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1. JAN 2025 [3]

dy 4(x+3) -2(4x+1)(x+3
N dy _4(x+3) (‘)( ) v ar
dx (.r+3)
Solves their 4(x+3) —2(4x+1)(x+3)=0
:(x+3)(10—4x)=0:>x=... MI
Critical value of% ; Critical value of -3 Al: Bl
C increasing when E;,o:_k“i Al
dx 2
(6 marks)

Note this appears as MIAIMIAIMIALI on epen but is being marked as MIAIMIAIBIALI
M1: Attempts the quotient rule and achieves

d a(x+3) —b(4x+1)(x+3)
dx (x+3)

They may attempt to multiply out the (x+3)" first which is fine as long as they reach a quadratic

a,b>0 condoning slips

Product rule may be attempted, look for %: A(x+3)7 —B(4x+1)(x+3) ", 48>0

Note: Only the numerator is required for this problem, and this mark can be awarded if a student
attempts just u'v—uv'= 0. If the denominator is considered it must be treated correctly.

Al: For a correct (unsimplified) % or u'v—uv' (if this 1s all that 1s considered). By the Product rule

%: a(x+3)7 —2(4x+1)(x+3)"

MI1: Solves their numerator/their % = 0 (or with any inequality, and the “=0"" may be implied) to

obtain at least one critical value from a non-calculator method. If the numerator is expanded to a
quadratic a method of solution must be shown (e.g. factorisation or completing the square or
formula seen applied) They may be working with equalities or inequalities for this mark. Note this

means students who cancel the (X +3) and lose the second critical value can still score MI.
Al: Critical value of % (allow equivalent fractions) found provided the previous M has been scored.

B1: Finds or identifies -3 as the other critical value (no need for method shown).

Al: Depends on first M. For -3 < x (% or 3<x, % or equivalent set notation, e.g.

5
Xe€E [—3,5] Condone -3, x, % or -3, x< % Must be simplified fraction. Allow split

inequalities -3 < x and x < % , condoning “or” or a comma between but if set notation used it

must be intersection not union.
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Note: If the denominator of % 1s incorrectly treated but the numerator is correct, a correct answer

may be achieved. In such cases award SC M0 A0 M1 Al Bl Al if the subsequent marks are
earned.

Note: answers relying on calculator technology where roots appear from an unsimplified
derivative can score maximum MIATMOAOBIALI
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2. JAN 2025 [9]

1
9. (a) 1 Bl
(D
(x) = s
(b) | F'@)=In(4x) +63/x x— MI Al
Sets 2 In(4x)+ 63/x x - = 0 = In(4x) = —2 dM1
Jx x
1
Q(—2, - EJ Al Al
4de €
)
(c) Attempts —2 x y co-ordinate of Q Ml
12
Range g(x), — Alft
€
2)
(8 marks)
(a)
Bl: % or exact equivalent. May be seen as the x coordinate in a coordinate pair.
(b)
M1: Attempts to differentiate using the product rule and achieves f'(x)= %111(4 x) + bx x 1
X X
3 1 1 4
Al: f'(x) =—=In(4x) + 6+/x x—. Note the — may be seen as —
NES x x 4x
dM1: Sets f'(x)=0 and proceeds to In(4x) = k . The “=0" may be implied by the attempt to solve.
Condone attempts where multiplying through by /x occurs before setting equal to 0.
1
Al: x =— oc but allow awrt 0.034 following correct equation.
de
Al: Q(%, —EJ Both coordinates correct and simplified, but may be listed separately, x=...,y = ...
4de €
and allow if y is found in (c). Accept negative powers of e, but must be simplified coefficients and

simplified powers.

(c)

M1: Attempts —2 x their y co-ordinate of Q. Also allow following decimal answer

Alft: Range g(x), 12 following through on their negative y value for Q. Accept with y instead of
€

g(x) and wtih negative powers or expression in ¢ following their (b), e.g. y, 12¢"' Accept

decimals following a decimal answer to (b). Do not accept f(x).
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3. OCT 2024 [7]

7(a 2 a1
‘ f(x)=x Vax+7 = '(x)=3x"VAx+7 +2x (4x+7) 2 M1, Al
: 2 a7 (4x+7)+2x
=f(x)=3x" J4x+7 + = dM1
Jadx+7 Va4x+7
7x* (2x+3)
= f'(x)=—F=—— Al
Y
4)
(b) . 3 . 3
Substitutes x ==2 into x JAdx+7 =>y=_. M1
3 27
7% Al
(2)
(©) Attempts —4x"_2—;' MI1
27
Vi — Al
"2
(2)
(d) (2,7) MI, Al
(2)
Total 10
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a
© . 2 3 L -
M1: Attempts the product rule to achieve f’(x)=Px Jdx+7 +0Ox (4x+7) 2 where P and Q are positive

constants.
Other methods are possible so look at each one carefully.

1
For example: f(x)= xj\l4x+ 7=1(x)= \MxT +7x" = f'(x)= %(«’IxT +7x° ) % (28.7;s - 42x5)
The same principles for the main mark scheme can be applied
2 L
Al f'(x)=3x"Jax+7 +2x’ (4x+7) * o.e. which may be left unsimplified
dM1: Dependent upon previous M1. It is for "correctly” producing a single fraction with a denominator of

Jax+7.
! sz(4x+7)+Qx}0e

Look for f'(x)= Px JAx+7 + Ox’ (4x+7) 2=
Jax+7

7x’ (2x+3)

J4x+ 7

It is possible to attempt this by WMA14 methods using [f (J:c)]2 =x" (4x+7)= ax +7x
Score

M1, Al: 2f(x)f'(x) = 28x" +42x

14x’ (2x+5)  14x (2x+5) 7x (2x+5)

2(x) 2 JAx+7  NAx+7

Al: f'(x) =

dM1, Al: f'(x)=

(b)
M1: Attempts to substitute x = -% into x'\Ax+7 to find the v value of the minimum point .

This may be implied by the correct y value.
It can be attempted even if part (a) is missing or incorrect
If they ignore the given form of f'(x)and use their own version, they must

2 .l
e Set their f'(x)which must be of the form Px’ dx + 7 + Ox’ (4x+7)2 =0

) L 1
e Solve Px’'JAx+7 +Qx (4x+7) 2 =0 by multiplying by (4x+7)20.e. to achieve a non-zero
value for x

e Substitute this non zero value for x in into x'v4x+7 to find y

Al: (—% - % ) which may be awarded separately as, for example, x=-1.5, y =-3.375

Ignore (0, 0) if also given.
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(c)

MI:

Al:

(d)

MI1:

Al:

Attempts +4 x "~ %" which may be seen within an inequality.
Vo % which must be correctly simplified.
. ) . 27 27
Allow it to be written in other correct forms such as g, ? , 2(x),, ?or (—oo 13,5]

The original function is fso f(x),, % would be M1 A0

For one correct coordinate. Look for (2,... Jor (..., 7 ). Allow for either x =2or y =7
If the coordinates have been built up mark the final answer.

E.g. [% %J - [2, %J —(2,15) > (-6,15) would score MO A0
(2.7).Allow x=2and y=7 ISW after a correct answer
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4. OCT 2024 [9]

? (@) (2x-+1)x(12x+4)-2(6x +4x-2)
f'(x) = - MI Al
(2x+1)
12x* +12x +8
=— 0. Al
(2x+l)'
(3)
(b) 2
Al x=2 :>f'(x)=12>(2 +12x?+8={EJ Mi
(2x2+1)’ 5
Full method of normal y—():—%(x—Z) dM1
16y-96=-5x+10= 16y+5x=106 * Al*
3)
(©) Any correct value 4 =3, B:%or ;'J:—% Bl
6x" +4x—2=(Ax+ B)(2x+1)+D = Values of 4, B and D M1
_5
x4y /2 0.¢ Al
2 2x+1
3)
(d) _5/
3x+l+£dx=§x2+lx—§ln(2x+]) MI, Al
2 2x+1 27 27 4 fi
Area under curve =
32105 T (3. 21 .5 3 1Y 1 (1Y 5. (5 M1
|:Ex +5x—zln{,,x+1}:|_l_[§x2 +EXE_EIH{S}J_[EX[§] +Ex[§]—zln[gj] d
_ 3 -
Area of R = jBx+l+—d2 r+|—x6x[ﬁ—2J M
2 2x+1 2 5
:
964 5
Areaof R=_—_2]|
re s 4n3 Al
(&)
Total 14
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(a)

M1: Condoning slips, this is for an attempt using
(2x+1)x(dx+B)-C (62 +4x-2)

5 Must be *~’ on the numerator
(2x+1)

¢ the quotient rule to obtain f'(x) =

e the chain rule on 3x+A+2 5 = f'(x)=3+D(2x+1)"

X+
(65 +ax=2)(20+1)" = £'(x) = (2x+1) ' x(dr+ B) = C[6x" +4x - 2)(2x+1)°
e the product rule on
where 4, Band C are = 0

Al: Correct (unsimplified) expression for f'(x) . Look for
(2x+1)x(12x+4)-2(6x" +4x-2)

- via the quotient rule
(2x+1)

f'(x)=

o 1) =(2x+1) ' x(12x+4)+ (65" + 4x~2)x-2(2x+1)” via the product rule
* 3+5(2x+1) * following division. Condone an incorrect value for A.

2
4(3x +3x+2) 192+ 12x48

— - or 3+5(2x+1)" following correct 4.
(2x+1) dx +4x+1

Al: Simplified answers such as

ISW following a correct answer

(b)

M1: Substitutes x = 2 into their attempt at f'(x).
If £'(x) is incorrect then look for correctly embedded 2°s or a correct value.

dM1: Full method for finding the equation of the normal at (2, 6) . Look for y—6=- ") (x - 2)

Al* y-6= —i(x—Z)o.e with at least one correct intermediate line leading to 16y +5x =106

. 16
If y = mx +c1s used look for 6=—%x2+c:>c=% You can allow y:—%x+% going straight to

the given answer. ISW following sight of correct answer. It must follow a correct derivative in (a)

(c)
1 5

B1: Any correct value for 4 =3, B= Sor D= -5

They may be embedded within an expression ¢.g. 3x in the quotient of a division sum
M1: Correct method for finding all three constants.
Via comparison/inspection look for 6x” +4x -2 =(Ax+ B)(2x+1)+ D => Values of 4, B and D

Via division look for a linear quotient and a constant remainder

INEE L e o.esuchas 3y ' 3 which may be seen within an integral in (d).

2 2x+1 2 2(2x+1)
It is not just for values of 4, B and D.
ISW following a correct answer (e.g. they may go on to x2 but then the Al ft in (d) would be unavailable)
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(d)

M1: Attempts to integrate their Ax + B + . Look for two terms in the correct form, one of which must

2x+1

be the Interm.  Award for _x" .+ kIn2x+1) or .+ .x+kIn(2x+1)
Also note that £ In(4x + 2) and any multiple of (2x + 1) within the In is also correct

Alft: %x: + %x—gln (2x+1) o.e. but follow through on their values of 4, B and D

dM1: A correct method of finding the area under the curve using limits of % and 2 either way around.

Dependent upon the previous M mark. Award if the intention is clear.
MI1: For a correct method of finding the area of R. It is scored for adding the area under the curve to the
correct calculation for the area of the triangle. The integration of f(x) need not be correct but the limits
must be applied the correct way around. The area of the triangle may be done by integration. Look for

1 106 S| 106 Iy 1 106
J-f{x}dr+5x6x[?—2)=[1(x)]% +EX6X(?—2]= ’{2)_1[514-5)(6}((?—2]:

:
where [(x) is their attempt at jf(x) dx

Al 204 5,5
4

15
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5. JAN 2024 [4]

4(a) 2 _
f(r)=mX 32, 8 Bl
(Bx-5)(x+4) 3x-5
X3 N 8  2x"-32+8(x+4)
Bx—5)(x+4) 3x-5 (Bx-5)(x+4)
ore.g. Mil
_2(x—4)(x+4)Jr 8  2(x—4)+8
Bx-5)(x+4) 3x-5 (3x-5)
_ ) 2, RE
(Bx=5)(x+4) 3x-5
3)
b 2(3x-5)-3x2
(®) f’(x)zu MI1AI
(B3x-5)°
Fn)= 3_1?52
5 (3x=5) , Alcso*
As (3x—=5)" >0 (for x>2) then f'(x)<0
Hence f 1s a decreasing function *
3)
x-3
© e l()=e? MIAI
x...3 B1
3)
(d) [ 2a ] ( 2a }
=5=3+21 =5
& 3a—-5 —orem 3a-5 Bl
m( 2a ):1: 24__. Ml
3a-35 3a-5
3jfs:c:»a=... dM1
Se
a—3c_2 Al
@)
(d) _ 2a _
2a 1 2a
5 =e
3a—-5 g () 3a—-5 Ml
28 e=a= dM1
3a-5
Se
0—38_2 Al
(13 marks)
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(a)

Bl: 3x” +7x—-20=(3x—5)(x+4) seen or used

MI1: Combines fractions with a correct common denominator and the order of terms in the
numerator consistent with their common denominator.

A1*: Achieves the given answer with no errors seen but condone e.g. a missing trailing bracket as

long as it 1s “recovered”.

2(x-4)+8  2x

Sufficient working should be shown but allow to go from e.g. to
3x-5 3x-5
Note that candidates may take a longer route:
2 _ 2x* -32)(3x-5)+8(3x*+7x-20
won 8 (2 )Z(x )+8(3x"+7x-20)
3x° +7x-20 3x-5 (3x* +7x-20)(3x-5)
6 +14x% —40x 2x(3x+7x-20)
(32" +7x-20)(3x-5)  (3x—5)(x+4)(3x-5)
_ 2x(3x-5)(x+4) _2x AL
(3x-5)(x+4)(3x-5) 3x-5
Or
25232 8 (2x*-32)(3x-5)+8(3x? +7x-20)
+ o
3x" +7x-20 3x-5 (3x* +7x-20)(3x-5)
6x’ +14x* —40x 2x(3x" +7x-20)

(3¢ +7x-20)(3x—5) (3x* +7x—20)(3x-5)

In this case the B1 is scored for obtaining a factor of 3x° +7x—20 in the numerator and denominator
_ 2x AL*
3x-5
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(b)

M1: Attempts to differentiate using the product or quotient rule.

GOXZI S o o Br-5)" - fx(3x-5)" @ >0
(3x-35)

Condone attempts where (3x—5)”is expanded.

Award for an expression of the form

as A+

before differentiating using the
x-5 3x-—

Alternatively, attempts to write

chain rule to obtain

(3x-5)°
Al: Correct derivative simplified or unsimplified.
: .. o -1
Alcso*: Requires a correct simplified derivative G (;)j and then statements that convey:
_5)’

e (3x—5)’ >0 oee.g. denominator is positive (condone (3x—5)> ...0)
e sof'(x)<0

e function is decreasing

Some candidates may attempt to differentiate the original f(x) e.g.:
4x(3x* +7x-20)—(2x -32)(6x+7) 24

f'(x) = _
=) (3x* +7x-20)° (3;;_5)2
Score M1 for:
£ o) Ax(3x2 +7‘x—20)—(2x2 —32)(Cx+D) E
xX)= : —
(3x> +7x-20)° (3x-5)
and (first) A1 if they reach 10
YIS Ga sy
(c)
M1: Rearranges y=3+2lnxto x=¢'"’ or x=3+2Iny to y=e'?

x=3 3-x

Al: Obtains g_l(,x) —e? or equivalent e.g. g_l(x) - \{eH*S g_'(x) —e -2 and isw.
Accept g'](x) =..., g" =.., y=..butnot e.g. f"(x) =...

B1: Correct domain: x ...3 oe using correct notation e.g. [3,00)
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(d) Condone the miscopy of f(x) for the M marks as long as it has the correct form e.g. "
nax..

and allow use of x instead of a for all marks in (d)

B1: Sets up a valid equationina e.g. 3+ 2]11[3 2a ]= 5

a—>5

M1: Rearranges to obtain ln[ 2a ): k and uses the inverse law of logarithms to remove the In

3a-5
correctly to reach =¢ oe
3a-5
k
dM1: Rearranges an equation of the form 335 ¢* to obtain a=—" o equivalent.
a- .e ..
Depends on the previous method mark.
5 -5 : .
Al: (a=) 3 © 5 oeeg. (a=) 5 ° and apply isw once the correct exact answer is seen.
e— -3e

Accept ¢! fore.

(d) Way 2
B1: Sets up a valid equation in a e.g. ;—i5=g'1 (5) seen or implied.
M1: Attempts g’ (5) and reaches =¢* oe
3a—-5
dM1: Rearranges an equation of the form 95 =¢" to obtain a = ...c’“e;.. or equivalent.
Depends on the previous method mark.
Al: (a =) 3:E > oe e.g. (a =) 2—_53 and apply isw once the correct exact answer is seen.

Accept ¢! fore.
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Alternative for (d) which has been seen:

g( 2a J=5:>3+21n( 24 }:5: B1 as above
3a-5 a->5

2a Y 20 V 0y
:In( a ] =2:( a ) =e’: M1 rearrangestureach( a } o
= (952 —4)ﬂ2 —30e’a+25¢" =0

30 2_ 4_ 2 2_
e +\/900c 100¢* (9e* - 4)
2(9e2—4)

: dM1 forms and solves 3TQ in a (usual rules)

Se

= oe: Al as above
Je-2
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6. JUNE 2024 [6]

6() |y=(4x-7)

1
At (8,5)gradicnt of tangent is 2(4x8—7)_5(_— J

dy _ _7)
= (E _] 2(4x 7) (see notes)

2
5

Equation for /is y—5= —g(x—S)

2
2y—10=—5x+40=5x+2y-50=0 *

b e

4x

(b) I (4x—7)% dx = (% (see notes)

3 |
Complete area = J. (4x-7)* dx=

7

7

| =

MI Al

dM1

ddM1

Al*
®)

MI, Al

dM1

Al

“
(9 marks)
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(a)
1
MI1: Attempts to differentiate to achieve a (4x + 7) 2 or equivalent. The index does not need to be
processed.

Alternatively, attempts to differentiate implicitly y* =4x—7 = Ay% =B

L
Al:  Achieves 2(4x— 7) 2 o.e. (which may be unsimplified but the index processed) or using implicit

differentiation achieves 2y % =4

1

dMI: Substitutes x = 8 into their @(4x%7) 2 or substitutes y = 5 into their Ay% = B . It does not need to

be evaluated. It is dependent on the first method mark but allow this mark to be scored if they have
incorrectly manipulated their derivative before substituting in, or made transcription errors

including if they lose the —% index from the bracket.

ddM1: A full method for the equation of /. L.ook for
e substitution of x =8 (or y =3 if implicit differentiation) into an attempt at a derivative

¢ the application of the negative reciprocal rule

s the use of (8, 5) with a correct gradient for their value of m to form an equation for the normal.

5 . R . .. 1 .
y=5="- E"(x —8) with the coordinates in the correct positions. If y =——x+¢ is used they must
m

proceed as faras ¢ =...
It is dependent on both of the previous two method marks.

Al*: Correctly achieves 5x+2y—50=0 (in any order on the same side of the equation).
There must be a correct intermediate stage of working following their initial equation for / before

achieving the given answer, e.g. y—S=—%(x—8):>2y—10=—5x+40:>5x+2y—50=0
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(b) Note that if no integration is seen then 0 marks.
3
MI: Integrates to achieve a correct form b(4x+7)? o.e. (the index does not need to be processed)
: k]
May use substitution e.g. u =4x+7 = J L: du = Qz‘;.E (the integral must be correct but allow a slip
on the coefficient for the integrated expression)
3
; . . (4x-7)2 . o . . . .
Al:  Correct integration —6 (which may be unsimplified) with or without a constant of integration.
Condone poor notation e.g. if the integral sign and/or dx is still present. Index needs to be processed.
3
. o u?
Using the substitution method score for e.g. 3 where u =4x-7
dM1: Full method to find the shaded area. Note the area of the triangle is %x (10-8)x5=5
y 8
Look for [b(-flxi ?)5} +5 o.e. (Provided this is seen then it is sufficient to proceed to the answer)
i
The limits must be correct for the integration
May see integration used for the triangle
8 i |1] 5 3 & 5 ., 10
eg. I (4x£7)2 dx+.[ [——x+25 J dx :[b(ﬁixi?]?} +[——x‘ . 2Sx}
! o L2 14 s
It is dependent on the previous method mark, but you do not need to see the limits substituted in.
If they do not use the given equation of the straight line / then this mark cannot be scored.
Condone poor notation provided the intention is clear.
3 28
2
If using the substitution you may see e.g. % +5 (send to review if unsure)
]
155 . 5 : . .
Al: —— orexact equivalent e.g. 255 or 25.83 provided all the previous marks have been scored.

6
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7.JAN 2023 [3]

3(a) 5
logwy=ﬁx+l.5 M1A1
2)
®) 5 s
logmy:"g"x+"l.5":>y:l(]"" Ml
S
=y=10"x10" Ml
y=31.6x2.05" Al
3
Total §
()
M1: Scored for a complete attempt to get the equation of the line condoning log,; y <> y <>/ and an incorrect
. . 1.5 y=0 1.5
sign on the gradient. So, allow for =4 50.e. and for =+t—
£ £ (logq y) =+ 772 x+1.5 x+48 48

If this is attempted via simultaneous equations the mark is scored when the candidate reaches m =+0.3125
c=1.5

Al: Correct equation. e.g. log,, y = %x+ 1.50r equivalent such as 16log, vy =5x+24

The log,, must not appear as "In" but allow as "log" or "lg"

(b)
Main Method: Starting with their log | v =mx+c¢

" x4

MI1: "Removes" the logs in their equation. e.g. log  y="m"x+"¢"= y =10
s

M1: "Correct" strategy to obtain values of k and b or else proceeding correctly to a form y =10 1675107
5

Allow for k=10""(=31.6)and b= 1016 = (2.05) . Note that you may see 10" as 10+/10
Al: Correct equation produced, y=31.6x2.05", and no errors seen.

Condone correct working followed by & =31.6,b = 2.05 with the equation being implied

cso ....the values must be 31.6 and 2.05, not values rounding to these numbers or exact values like lOs/ﬁ .
Note: A solution may be fudged from working similar to the following
log, y=mx+c=y=10" +10" = y=31.6+2.05' = y=31.6x2.05"
This will score Special case: M0 M1 A0
Alternative Method: Starting with y = kb
M1: Takes logs of both sides and applies at least one correct log law
e.g. log(,m kb* = log“m k+log,, b, log,, b :xlogm} b
M1: "Correct" strategy to obtain values for k£ and b from their y=mx+c

So logmk:"c":>k=10L and logmbz"m"ébzlom
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Al: Correct equation produced y=31.6x2.05" and no errors seen.
Condone correct working followed by &k =31.6,b = 2.05 with the equation being implied

cso ....the values must be 31.6 and 2.05, not values rounding to these numbers.
Correct answers for k and b without any working scores MO M1 AO0. Instructions on the paper state that they

should show sufficient working to make their method clear.
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8. JAN 2023 [4]

4(a) Any correct constant,sofor 4 =2 or B=3 or C=—-1 or D=5 | Bl
2x* +15x° +35x7 + 21x—4 = Ax* (x+3)" + Bx(x+3)" +C(x+3) +D
= A=..,B=...,.C=....D=...
or M1
25" +155° +35x7 + 21x -4+ (X7 +6x+9) =X +x b —
(x+3)
2correctof 4=2,B=3,C=-1,D=5 Al
A=2,B=3,C=-1,D=5 Al
4)
(b) 2 5 2x*  3x? 5
[f(x)dxz 2x +3x71+(x+3)2 dx = 3t fxfm(ﬁ:') MIAIftAl
3)
Total 7
(a)
B1: One correct constant or one correct term in Ax” + Bx +C +

(x+ 3)2
M1: Complete method for finding 4, B, C and D
For example substitution/comparing coefficients/long division
Via substitution/comparing coefficients the minimum required is an identity of the correct form (condoning
slips) followed by values for 4, B, C and D.
See scheme but there are other versions including

2x* +15x° +35x% + 21y~ 4= (A" + Bx+ C)(x+3) + D = 4=...B=...C=...D~..

Via division look for a divisor of x° +6x+9, a quotient that is a quadratic and a remainder that is either linear
or a constant term.

It could be attempted by dividing by (x+3) twice.

FYI, the first division gives 2x’ +9x* +8x -3 with a remainder of 5

Al: 2 correct constants following the award of M1

For division, when the remainder is a linear term, it would be scored for two correct of Ax* + Bx+C
Al: All correct following the award of M1

(b)

Ml:j D 2d_x_;.Lwherekis;acons;tfam.
(x+3) x+3

This may be awarded following a term of J ax-l-Dz dx following division.

(x+3)

Look for ax+D2 dx being correctly split and —)J’ ax 2dx—|—J b 2dx—>some'[hing+L
(x+3) (x+3) (x+3) x+3
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3 2
Alft: Ax2+Bx+C+L2 o= (B o P (+c)-
(x+3) 3 2 x+3

Correct integration following through on their non-zero constants.
Allow this to be scored with 4, B, C and D as above or with made up values

Al: All correct with or without “+ ¢”. Allow —1x for —x
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9. JAN 2023 [8]

8
J.(2 cOs x —sin x)2 dx = I(4c052 x —4sin xcos x +sin” x)dx Ml

J 4sin xcosxdx =J 2sin2xdx =—cos2x
or M1

. 2 .2
J451nxcosxdx=—2cos“x or 2sin”x

‘[(4c052 X +sin’ x)d;c—J‘(l+3cos2 x)dx—J.{l-&—fi[MJ]dx
2

or M1

J.(4cos2 x+sin’ x)dxzI[4[005221+1J+1—0332x]dx

J-(2czosxfsin x)zdx = %sin 2x +cos 2x+%x(+c)

or
J'(2cosx—sinx)2dx:%sin2x+2coszx+%x(+c) AlAl
or

j(Zaosxfsinx)zdxzisin fozsinszr%x(JrC)

(3)

Total 5

Condone changes in variables throughout this solution as long as the answer is given in terms of x
M1: Expands to the form pcos® x +gsinxcosx +rsin’ x

M1: Correct strategy for integrating gsin xcosx (1.e. obtains kcos2x or ksin’x or kcos’x)

M1: Correct strategy for rewriting pcos” x +7sin” xinto a form that can be integrated.

Score for one of

L . . 3 i +1+cos2x
e writes in terms of just sin” x and then uses sin” x = —2

. ) ; 5 +1+cos2x
e writes in terms of just cos® x and then uses cos™ x = —

e writes both sin® x and cos” xin terms of cos2x with at least one of these via use of a
. +1+cos2x 5 +1xcos2x
correct/allowable form. That is sin® x = ————— or cos’ x = f

Al: Integrates and achieves 2 correct terms (of the 3 required terms)

T . . 1
NB: An unsimplified expression is acceptable for this mark so please check carefully. e.g. 2x+....+ Ex counts

as one correct term.

Al: Correct simplified integration (+ ¢ not required).

An alternative solution is via "R cos" or "R sin" but the last two marks are unlikely to be achieved due to the fact
that an exact answer is difficult to arrive at.
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8 J(Zcosxfsinx)zdx:" Scos? (x+0.464)dx Ml
=J‘5{cos(2xzn.927)+1}dx M
5sin(2 .92
sin(2x+0.9 7)+§x M
4 2
3Smzx+c052x+%x+c AlAl
(5)
Total 5

M1: Writes 2cosx—sinx in the form Rcos(x + a) o.c. and squares.
Requires a full method so for the form Rcos(x .= a')
® requires R =24+1
® requires tana = J_r% = a =... in radians but condone in degrees
M1: Correct strategy for writing cos’ (xi a') into a form that can be integrated using the double angle formula

ilicos(2xi2a)

2
a should be in radians but condone in degrees

2

cos‘(xia)a ilicos(2xia)

2

2
but condone cos (xia) —>

.. 2 . . .
M1: Correct strategy for writing cos (x + a') into a form that can be integrated using the double angle formula

ilicos(2x12a)

2
« should be in radians but condone in degrees

ilicos(2xta)
2

2 2
cos (xia)—> but condone cos (xia >

M1: It is for integrating cos(2xi6) — isin(Zx J_ré) following use of an acceptable double angle formula

3sin2x

5
Al: 2 correct terms of +cos2x+ ) x+c¢

Ssin(2x+2arctan0.5) 5

Al: Fully correct and simplified (+ ¢ not required) or 2 + 5x

8 J(Zcosx—sinx}zdxzjSSinz(x—l.IO'/')dx M1

[ S{1—cos(2x—2.21)}
_j - dx M1
:Ex_551n(2x72.21) Mi

2 4
:%x+3sm2x +cos2x+c AlAl
()
Total §
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10. JAN 2023 [10]

10(a) (F=)35 BI
1)
(b) 15k o _
200 = 3;50qu$ = 1800+ 200" =350e'* = 150e"** =1800 M1
+e”
e :%:}Ijk:mliz:}k:%]nlz* dMIAT*
3)
© 350¢¢ AP 350ke (9+¢")~350¢" (ke
Fegp= = 5 MIAL
+e dr (9+ek’)
ki
30K 0= 315ke! = 8141864 +¢™ = e +(18-315k)e" +81=0 M
(9+e'")
2
e +(18-315k)e" +81=0=>¢" = 315k_18i\/(182_3]5k) ik LIS § ¥
T =awrt5.7, 20.8 Al
5
Total 9
(a)
B1: Correct value, 35
(b)

MI1: Uses F =200 and 7 = 15 and reaches 4e'** = B where AxB >0
dM1: Proceeds using correct order of operations to obtain a value for &

Look for 4e"™* = B=¢"* :§:>15k:1n§:>k =...

or Alternatively Ae'* =B=InA+15k=InB=15%k=mmB-InA=k=...

AT1*: Correct proof with all necessary steps shown.

350e"*

Minimum acceptable solution 200 = I =150 =1800 =™ =12=k = %11112
+

15k
[S]

(c) Allow the whole of part (c) to be done with the letter £, the exact value for & or using k = awrt 0.166

M1: Correct attempt of the quotient (product or chain) rule.
dF Pekf (9+eh)_Qekl (ekl)

For the Quotient Rule look for —

P,0>0

(9+ e )2
dF ki )l kit ki )2
For the Product Rule look for m =Pe (9+e ) T 0e"c (9 +e ) P,0>0
For Chain Rule look for F=A+ B —= 9 _ Oe" (9+ei‘r )72 Q is a constant
9+e"  dt

Al: Correct differentiation, which may be unsimplified.
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Allow for an expression in k , with exact & = %lan , or using k= awrt 0.166

M1: Sets their derivative = 10 and obtains a 3TQ in e
It is dependent upon a reasonable attempt to differentiate.
i '+ uy'

In almost all cases the M1 will have been awarded but condone an attempt following ;ﬁ = 5
t v

M1: Scored for
e solving a 3TQ in ¢ by any method including a calculator (you may need to check with accuracy to 2sf

L [llnlz}e
15

—t
rounded or truncated). Note that the equation may be a quadratic in 125 instead of e
e then taking In’s to obtain at least one value for z
FYI the correct quadratics are;

(31n12]; (llnu)!
e 7 +(18-21n12)e'"” / +81=0,
or (e‘“““ )2 —34.18e™'% 1 81=0= "' =2.56,31.62 = 0.166¢ = 0.94, 3.45

Al: awrt 5.7, 20.8
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11. JUNE 2023 [3]

3@ MI1 Al
® iln(sin2 3x): x 2sir3x x3cos 3x = 6.cot 3x
dx sin /j 3x
2)
ii) (a d 6 5 M1 Al
@ (37 -4) =36x(3x" 4]
dx
2)
[ e Vo L )
(b) x(3x —4) dx=%(3x —4) Blft
L
o2 N
x(3 —4)5dx - i(3x2 —4)6 - L) - () =112 MI Alcso
. 36 o 36 36
&)
(7 marks)
Notes
(i)
M1  Attempts to differentiate a In function. Award for iln(sin2 3x) -1 x... where ... could be 1
dx sin” 3x
An alternative could be iln(sin2 3x) = i21n(sin 3x)=(2%) L.
dx Cdr a sindx
d In I1-cosbx | 2 y
dx 2 " l-cos6x
Al 6cot3x o.e. suchas 6‘_:05336 6 or 6(tan3x) "' butnot 6tan ' 3x Accept also 6sin6x.
sin3x tan3x l—cosbx
3 51121 6x and isw after a suitably simplified answer.
sin” 3x
Constant terms must be gathered and no uncancelled common factors in numerator and denominator.
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(i) (a) ) .
M1  Achieves % (33:2 - 4) = Ax(?»x2 - 4) where A is a constant which may be 1.

6 5
Al % (3x2 - 4) = 36x(3x2 - 4) oe. Need not be simplified. Isw after a correct answer.
(i) (b)

5 l 6 1 6

Blft x(.”)x2 —4) dx = E(B:xz —4) or 2(33(2 - 4) following through on their (a) provided it is of

6 5
the form %(3)3 —4) = Ax(3x2 —4) This may arise from attempts via substitution and can be scored

from a restart if (i1)(a) was incorrect. Need not be simplified and isw if simplified incorrectly. Condone
notation errors such as unneeded integral signs - mark the expression that is their attempt at the integration.
M1  Substitutes in both limits and subtracts (either way round) into an expression of the form

6
D(?s;vc2 —4) where D is a constant but allow slips such as a missing power if the intention is clear.

Sight of the subtraction is sufficient. Implied by the correct answer for their integral if substitution
not seen. If using integration by substitution they must be substituting the correct limits for their
variable.

Alcso (R=) —112 and isw if they make the answer positive after a correct answer seen.

Note: Answer only with no working at all shown scores no marks. Correct integral must be seen.
Note: Attempts at integration by parts are unlikely to succeed, but if done correctly and achieve the
correct form of the answer may score the relevant marks.

Note (i1) may be completed by expansion.

(a)

M1  Requires expansion to form ax” +bx +ox +dx tex + ﬁrz + g followed by an attempt to
integrate each term (power decreased by 1)

Al Requires correct derivative. 8748x —58320x +155520x —207360x +138240x —36864x

(b)
B1ft Correct answer from a restart, which may be via expansion
12
BIY 625" +540x" ~960x" +960x" ~512x°
Ml Substitutes both limits and subtracts into an expression of the form

12 10 8 6 4 2
ax +bx +cx +dx +ex +fx

Alcso As main scheme.
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12. OCT 2023 [3]

-

3(a) (cos24=)cos Acos A—sin Asin A = cos”> A—(1—cos’ 4) M1

=cos24=2cos’ A-1 * Al*

2)

b sin 6x
() I (3-2cos6x) dx=3x- (+¢) MI1A1
i § sin(6x % sin(6x% 1 2-4/2
3y SIOX 3(5}(—3) - 3[£J‘M 1222
3 Iz 8 3 12 3 8 6
12
“)
(6 marks)
Notes

(a)

M1: Writes (cos24=)cos Acos A—sin Asin A and attempts to use (not just stated separately) the
identity +sin® 4+cos® A=+1 Note going directly to cos2A4 =cos’ 4—sin® 4 is allowed M1 as
long as a use of the Pythagorean identity is clear. NB Watch out for answers which use double
angle identities in the proof (circular reasoning) and score M0 if no Pythagorean identity is used.

Al*:  Achieves the given answer with no errors seen (and no circular reasoning). Must see
cos 24 =cos Acos A—sin Asin A and clear attempt at substitution of sin? 4+ cos® 4A=1 but
allow “LHS” for “cos 24”. Going directly to cos24 =cos’ 4—sin’ 4 in the first step would
score AQ. Correct notation must used throughout but condone a missing closing bracket.

Note : cos2A4=cos” A—sin’ 4 =2cos’ 4—1 with no further evidence scores MOAO as they are just
writing out known formulae.

(b)

M1:  Attempts to substitute in the given result in part (a) and integrates to the form ..x *...sin6x Must
be a full substitution in terms of x, cos24 —» ksin2A4 is MO unless recovered, e.g by later
substitution may be implied by the limits substituted).

Al. 3y S 6x

dM1: Shows evidence of substituting in both limits into an expression of the form ..x+*...sin6x and
subtracts either way round to achieve an exact (not necessarily simplified but trig must be
evaluated) answer.

11 2 ‘ :

Al:  Correct answer e.g as scheme or g;r == o or exact equivalent (and isw after a correct

answer).
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13.JAN 2022 [3]

8
2x-5
3 (i) J‘(2X—5)7dx=( T Ly MI Al
2)
.. 4sin x B
(ll) I md}C—-Zln(l'l'ZCOSX) (+C) M1 Al
Eﬂdx=[—2ln(1+2cosx)]%=—21n2+21n3=1n2 dM1 Al
0 I+2cosx 0 4
)
(6 marks)

(1)
M1: Achieves a(2x— 5)8 or equivalent where a is a constant. Alternatively achieves qu® with

u=(2x-5)

Allow this mark from a miscopy such as J.(2x - 3)7 de=k(2x— 3)8

8
x=35 . : 1
Al: Achieves % + ¢ or exact simplified equivalent such as E(2x - 5)S +¢ . The +c (o.e)

must be present.

Any attempts that start by multiplying out (Zx -5 )7 are likely to end in failure. They are unlikely to

get an expression of the form a(2x—35)"

FYI

(2x—5)" =128x" —2240x° +16800x" — 70000x* +175000x° —262500x" +218750x — 78125
Score B1 SC for at least 5 out of 8 correct terms of

128 ¢ 2240 , 16800 ¢ 70000 s 175000 , 262500 ; 218750
X - X+ X - X+ X - X+

x* —78125x
8 7 6 5 4 3
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(i1)

M1: Achieves bln (1 +2cos x) or b lnl 1+2cosx | where b 1s a constant. Condone a missing bracket
Alternatively achieves bInu with u =1+2cosx  (Youmay see bIn ku which is also correct)

Al: Achieves —21n(1 +2cos x) , 2 ln| 1+2cosx | or—2Inu o.e .with #=1+2cosx oe. There is no

need for + ¢ This may be left unsimplified. Only condone a missing bracket if subsequent work
implies one
dM1: Substitutes both 0 and 3 into an expression of the form b1In (1 +2cos x) aorb ln| 1+2cosx
and  subtracts either way around . There must have been some attempt to evaluate the trig terms
Alternatively substitutes both 3 and 2 into an expression of the form & Inu and subtracts
9
Al: In—
"3

Note that algebraic integration must be seen here. Candidates using their calculators to just write down

T

z .
4sinx dr=081093_=In 2 should be awarded 0 marks
, I+2cosx 4
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14. JUNE 2022 [3]

3(a)
9x 3 2
L’xz% dxzaln(3x +k)+C MIAL
2
(b)
%hl(75+k)f%ln(l2+k):ln8 M1
3ln(75+k]=ln8 oe dM1
2 12+k
ddM1
TS+k =4=k=..
12+k
Al
(k=)9
“)
(6 marks)
(a)

M1 Integrates to Aln(3x” +k) with or without the + C. Allow A4 = 1 for this mark. Condone invisible

brackets.

3 3
Al 5 In (3)&:2 +k ) +C or 5 InB (3x2 + k) oe Must include the constant of integration that is

different from k. Must have brackets around 3x> + &

Also allow eg ln[,!i’(?,x2 +k)}§
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(b)  *Be aware they can solve equations on the calculator which is not acceptable*

Ml Attempts to substitute in 5 and 2 into their changed expression which must include x and £,
subtracting either way round and sets equal to In8. The values embedded in an equation is
sufficient to score this mark. Condone slips if they attempted to evaluate when substituting

Ignore the + C .

dM1  Attempts to apply the subtraction (or addition) law of logarithms once to an equation of the
form iAln(B+k)i A ln(C+k) =InD or equivalent (allow 4 =1).

B+k

Typically look for Aln(B+ k)—Aln(C+k) =nD= 4 ln(ﬂ) =1In D or equivalent
+

Do not be concerned with arithmetical errors and condone slips dealing with their 4

Condone invisible brackets.

i A
ddM1 Solves their equation of the form In ﬂ =InD" or In [ B +k] =InD
C+k C+k

where 4#1, and the A4 is correctly dealt with by
e removing Ins correctly

e rearranging to form a linear equation in k&

e proceeding to find a value for £.

nggn wZn
eg "h-{M =In8? ="715"+k="48"+"4k"= k=...
12"k

It is dependent on both of the previous method marks.

Condone arithmetical slips in their rearrangement and condone invisible brackets as long as

intention is clear. Also condone this mark to be scored if £ is negative.

Al 9 cao (with intermediate working seen)
They cannot proceed from %In(?’s +k)- % In(12+4)=1n8 to (k =) 9 without some

intermediate working seen (eg an equation with the Ins removed)

Note an answer of In (3.1:2 - k) (+C) in (a) will score a maximum of M1dM1ddMOAO in (b)
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15. JUNE 2022 [6]

6(a) ) 1 L L MIAI
(f'(x)=) 5(x —2)x§x4x(4x+9) 2 +10x(4x+9)?
(f'(x)=) 10(x" -2) +10xl(4x+9) _50x° +90xl—20 dM1
(4x+9)? (4x+9)?
2 Al
, 10(5x° +9x-2
(f'(x)=) 10(Gx" +9x~2) T )
(4x+9)2
“)
(®) Sets f'(x)=0to give x=-2, % Bl
1)
¢ 2 1 Ml
{ ) yzs((u_zu)—_2)(4X(|l_2||)+9)3 :lo
Alcao
(-2,10)
)
(d) f(0)=-30 Bl
Upperbound =2x"10"+4 =... or Lowerbound =2x"-30"+4 =... Ml
-56 < g(x) <24 Al
&)
(10 marks)

Al k>3.6 oreg k >§ but not & > ? If k <=2 is found then it must be rejected

(a)

M1  Attempts the product rule. Award for +A(5x* —10)(4x +9) ? + Bx(4x+9)* or equivalent where A, B

# (0 The indices do not need to be processed for this mark.

If they quote the product rule eg uv'+u'v and state the expressions for u, #', vand v' then
allow a miscopy when substituted. They must have
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1 1
egu=5x"-10>u'=Ax and v=(4x+9)2 >v'=B(4x+9) 2

1 1
May also attempt the product rule on 5x”(4x+9)? —10(4x+9)? so award for

1 1 1
+Ax(4x+9)? + By’ (4x+9) 2+ C(4x+9) 2 4,B,C =0

1 |
Al Correct unsimplified expression for f'(x) eg 2(5x* —10)(4x+9) ? +10x(4x+9)? oe

dM1  Proceeds to a single fraction, multiplies out the brackets on the numerator and proceeds to the

3T 4 . . ..
—QJ or 3TQ(4x+9) 2. They cannot proceed straight to the given 3TQ ora  multiple of it

(4x+9)

without some working seen to score this mark.

form

iTQ

Alternatively, you may only see manipulation of the numerator and then ———— which is
(4x+9)2

acceptable: 10(x” —2) +10x(4x +9) =10(x" =2+ 4x” +9x) =10(5x" +9x - 2) = M

(4x+9)?
Condone arithmetical  slips in their working but their method to proceeding to a single fraction
must be correct.

It is dependent on the previous method mark.

10(5x" +9x=2)
1

Al (f'(x)=) with no errors seen in the main body of their solution.

(4x+9)?

 10(5x* +9x-2)

Jadx+9

Condone invisible brackets as long as they are recovered, or their subsequent working  makes their

Accep

intention clear. They do not need to explicitly state k= 10 but if there is a contradiction between their
expression and their stated value then the expression takes precedence. Do not be concerned with what
they have before the

(b) Mark (b) and (c) together

1
B1 Sets f'(x) =0to give —2,% Withhold if one is rejected. Condone (-2,0) (5,0]. May be

seen in (c)
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(c)

1
M1 Substitutes their smaller root from solving 5% +9x -2 =0 into y= 5(x —2)(4x+9)? and

proceeds to find a value for y. Condone bracket omissions, miscopying or arithmetical slips as
long as it is clear that they are attempting to substitute their smaller root into f(x)

Alcao (=2,10) only (Allow x=-2, y=10)

(d)
Bl (f(0) =) —30 seen (which may be implied by sight of —56)
M1 A correct attempt at the lower or upper bound.

e Either attempts 2x"10"+4 and identifies this as the upper bound. Follow through on their part (c)
ycoordinate. <"24" or <"24" is acceptable

e Orattempts 2x"—30"+ 4 and identifies this as their lower bound. > "—56" or = "-56" is

acceptable for this mark. It cannot be scored for using 2 x t(%) +4 as their lower bound.

Note that g > —56 or g == —56 will score BIMI.
Allow use of max or min for upper and lower bound for this mark.
Al —56 < g(x) < 24 oe eg “{g{x)e [F:=56 < g(x)Mg(x) < 24} " oor “ =56 < g(x) AND g(x) < 24"
or ge [—56, 24] or other variations similar to these. Condone g for g(x) and —56 < y < 24 or
=56 < 2f(x)+4 < 24 butnot -56 < f < 24

DO NOT ACCEPT *-56 < g(x) Ug(x) < 24” or "_56 < g(x) OR g(x) < 24"
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16. OCT 2022 [1]

1(a)
MIAI1
(d—y=]6x3(3x—2)5 (=18G3x-2)")
dx
(2)
(b)
"8"(3xL-2)" =-18 Mi
718—>i
18 M1
71 _ "L"(xl)
y T 3 dM1
Al
3x-54y+53=0
)
(6 marks)
()

M1 Applies the chain rule to achieve a form of 4(3x—2)’ which may be unsimplified.
The index does not need to be processed for this mark.

Alternatively, multiplies out the brackets to achieve an expression of the form

Ax® + Bx’ + Cx* + Dx* + Ex* + Fx + G (where all coefficients do not need to be simplified) and
reduces the power by 1 on at least one of the terms. You will need to check this carefully to make sure it is
the relevant term where the power has decreased

eg Bx’ —..xBx'
Condone slips in their expansion.

(The actual expansion is 64— 576x +2160x" —4320x° + 4860x* —2916x" +729x°)

d
Al (ay :J 18(3x—2)" or unsimplified equivalent eg 6% 3(3x —2)° but the index must be processed. If

they have multiplied out then accept —576 +4320x —12960x” +19440x° —14580x* +4374x" .
Accept x' for x
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(b)

1 d
M1 Substitutes x = g into their Ey which must be of the form A(3x—2)’ (or accept a polynomial

dy

of degree 5) and finds a value for ar

M1 Finds the negative reciprocal of their gradient. May be implied by the equation of their line. It

d
cannot be scored for setting Ey =0, solving to find x and then taking the negative reciprocal of this.

18
gradient from their tangent gradient). It is dependent on the first method mark. If they use

| 1
dM1  Attempts to find the equation of the normal. Look for y—1= ”—"(x - 5] (must be a changed

"53"
¥y =mx+c¢ they must proceed as faras c=... | = 7

Al 3x—54y +53 =0 or any integer multiple of this with all terms on one side of the equation eg
—6x+108y—106 =0 You must sece the=0

isw after a correct answer is seen. Eg if they proceed to state values for a, b and ¢ which contradict
their equation then take their equation as their final answer.
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17.JAN 2021 [1]

1 .
J-xz_,sdmj.,u'—Bx’¢r=C1n.r+Dx3(+c) M1 dM1
X

-—lnx+£t‘3+c
2 4 Al

3)

Total 3

M1: Correct attempt to integrate.

. 3 . . .
Score for an attempt to divide by the x term forming a sum of two terms and then integrating.
Award for achieving one term in the correct form. Either Clnx+.. or .+ Dx™*

Note that CInax and versions such as kIn2x’ are also acceptable for CIn x so look at responses involving Ins

carefully . Ignore spurious notation e.g. Jl Clnx for the M marks as long as integration has been attempted
dM1:

: Achieves both terms in the correct form. Score for +Clnx+ Dx™ or equivalent
Be aware that Clnax+ Dx and other variations are also correct

Al: %lnx+§x'3 +¢ or equivalent simplest form with the +¢. Eg ln',/;+i:+c
ISW afier a correct answer.

Some candidates may incorporate the + ¢ within the log so Elnkx + %r where k is an arbitrary constant is ok.

3. . . 1 5 5
Note that %ln 2x+%x" + ¢ is not the simplest form and is AO. j Elnx+;x “+¢ would also be A0

Attempts via integration by parts can be scored in the same way

le _lsdx_j(x: —S)XLI”dx:(r' —S)x—lx’z —I2xx—l.r:d.r—(xz —S]x—lx’z +llnx+c
2x 2 4 4 4 2

MI1: For an attempt to integrate by parts the correct way around and achieves (x" i 5) xpx*tglnax+c
If the rule is quoted it must be correct.
It is possible to integrate by parts the other way around but unlikely. It can be scored in a similar way.

dM1: Score for

e either then simplifying to an expression of the form +CInx+ Dx ™ with or without "+ ¢" which could
be numerical

. . S | | . .
e orintegrating to a correct but unsimplified answer (x2 —5) x——x" +—Inax with or without "+ ¢"

Al: %ln X+ Zx’2 +¢ NOT Elnx + Zx’l +%+ ¢ (The answer must be in simplest form and with the + ¢)
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18. JAN 2021 [3]

3
(@) 20’ -3x-5=(2x-5)(x+1) Bl
3_x—2 5x+26 _3(x+1)(2x—5)—(x—2)(2x—5)+5x+26 M1
x+l 207 -3x-5 (x+1)(2x-5) Al
_(4x+1)(x+1)_4x+1 N
(x+1)(2x-5) 2x-5
“4)
b
®) _ dx+1
Correct attempt at inverse ) = =o>Xx=.. M1
2x-5
Sy dx+1
=5 Al
2)
(c) 2<x<§ M1 Al
2)
Total 8
(a)

B1: Correct factorisation, can be scored anywhere. Sight of 2x” =3x—5=(2x-5)(x+1) Condone 2(x—25)(x+1)
MI: Attempts to combine all three terms using a common denominator. Allow the terms to be separate.
There must be an attempt to adapt the numerators of the first two terms, one of them must be adapted correctly.

- 3(x4+1)(2x=5)-(x-2)x2x -5+ 5x+26
So allow for example 3—x—2+ %x+26 = (r+ )( il ) (x )>< ANRRELE
x+1 2" =3x-5 (x+1)(2x-5)
This may be done in stages but is only scored when all three terms are combined.
Condone a fraction where the denominator (x+ 1](23(: -3x —5) is used. (In this case there must be an attempt to

adapt the numerators of the all terms and two of the three numerators must be adapted correctly)

J_X=2, 5x+26 _3(x+1](2x373x75)_(x72)(2x373x75)+ (5x+26)(x+1) .,
x+1 2x*-3x-5 (x+])(2x3—3x—5) (x+])(2x3—3x—5) (x+l)(2x2—3x—5)
Al: Correct fraction with denominator (x+1)(2x—5)or equivalent such as 2x* —3x—5

Allow this to be given separately
x=2 Sx26 3(x#1)(2x-5) (x-2)(2x-5)  5w+26

T+l 2 3n5 (xeD)(2-5)  (x+1)(2x=5) " (x+1)(225)
(x+1)(4x" +5x+1)
(x+1](2x3—3x—5)

If ** was given then they must proceed to

dx+1 . (4x+1)(x+1)

Al: Correct fraction (or correct values). Proceeds to via oe.
2x-5 (x+1)(2x-5)
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(b)
MI: Attempts at the method for finding the inverse.

Score for an attempt to change the subject for their v = wx+b or possibly ¥ = ay £
ex+d ¢ ex+d
Look for a minimum of cross multiplying by ¢x +d and proceeding to a form x =g(v)

Some candidates may swap x and y firsteg x= ﬂJ:—"; and proceed to y =.. which is fine (same conditions)
Cy + 4

Allow this to be scored if one (but not more) of a, .Ea ord=1

Allow this to be scored for candidates who don't finish (a) and attempt to change the subject for ¥y = - +j
ex +
Al: Correct inverse f'(x) = 32 +1 put condone = 2+ and g1 23X *L
2x-4 T 2x-4 2x—4
_Sxs 1
Allow other equivalents such as —Sx-1 _— 22 /2 or oy 3 + 11
4-2x 2-x T2 2x-4
(c)
MI1: For finding one "end" of the domain. Ignore any inequalities.
This must be numerical.....and you are just looking for the number, not the variable so y = ... is OK

Sight of either g or their f(4)which may need to be checked

or2 or f(x)as x —» « that is their e (Can be scored for x#2 )
c

Al: Correct domain with allowable notation.
17

Allowable equivalent forms are e.g. [2, ?] ,x>2 and x < ]?7 . Condone "or"
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19. JAN 2021 [9]

Question
Number Scheme Marks
() 3x-2 1, (o
ImM=EIn(3x‘—4x+5)(+0) M1, Al
2)
(i)
de = _l( 2 _ 1)’2 (+¢)
(621_1)3 4 MI, Al
(2)
Total 4

(1)

MI: Integrates to a form & ln(?;x2 —4x+ 5) where «v is a constant . Condone a missing bracket.
Do not accept a 111(3):2 —4x+5)+ f(x), e.g. ln(3x2 —4x+ 5)+2x
If the substitution u = 3x” —4x + 5 is attempted, the mark can be awarded for k Inu

It is unlikely but aIn ﬁ(3x2 —4x+ 5) and «In (33:2 —4x+ S)ﬁ are also correct

Al: %ln (3x2 —4x+ 5) o.¢. with or without the + ¢. A bracket or modulus must be present.

ISW after a correct answer.
ln(?;x2 —4x+ 5)

2

Do not penalise or In (3;\72 —4dx +5) / 2 if the intention is clear

In(3x* —4x+5
Penalise spurious incorrect notation for the A mark only. So do not allow (—)d:c
2
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(i)
MI: Integrates to a form (e“ - 1)_2 where /3 1s a constant .

Do not accept ,6’(623r - 1]_2 +g(x),eg. ,B(ebr - 1)_2 +e™
Allow substitutions. So for example,

if the substitution u = e** —1 is attempted, the mark can be awarded for ku™
-2
if the substitution u = e”is attempted, the mark can be awarded for k(uz - l)

if the substitution u = e is attempted, the mark can be awarded for k (1 —1)~

1 - . . .
Al: —Z(el1r - l) * or exact equivalent with or without the + ¢

ISW after a correct answer. Need not be simplified

Penalise spurious incorrect notation for the A mark only. So do not allow J.—l(el‘ - l)_2
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20. OCT 2021 [5]

Number Seheme .
5 (i) [ s dx=———(+c) Ml Al
J (2x-3) (2x-3)
-4 4
8 -2 2 48
dx = —| =—==+2=— dM1 Al
J (2x-3) |i(2x—3)']3 25 25
“)
.. [ 2 ! _ I ¢
(ii) | x(x +3) dx—E(x +3) +c M1 Al
2)
(6 marks)
Alt(i) Let u=2x-3
8 1 2 MI Al
—x—du=——(+c¢
J.u} 2 u'( )
\ : dMI Al
[ 2]-2a-t
, (21‘—3) u 25 25
Alt(ii) | Letu=x"+3
; u? ux | ¢ MIAI
2 _ 12 " — 2
Ix(x +3) dx-J. 3 du 16+ ¢ 16(x +3) +c
(1)
M1 Achieves 5 or equivalent or in the alternative method —
(2x—3) u
: - . : 2 : o
Al Achieves - or in the alternative method —— (which may be unsimplified

(2x-3)

but the indices must be processed). There is no requirement for the +¢

u

dM1  Substitutes 2 and 4 into —-or equivalent or 1 and 5 into —
(2x-3) u
either way round. May be implied but M1 must have been scored.
Al —— or 1.92 isw after a correct answer

25
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(11)

8
M1 Achieves k(::c2 + 3) or equivalent or in the alternative method kus. Alternatively

multiplies out the expression and integrates achieving an expression of the form

BT Al SO Sl SO e Sl U e SO

+ + . xt+.x

Al i( 2+3)8+c
16

Must be in terms of x and the + ¢ must be present

X 3xM™ 63x™ 189x"  2835x° 1701x° 5103x"  2187x7
Allow —+ + + + + +
16 4 2 8 2

+ +c Or
4 2

simplified equivalent
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21. OCT 2021 [10]

Question
Number Scheme Marks
10.(a) | (1+2cos2x)’ =1+4cos2x+4cos’ 2x
Uses cos4x =2cos’ 2):—1:(1+2(:052x)2 =1+4cos2x+2cosd4x+2 Ml
=3+4cos2x+2cosdx Al
(2)
2
b = B1
(b) 3
. 1 .
j3+4c0s2x+2cos4xdx=3x+2sm2x+5sm4x MI Al ft
2_1:
3
Area = [3x+2sin2x+%sin4x:| =27r—%\/§ dMI Al
0
(&)
(7 marks)
(a)
M1

Al

Attempts to multiply out (1+2cos2x)’ =1+...cos2x +...cos’ 2x and use

cos4x = 2cos’ 2x —1to obtain (1+2cos 2x)2 in the form p + g cos2x+rcos4dx.

Condone slips in the rearrangement of cos4x =2 cos’ 2x —1 but it must be clear that

the identity was correct originally otherwise M0.

Beware of candidates who write (l +2cos 23:)2 =1+4+4cos2x+4cos’ 4x which is

MOAO

3+4cos2x+2cosdx
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(b)

27
B1 Deduces that @ = 3 (allow 120° for this mark). If more than one angle 1s found, then

look for which one is substituted into their integrated expression.

M1 Integrates gcos2x+rcos4x — *...sin2x+_..sin4x
. ro.
Alft  Integrates p+¢qcos2x+rcos4x — px+ %sm 2x+ Z5Im 4x unsimplified where p,

gandr #0

2z
dM1  Substitutes 0 and a = 3 (or awrt 2.09) (or equivalent) into a valid function (M1 must

have been scored) and subtracts either way around. Note g,  # () but they do not need a
px term.

T ir
Also allow a = 3 (orawrt 1.05) or a = T(or awrt 4.19) ¢ must be in radians to

evaluate correctly.

This mark cannot be scored without a value for a. You do not have to explicitly see 0
substituted in and their answer may imply a correct substitution into their integrated

expression.
3
Al 2 - ng or simplified equivalent
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22.JAN 2020 [4]

4. (i) (a)

(b)

(i)

£(x) = 4(x-3)(2x+5)-(2x+5)

(x—3)(8x+20)—(4x" +20x +25)

(x3) " (x-3)
(2x+5)(2x717)
(x-3)

Attempts both critical values or finds one "correct" end
x<-25, x>85 (accept x <-2.5, x =2 85)

1 1
Attempts the chain rule on (sin4x)? — A(sin4x) 2 x cos4x

1 1 1
g(x) = x(sin4x)? = g'(x) =(sin4x)? + x x %(sin 4x) 2 4cosdx

1

sin4x)?
2e0sdy g BI040

. 1 cos4dx ¢
(sm 43«7)2

1
Sets g'(x) =0 —> (sin4x)? +xx

—tandx+2x=0

M1 Al

M1 Al

MI
Al

(6)
M1

M1 Al

M1

Al
®)

11 marks
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(i)(a)

M1 Attempts the quotient rule and achieves
A(x=3)(2x+5)-B(2x+5)

(x-3)
Alternatively uses the product rule and achieves
d

a{(x—}] 1(2x+5)1}:in4(2:vc+5)2 (x-3) 2+li’(x—3) 1(23;:+5] A,B>0

They may attempt to multiply out the (2x+ 5)2 first which is fine as long as they reach a 3TQ.

'(x)=

A, B > 0condoning slips

Al Score for correct unsimplified £'(x)

M1  Attempts to take out a factor of (2x+ 5)or multiplies out and attempts to factorise the numerator.

-_— 2 _ +
The method must be seen (x-3)4(2x+5)+(2x+5) =(2x+5){(x 3)4£(2x+5)]

condoning slips.

If the method is not seen it may be implied by a correct result for their fraction

. . . . vu'+uv' vu'—uv'
This can be achieved from an incorrect quotient or product rule. E.g. or

2

v
It can be scored by candidates who multiply out their numerators and then factorise by taking out a

factor of (2x+5)

If the product rule is used it would be for writing as a single fraction and taking out, from the
numerator, a common factor of (2x+5).

2x+5)(2x-17 4 25)(x-8.5 2x+5)(2x-17
1 w but accept expressions such as (x+ )(x ) ( il )( il )

5 or
(x=3) (x-3) (x=3)(x-3)

Note the final two marks in (i)(a) may be scored in (i)(b), ONLY IF the correct work is done on the

complete fraction, not just the numerator

(i)(b)
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M1

Al

A

—_—

Ml

Al

Achieves the two critical values from the quadratic numerator of their f'(x)

Alternatively finds one correct end for their (2x+5)(2x-17)>0 or (2x+5)(2x-17)>0
So award for either x <—2.50r x > their 8.5 which may be scored from an intermediate line.
x<-2.5,x>85(accept x <—-2.5, x = 8.5).

Ignore any references to "and" or "or" so condone x <—2.5and x>8.5

Mark the final response. This is not isw

It may follow working such as (2x+5)(2x-17)>0= x> —%,x > % S0 x<-25,x>85

Accept alternative forms such as (—oo,—2_5]u[8.5,oc)

1 Nl
Attempts the chain rule on (sin4x)?> — 4(sin4x) 2 xcos4x

For an attempt at the product rule.
1 1
If they state u = x,v=(sin4x)2,u'=1v'=_. award for (sin4x)2 +xx their v'

1 1
If this is not stated or implied by their uv'+vu' then award for (sin4x)? +xx(sin4x) 2.,

1 1
(g'(x)) =(sin4x)? + 2x(sin4x) 2 cos4x which may be unsimplified.

! 1

You may not see the lhs which is fine. Condone sin 4x” for (Sin 4){)E if subsequent work is correct
! 1
Sets their g'(x) which must be of the form (sin4x)? + kx(sin4x) 2 cos4x equal to 0

and proceeds with correct work to an equation of the correct form. Allow tan4x = ix here
cso tandx+2x=0

Alt to (a) via division which may not be very common

M1

Al

M1

Al

Score for M—)A:HB#L differentiating to 4+ c 5
x-3 x-3 (x73)
121
(x-3)’

Forms a single fraction and attempts to factorise out (2x+ 5) from the numerator (which must be a 3TQ)

(2x+5)(2x-17)
=)

Alt to (b) via squaring

Ml
dM1

Al

[g(x)]2 = x sindx = 2g(x)g'(x) = 2xsin4x +4x" cos dx

Correct form for the rhs. Apply the same rules as the main method. Condone slips on coefficients
Correct form for the left hand side as well as the right hand side. Condone a slip on the coefficient

2g(x)g'(x) =2xsindx+ 4x" cosdx

ddM1 Sets g'(x) =0 and proceeds with correct work to an equation of the correct form.

Al

cso tandx+2x=0
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23.JAN 2020 [8]

D) .
%Tlffltl;?r-l Scheme Marks
. 2 2
8.(i) J. 3x_1dx*§]“(3x‘]) M1 Al
) 2 2 25
L 2 de=2n(125)-2In(8) = In 2 aM1 Al
4)
3 2
(i) 2x =Tx +28x+1=2x+3+ : 81
(x-1) (x—1)
Full method to find values of 4, B and C M1
3 2
2x —Tx +18x+l=2x_3+ , Al
(x—-1) (x-1)
Jh(x)dx:J‘Ax+B+ ¢ -
(x-1)
| C
=5 Ax +Bx__(x71) MI Al ft
4
p— 2_ —
=x -3x 1) (+¢) Al
(6)
10 marks

www.doteducation.org

+971525465652




ZDOT

EDUCATION

(KHDA APPROVED)
(i) Alt 1 ) ]
first 3 2x* =7x* +8x+1=Ax(x-1) +B(x-1) +C
marks
Anyof A=2B=-3 orC=4 Bl
Either substitution or equating coefticients to get two values Mi
All values correct 4=2,B=-3,C=4 Al
3
(ii) Alt 11 2x-3
first 3 x2—2x+l) 2x° —7x" +8x+1
marks
4
Likely to be 2x | Bl
For attempt at division | M1
Correct quotient and remainder | Al
)

(1)

M1

Al

dMl

Al

Integrates to & In(3x—1) condoning slips. Condone with a missing bracket.

Please note that k In(3ax —a) where a is a positive constant is also correct

If a substitution is made, i.¢ u =3x-1, then they must proceed to & Inu where & is a constant
%]n (3x-1)

2 : ”» , 2
Also accept gln (3ax—a) where a is a positive constant is also correct or 3 Inwuwhere 1 =3x-1,

Do not allow with the missing bracket unless subsequent work implies that it 1s present
Substitutes in both limits and applies one In law correctly. May be subtraction law or power law.
It a substitution has been made then the correct limits must be used. With u they are 125 and 8

ln%T5 or simplified equivalent such as In25-In4, 2In5-2In2 or lln%

ISW if followed by decimals
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(ii)
B1 Any correct value of 4, B or C seen or implied.
M1 A full method to find values of 4, B and C.
If they attempt 2x° —7x” +8x+1= Ax(x —1)2 + B(x—l)2 + C via this route, this

expression must be correct.
If they attempt by division then they must proceed to a linear quotient but may get a linear remainder.
Al Correct A, B, C or correct expression. This may be implied by a correct quotient and remainder.

P
M1 J‘( dx 2 — 0.e. where P and O could be the same

Juc—l)2 (x-1)

Awardfor.[ P 2clJc—:'Q

x-1 u

where they have previously set u =x—1

C 1 C
(x—l)z dx =§Ax +Bx—(x_l)

So allow %sz + Bx +E—](x - 1)_' with the indices processed

Also allow with non-numerical values.

or unsimplified equivalent.

Alft J.Ax+B+

Also score for IAx +B+ ( 'l)g dx =%Ax3 + Bx—i—' where they have previously set u =x—1
x —
4 . . ) . .
Al x* =3x——— (+c) or exact simplified equivalent with or without the +c

(x-1)

Soallow x* —3x—4(x-1)" (+c)
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5(a) sin3x =sin(2x+ x) =sin 2xcos x + cos 2xsin x M1
E2sinxcosxcosx+(1—23in2x)sinx Ml
E2sinx(l—sin2x)+(1—2sin2x)sinx ddM1
=3sinx—4sin’ x * Al*

(@)
73
(b) sm ‘xdx= Z 1nx——sm3xdx Ml
0
3 1 3
=|—=cosx+—=cos3x dMI Al
4 12 ,
5
= Al
24
(@]
(8 marks)
(a)

MI  Uses sin3x =sin(2x+x) = £sin 2xcos x £ cos 2xsin x

M1  Uses the correct identity for sin 2x = 2sin x cos x and any correct identity for cos2x

ddM1  Dependent upon both previous M's. It is for using cos” x =1—sin’ x to get an equation in only sin x

A1*  Fully correct solution with correct notation within their proof. Examples of incorrect notation include use of

sinx” instead of sin® x or use of sin instead of sin x and so on. Penalise in the A mark only for such.

Note: The ddM mark and final A mark may be score by substituting sin’ x = 1-cos’ x into the right hand side of the
equation to reach an identical expression to an expanded left hand side (“working from both sides”), with the A
mark then awarded for correct work leading to identical expressions and an minimal conclusion given (e.g. //)

Note  You may see use of De Moivre’s Theorem from an FP3 candidate. This can score full credit if carried out
correctly. If there are errors or you are unsure then send to review.

If attempted in reverse:

M1

3sinx—4sin’ x = 3sinx —2sin® xsin x —2sin x(1 —cos’ x) :smx72smx§(lfcos2x)+sm 2xc0s X

Uses sin’ x = sin xxsin’ x with either sin® x = 5(1 —cos2x) OR sin’ x =1-cos’ x and 2sin x cos x =sin 2x

M1 Uses both steps above to get to an equation with sin2x and cos2x
ddM1 Gathers terms to reach = cos 2xsin x +sin 2x cos x

Al Completes the proof uses cos2xsinx +sin 2x cosx = sin3x with no errors seen.
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(b)

M1 Attempts to use part (a) to simplify. Accept J‘ sin’ x dx = I Asin x+ Bsin3x dx

dM1 J‘ Asinx+ Bsm3x dx — acosx+bcos3x

|
Al -7 cosx + T cos3x oe (nota multiple of this (unless recovered))
Al CSO = i
- 24

Mote an answer of Al 3 with no supporting working scores no marks as algebraie integration 15 specihied. But

alternative methods of integration are permissible. Two alternatives are:

5 3 5 z
A](ti j Sin;JCdx=J‘ Sinx(l—coslx)dx=J‘ sin x—sin xcos xdx Ml
0 0 0
NG
=!—cosx—{— CO; x” dM1A1
0
:25_4 Al
4)
T 1
b 5 !
A]:Z) u:cosx:d—u:fsinx: sin' xde= | u —1du Ml
dx 0 1
1
3 2
u
== dMI1 Al
1
:% Al
4)
(8 marks)
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Notes: First three marks as follows (final A is as main scheme).

Altl

MI:  Splitsas sin’ x =sinxsin® x and applies sin® x =1-co0s” x to get the integrand into and integrable form.

dM1  for sinx — +cosx and sinxcos” x — K cos’ x

3
Al —COSX— [— CO; x] oe (not a multiple of this (unless recovered))

Alt2

du . o , . .
M1 Sets # = cosx, finds o =xsinx and makes a full substitution using both of these to get an integral in terms of
u only. (Limits not needed for this mark).

dM1  for au’ —b — Au’ —bu

1
3 2

_u . . o . o . cos’x
Al For reaching | ——u | including correct limits or for undoing the substitution and reaching —Ccosx

3
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25. OCT 2020 [9]

9 (a)

(b)

Alt (a)

x> +2
x° —.')5—12)35‘l —x* —10x> +3x-9

xt—x® —1247
2x% +3x-9
2x> —2x-24
Sx+15
xt - —10x2+3x—9= 2

5 =x"+2+
x+x - 12

5(x+3)
(x—4)(x+3)

=x’+2+

(xi4) orstating P=2,0=5

5
(x—4)°
5 11

(2-4)7 4

g'(x)=2x-

Subs x=2 into g'(2)=2x2-

Uses m=g'(2) = [%) with (2, g(2)) = [2%} to form equation of tangent

7 11 11
y—E—T(x—Z)Dy—Ix—Z

dx=lx3 +2x,+5In|x—4|

2
I X +2+—(x—4) 3

Area R = |:%x3+2x+51n|x—4] :@+4+5m2)-(0+0+5m4)
0

=23—0+51n2—51n4=?—51n2

=2 =10x7 +3x-9=(x? + P)(x* —x—12)+ O(x+3)

Compare terms (OR sub in values) and solve simultaneously to find P and/or O
ie x>’ = P-12=-10, x=>-P+0=3, const=—-12P+30=-9
=>P=_.orQ0=..

P=2,0=5*

Award in the order shown here on ePEN.

MI1AI

M1

Al

MIAl

M1

dMI1ALl

M1 Alft

dM1

ddM1 Al

(14 marks)
M1

M1

AlAl

@

)

5
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(@)
M1: Divides to obtain a quadratic quotient and a linear remainder. May divide by (x—4) and then by (x+3) or

vice versa to reach these but must be a full process.

FYI: By x + 3 first gives X —4x+2x-3 as quotient, followed by X424+
x —

W0VED) 15 5 35 5
By x—4 first gives x° +3x” +2x+11+—— then x" +2+ + S>x 42+ —
x—4 x+3  (x+3)(x-4) x—4

Al: Obtains a quotient of x° +2 and a remainder of 5x +15

M1: Writes the given expression in the required form using x* —x —12 = (x —4)(x +3) or divides x+3 into
their remainder term.

Al: Correct answer. (P =2,0=5) May be awarded following an incorrect "ax® +2" quadratic factor.

Alt:

MI1: Multiplies though completely by the denominator and cancels the x—4 term.

MI1: Complete process of comparing coefficients or substituting values to find a value for either P or Q

Al: Either P=2 or for showing O = 5% (must have seen a correct equation for Q)

Al: Both P=2 and showing O =35% Note that O =5 is given so it must be shown from correct work, not just stated.

Note MOM1A1AQ is possible if Q is assumed and factorisation of x* —x—12 is never seen.

(b)
MI1: For Y - —2
x=4 " (x-4)
Al:For g'(x)= 2.1c7;2 . Note that this can be scored from an incorrect P.

(x—4)
MI: Attempts the gradient of C at the point where x =2
dM1: Depends on previous M. A complete method of finding the equation of the tangent. If y =mx + ¢ is used, they
must proceed as far as finding c.
Al: y=2.75x—2 or exact equivalent and isw.
xt—x*—10x" +3x-9
X+ x - 12

Note: This may be attempted from the original function g(x)=

M1: Scored for an attempt at the quotient rule A1 if correct and so on.

(ax® +bx* +ex+d)(x* +x—12) = (x" —x* —10x7 +3x - 9)(px +¢q)
(x> +x-12)
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(c)
M1: Attempts to integrate with J T - 7y dx — ..In|x - 4] Condone In(x—4)
2 5 1 3 . .
Alft: j X+ P+(—4) dy = Ex + Px+5In |x - 4| following through on their P.
~—

dM1: Dependent on first M mark. Attempt the area of R using the limits 0 and 2 in their integrated function and
subtracting the correct way round (or recovered).

ddM 1: Depends on both previous M’s. Scored for attempting to combine two log terms using correct log work

Allow the method and final accuracy if In(-2) —In(—4) — ln[j] =—In2 is used (bod that modulus is meant)

Do not allow if In(—a) — —Ina is used.

Al: cao ?—ilnl

MNote: If a candidate gives comrect values of m and ¢ in (b) and of @ and & in (c) but has not stated the answer in correct
form, then penalise only the first instance,
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