A - C) U (B — 0).
If 4 and B are sets, then (A — B) X B = (A X B) — (B X B).
If a irrational and ab is rational then b is irrational.

If4, B, and Care sets,then (A N B) U C = (AU C) n (BUQO).
If A and B are sets, then P(A) — P(B) € P(A — B).

Ifx,y € R and x° <y2thenx < y.

VnEN,1-34+2-44+3-54+.+n-n+2)= n(nt1)@nt7)

6

For any integer n > 0, it follows that 9|(43n + 8).
Concerning the Fibonacci sequence, prove that for every » in the natural numbers,

=F_.
-1 2n
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Exam 3 Review ANSWER KEY

If you discover an error please let me know, either in class, on the OpenLab, or by email to
jreitz@citytech.cuny.edu. Corrections will be posted on the “Exam Reviews” page.

NOTE 1: For problems requiring you to prove something, there is usually more than one correct answer,
and it is often possible to use more than one different type of proof (direct, contrapositive, or
contradiction) correctly. The following are examples of correct solutions, yours may be different.

NOTE 2: As we have been working with proofs for several weeks, there are a few facts that we have used
many times - for example the definitions of even and odd number - and which have become familiar and
second-nature. You will notice that I will start moving away from stating explicitly when I employ these
definitions, leaving it up to you to (mentally) fill in the justification when I say something like “z is even,
son = 2a for some integer a”.

1. Proposition. Given an integer a, then a is even if and only if a’ + 3a’ + Sais even.
TRUE.
Proof. (Forward direction =, direct proof). Suppose a is even. Then a = 2b for some integer .
Sod’ + 3a° + 5a = (2b)° + 3(2b)° + 5(2b) = 2(4b° + 6b° + 5b), which is even.
(Backward direction <, contrapositive proof). Suppose a is not even. Then « is odd, so
a = 2b + 1 for some integer b. So

@ +3a°+5a=2b+ 1) +32b+1)° +502b+1)=204b"+ 126"+ 14b + 4) + 1
, which is odd. [J

2. Proposition. For every integer n, either 4|n2 or 4|(n2 - 1.
TRUE.
Proof. (Direct proof). Suppose 7 is an integer. Then # is either even or odd.

Case 1. Suppose # is even. Then n = 2a for some integer @, and so n’ = (Za)2 = 4a°. Thus
4|n2.

Case 2. Suppose nis odd. Thenn = 2a + 1 for an integer a, and

n’ = (2a + 1)2 = 4a" + 4a + 1. Subtracting one from both sides, we see that

nf—1= 4(a2 + a), and so 4|(n2 — 1). This completes the proof. [

3. Proposition. The number /15 is irrational.
TRUE.

Proof. (Proof by contradiction). Suppose that /15 is rational. Then-/15 = % for some integers

2
a and b with no common factors. It follows that 15 = b—z and so 15a° = b° and 3(5a2) = b
a

Thus 3 divides bz, and by Euclid’s Lemma it follows that 3 divides b, giving b = 3k for some
integer k. Substituting, we have 154" = (3k)2 = 9k2, and dividing by 3 we get 5a° = 3k, We

have shown that 3 divides 5a° and, applying Euclid’s Lemma twice, we see that 3 divides a. This
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contradicts the assumption that ¢ and b have no common factors.[]

Theset A = {a € N:aisprime A a = 100 A a < 110} has cardinality greater than 2.
TRUE.

Proof. (Proof by example!) The numbers 101, 103, 107 and 109 are all primes between 100 and
110. Thus they are all members of 4, and so A has cardinality greater than 2. [

Proposition. If 4, B, and C are sets,then (A U B) — C = (A - C) U (B — 0).

TRUE.

Proof. (Forward direction, S, direct proof). Suppose a € (A U B) — C. Then a is a member of
AorB, buta & C. Ifa € Athena € (A — (C),andifa € Bthena € (B — (). In either
case, wehavea € (A — C) U (B — (). Therefore AUB) - C<S (A—-C)U (B - 0)
(Backward direction, 2, direct proof). Conversely, supposea € (A — C) U (B — (). Thena
iseitherin (A — C)orin(B — C). Ifa € (A — C)thena € Aanda ¢ C, and if

a € (B—C)thena € Banda & C. In either case, a € C, and so we have shown that a is a
member of either 4 or B, buta € C. Thusa € (A U B) — C, and so
AuB)—-C2A-0OUB-0O.

Therefore (A UB) —C=(A—-C)uU (B - 0).U

Proposition. If 4 and B are sets, then (A — B) X B = (A X B) — (B X B).

TRUE.

Proof. (Forward direction, S, direct proof). Suppose (a,b) € (A — B) X B. Then

a €A aé¢ Bandb € B. Sincea € Aand b € B, we have (a,b) € (A X B), and since

a & Bwehave (a,b) € (B X B). Thus (a,b) € (A X B) — (B X B), and so
(A-—B)xXxB< (AXB)—(BXB)

(Backward direction, 2, direct proof). Conversely, suppose (a,b) € (A X B) — (B X B).
From (a, b) € (A X B) we conclude thata € Aand b € B. Since (a, b) & (B X B)we must
have eithera € B or b ¢ B, and since we have shown that b € B it follows that a € B. Thus
a € (A — B),andso (a,b) € (A — B) X B. This shows that
(A-—B)xXxB2(AXxB)—(BXxXB)

Therefore (A — B) X B = (A X B) — (B X B).

Proposition. If ¢ irrational and ab is rational then b is irrational.

TRUE.

Proof. (Proof by contradiction). Suppose that a is irrational and ab is rational, and b is rational.

Then ab = -;L and b = fwhere a, b, c,d € Z (by the definition of rational), and so

£ =gb =a-— Thus£ = a - = so solving for a give a = £=. Since ps and gr are
q s q s qar

integers, it follows that « is rational, which contradicts our assumption that « is irrational. []
Proposition. If 4, B, and C are sets,then (A N B) U C = (AU C) n (B U 0).

TRUE.

Proof. (Forward direction, <, direct proof). Suppose a € (A N B) U C, so eithera € A N B or
a € C.

Case 1.Ifa € AN Bthena € Aanda € B, and it follows thata € (A U C) anda € (B U ()
,sowehavea € (AU C) n (B U 0).

Case2.Ifa € C,thena € (AU C)anda € (B U C),sowehavea € (AU C) n (B U ().
Therefore (AN B)uC < (AU C)n (BUQO).
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(Backward direction, 2, direct proof). Conversely, supposea € (A U C) N (B U C). Thena is
in either A or C, and in either B or C. I will consider separately the casesa € C and a & C.
Case l. Ifa € C,thena € (A n B) U C.

Case 2. Ifa & C, then it follow that a is in A (since it is in either A or C), and similarly it follows
thataisin B. Thusa € A N B,andsoa € (A N B) U C. This shows
AnNnBuUuC20Avl)n(BUDO.

Therefore AN B)UC=(AUC)n (BUCOC.U

Proposition. If 4 and B are sets, then P(A) — P(B) € P(A — B).

FALSE.

Disproof. (Counterexample) Consider the sets A = {1, 2} and B = {1}. Theset {1, 2} isa
subset of 4 but not a subset of B, and so it it in P(A) — P(B). However, it is not a subset of

A — B = {2},and soitisnotin P(A — B) .[

Proposition. Ifx,y € R and X< y2 then x < y.

FALSE.

Disproof. (Counterexample) Suppose x = 1 and y =— 2. Then X< y2 since 1 < 4, but
x>y U

Proposition. vVn € N,1 -3 +2 -4+ 3-5+.+n-(n+ 2) =

TRUE
Proof- (Proof by induction)

n(n+1)(2n+7)
-

w, or3 = 1—68, which is true.

Inductive step. For a natural number &, we assume
1:3+2-4+3:5+.+k- (k+2) = Adding (k + 1)(k + 3) to both

Base step. If n = 1thenwehavel - 3 =

sides, we obtain:
. . . . — ket DQ@kAT)
1342443 -54+.+k-(k+2)+k+ D(k+3)= . + (k+ Dk + 3)
. Note that the left hand matches the left hand side of the n = k + 1 case, so we will focus on
the right hand side.

k(k+1)(2k+7) _2K°+9K 47k 6(k’+4k+3)
LEADEIT) 4 (k + 1)(k + 3) = ZZTE | S04

_ 2k’+15k°+31k+18

- 6

(kD kA2 RKk+1D)+7)

- 6
Thus1 -3 4+2-4+3-5+.+k-(k+2)+*k+Dk+3)=
Therefore by induction we have shown ¥n € N,

1:34+2-4+43-5+.+n-(n+2)=2020000

(k+1) (k+2) 2 (k+1)+7)
3 :

Proposition. For any integer n > 0, it follows that 9|(43n + 8).
TRUE
Proof. (Proof by induction)

Base step. If n = 0, then 4>° + 8 = 9, and we have 9]9.
Inductive step. Assume 9|43k + 8. Then 43k + 8 = 9a for some integer a. Multiplying both
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sides by 4’ = 64, we have:

4. 4+ 64.8=064-9a

4% 4 512 = 5764

Subtracting 504 from both sides, we obtain

£%Y 1 g = 5760 — 504
%Y 4 g = 9(64a — 56)
and so 9|43(k+1) + 8.

Thus by induction we have Vn € N, 9|(43n + 8).01

Proposition. Concerning the Fibonacci sequence, prove that for every » in the natural numbers,
F +F3 +F5 +...+F2n_ =F2n.

TRUE

Proof. (Proof by induction).

Base step. F1 = Fz’ or 1=1.

1

Inductive step. Suppose F1 + F3 + F5 +..+ F2k—1 = F2k' Adding F2k+1 to both sides, we have

F1+F3+F5 +"'+F2k—1+F2k+1:F2k+F2k+1

From the definition of the Fibonacci sequence, we have F ok + F SO

2k+1 F2k+2’

F1 + F3 + F5 +..+ FZk—l + F2k+1 = F2k+2

Carefully rewriting subscripts on both sides we obtain

F1+F3+F5 +'"+F2k—1+F2(k+1)—1=F2(k+1)'

Thus by induction we have shown that for every » in the natural numbers,
F +F +F_ +.+F =F_ .01
1 3 5 2n—1 2n



