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Chapter 5: Trigonometric functions.

1-Definition of a radian
One radian is the angle made at the center of a circle by an arc whose length is
equal to the radius of the circle (see the figure below).

arc length =
radius length

radius

angle a = 1 radian

2-Conversion Degrees < Radians:

2-1 To convert from degrees to radians multiply by THO'

2-2 To convert from radians to degrees multiply by &T[O_

2-3Examples:

9 convert 15° and 315° to radian.

3
®  Convert % and TT[ to degrees.

3-Arc length vs arc measure:

3-1)Arc measure: The measure (in degrees) of an arc is equal to the measure of the
central angle that intercepts that arc.

3-2) Arc length: In addition to its measure, arcs have another property called arc
length. And since it is a length, it may be given in centimeters, meters, inches, ...
or any unit of length. We distinguish two cases:

3-2-a) If n 1s measured in degrees: 3-2-b) If O is measured in radians:
Length of an Arc Formula

Length =2
h 3600 X 25r radius |/ISI iz the arc length

arc _ ! central
length = radius« ggje

0 T B of more succinctly
radius

L S=T0

where the angle B must be
measured in radians




Note: When the arc length equals an entire circumference, we can use s = rx0 to
get 2tr = 10 and 2t = 0 This implies that 2t = 360°.

3-3)Example: How long is the arc subtended by an angle of %T radians on a

circle of radius 20 cm?
Answer: S=rx0= 20><— 109.956 cm.

4-Trigonometric circle (unit circle): Iy
The Unit Circle is a circle with its center at the origin )
(0,0) and a radius of one unit. Any angle has an initial
ray and a terminal ray.

Angles are always measured counter-clockwise from
the initial ray(here the positive x-axis) to the terminal
ray. Angles measured counter-clockwise have positive
values; angles measured clockwise have negative
values

In figure 4.b AM = % when rotating in the positive

direction and A}VI =— (ZT[ — l) = 1in when

6 6

rotating
in the negative direction

4-1) Note: When working in the unit circle, with radius 1,
the length of the arc equals the radian measure of the angle.
Since S=rx0 = 1x0=0 so S=0.(see fig 4.c) <

Thus in figure 4.b we have AM = AOM = %.

%
X,

And in figure 4.c BAA = BéA = 0.
4-2) Principal determination:
In ﬁgure 4.b we have:

AOM—AM = l one can notice that

i
b

(fig 4.c)

i T . .
? + 2m; ? — 2T ? + 4m; ? — 611,? + 611...? + 2kmt where k is any integer

all refer to the same point hence all are measures to the same arc that of initial
point A and terminal point M, these values are obtained by performing a complete
revolution(turn) several times either in the positive or negative orientation.



In general if O is the measure in radians of the arc AM then 8 + 2kt where k is

any integer is another measure of the arc AM and we write:

M(O)= MO + 2m)= MO + 4n)= MO — 4t) = ... = M(6 + 2km) where
k is any integer.

Among all these measures there is one who is called principal determination , and
it belongs to the interval | — m; + .

4-3) Exercise : Find the principal determination of

13 —7n 5m 32w 0. _ ° °
o, T, S S 2259 — 927° and 3705°.

5-Trigonometric ratios:

o - ¥

5-1) Definitions:

In the adjacent figure (C) is the trigonometric B T

circle, M(x,y) a point on (C),and a the measure T /
N A K H

in radian of the central angle QOx, OM) =AM. /S T .

In the triangle OHM right angled at H :

we define: 0 G HoA

. . __ _oppositeside _ HM _ y __

simsin = hypotenuse ~— OM ~— 1 Y-

COS COS O = adjacent side _ OH __ x __ X

) ~ hypotenuse ~— OM 1 7

tantan o = opPosite si.de — Iﬂ/l _ sina — _L.

adjacent side OH cosa X
coto = Sdacentside _ OH _ cosa _ 1 Trigonometric circle OM=1
’ opposite side HM sina tantan «

We can prove easily that tana = AT and cota = BT".

5-2 Pythagorean relation: If AM =x, where x is a real number that represents the

N
measure in radian of the arc AM we have:

. 2 2
sinx +cosx =1
— 1<sinx<1l and — 1<cosx<1.

5-3 Periodicity:
a) sinsin (x + 2km) = sinx.
b) coscos (x + 2km) = cosx.
c) tantan (x + km) = tantan (x).
d) cotcot (x + km) = cotcot (x).



5-4 Sign of the trigonometric functions:

ap° i
v I I
0,1) gin =0 sin = 0
Quadrant Il Quadrant | cos < 0 cas >0
tan =0 tan =10
. (10 _ wo X
180" 4 =1 » 0°,360°
I Iv
gin < 0 sin < 0
Quadrant Il Quadrant IV cos < () cos >0
(0,-1) tan =10 tan < 0
5-5
v b
ind cosx and tanx.

< 270°

b) Given cosx = _TZ andm < x < 3—2“ Find sinx and tanx.

¢) Given tanx =— 2 and — % < x < 0 Find sinx and cosx.

5-6 Trigonometric functions of some special angles:

Degrees | O | 30° | 45 | &0° ao®
Radians | 0 % } % %
sim & 0 % ”Tj \'_.? 1
cos 1 ";* \‘Tj % 0
tan 0 \f 1 /3 | Undefined
5-7 Associated arcs:
sin (-a) = -sina
cos (—a) = cosa
tan (-a) = -tana
sin (T-a) = sina sin (m+a) = -sina
cos(m—-a) = -cosa cos(m+a) = —cosa
tan (T -a) = tana tan (mr +a) = tana
. (T . (T
Sin (5—51) = CcoS a sin (E+a) = Cc0S a




To memorize the above formulas you may use the diagram below:

154

0y .
cos(%—l—a:): —sinx COS(E —z)=sinz

LT
sin(; + ) = cosx sm(2 — &) = cosx

cos(m —x) = — cos(x)
sin({m — x) = sin(x)
3 25 5 1s 1s 2 25
cos(m 4 x) = — cos(x) cos(—x) = cos(x)
sin(m 4+ x) = — sin(x) sin{—x) = — sin(x)

5-8) Exercise: Calculate the following trigonometric ratios (Use the table of
special angles and associated arcs):

3 3

AL . ,
b) cos cos( 3 ) sin sm(

)
C) coscos (T“) ; sin sin (—) and tan tan ( ) .

6
1 ) and tan tan ( 11“) )

a) Cos coS (— l) sin sin (— l) and tan tan (— 1) .

and tan tan ( 23 ) )

11m . .
d) cos cos (T) ; sin sin ( 2

5-9) Exercise: Given cos(%) = %E. Calculate:



sin sin (=) : cos(Z=): sin(— 2=): cos cos (-] : tan tan
mnis/; 10 ) St 10 ) 5 |

5-10) Exercise: Calculate the following:
a) sin(lSTﬁ) — cos|— 11“) + tan tan 4—“).

3 3
17m , 23m 7T
b) cos cos (T) - sm(T) — tan(T).

c) COSZ(%) + COSZ(S—ST[) + cosz(%) + cosz(%).
5-11) Exercise: Simplify:
a) E=sin(x+m)+sin(x+2 m)+sin(x- w)+sin(x-3 ).

b) F=sin(57n+x)-cos(x- m)+sin(3 w+x)+sin(-x).

c) G=cos(5 7t-x)-sin(3—21T + x)+cos(-x-77“)+sin(x+3 ).
d) H=cos(-n-x)—sin(5—; +X)+cos(-x— %)Jrsin(x-n).

e) I=tan(x+m)+tan(x-m)+tan(x— %)+tan(77ﬂ+x).

f) J=

sinsin (7m+x) +cos(3—2n—x)

2 2
sin” (m—x)+sin (S—ZT[—x)

5-12)Exercise: Given cosx+sinx=ﬁ where x is in the interval ]0;—5-[.

2

a) Show that (cosx + Sinx)2 + (cosx — sinx)2=2.
b) Deduce the value of cosx-sinx.
c) Calculate cosx, sinx, and tanx.

5-13) Exercise: verify the following identities:

a) COS cos (% + x) = Sin(%1T + x).
. , L _ 197
b) sin sin (x + 3) = CO0S Ccos (—12 + x)
. 2 .
c) (sinx + cosx) = 1 + 2sinxcosx.
2 . 2 , 2
d) tan x(l — sin x) = sin x.

e) SINXCcosx = Tranxtcotx

1+sinx _  cosx
f) cosx  1-sinx’
. 2 , 2 1 1
g) sinx —siny = — — >
1+cot x 1+cot'y

4 4 .2 2
h) cos x —sin x =1 — 2sin x = 2cos x — 1.

16m
5

—) and tan(—
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Chapter 5: Trigonometric functions(continued)

5-10) Exercise(Solution): Calculate the following:

. 13m 11m 41 . . 12141 —12m4+m
a) sin T — CO0S —T + tan tan T = sinsin T — COS cos T +

:\/§
17T . 231 7m 16T+ . . 24m—T1
b) cos cos (T) — SlTl(T) — tan(T) = CO0S coS (T) — sin sin (T) — tan

c) COSZ(%) + cosz(s—;) + 0052(3%) + cosz(%) = cosz( 8“8_n) + cosz( 4“;“) + cosz(ﬁ
5-11) Exercise(Solution): Simplify:
a) E=sin(x+m)+sin(x+2 m)+sin(x- w)+sin(x-3 7)= -sinx+sinx+sin[-(n-x)]+
sin(x-4m+m) =-sin(w-X)+sin(x+mw)=-2sinx.
b) F=sin(57n+x)—cos(x— 7)+sin(3 w+x)+sin(-x)= sin(m%er)—cos[—(n—x)]Jr

sin(2n+n+x)+sin(-x)=sin(2n+ %‘FX)— cos( m-x)+sin(n+x)-sinx= sin(%
+X)+CcosX-sinx-sinx.=2cosx-2sinx.

c) G=cos(5 7t—x)-sin(371T + x)+c0s(—x—%)+sin(x+3 )

2 —
n2+ = + x)+cos(-x— 8“2 =

=cos(n-x)-sin[1r+(% + x)]+cos(-x-4n+%)+sin(x+n)

=cos(4n+m-x)-sin )+sin(x+2m+1)



. s T .
=-cosxtsin(—- + x)+cos(-- — X)-sinx
=-cosx+cosx+sinx-sinx.=0.

d) H=cos(—7t—x)—sin(5—21T +x)+cos(-x— %)+sin(x—n)

4m+m
2

= cos(m+x)-sin(2m + % +x)+cos(x+ %)-sin(n-x).

= cos[-(m+x)]-sin( +x)+cos[-(x+ %)]+sin[—(n—x)].

=-cosx-sin(% +X)-SINX-SINX=-COSX-COSX-2SINX=-2C0SX-2SINX
e) I=tan(x+m)+tan(x-m)+tan(x— %)+tan(77“+x).
= tan(x)+tan[—(n—x)]+tan[—(% — x)]*+tan(31 + %‘*’X).
tan(x)—tan(n—x)—tan(% —x)+tan(%+x).
tanx+tanx-cotx-cotx=2tanx-2cotx.
f J- sinsin (7m+x) +cos(3—2“—x) __ sinsin (6n+m+x) +cos( 4n2—n —x) )
sinz(n—x)+sin2(i—x) sinz(x)+sin2 4“—;“—36)

sinsin (m+x) +cos(21‘r—%—x) B (x) +cos[—(%+x)] B (x) +cos(%+x) B

sinz(x)+sin2(2n+%—x) sinz(x)+sin2(%—x) sin’ (x)+cos” (x)
& _ ;
== =— 2sin(x).
5-13) Exercise(Solution): verify the following identities:
a) cos cos (% 0 x) = Sin(%T1T + x).
: . . .3
Solution: cos cos (% + x) = sm[% + (% + x)|= sm(TT[ + x).

Another method: Sin(?’T:[ + X)=

. . 2141 s . T _ T
smsm( 2 +x) = sinsin [ +(4+4)] —coscos(4+x).
. , L _ 197
b) sin sin (x + 3) = CO0S Ccos (—12 + x)
Solution:
in si LU I 1 ) =— or o, T
smsm(x +F) =— coscos[2 + (x + 12)] =— COS CO0S (x + 0t

2
c) (sinx + cosx) = 1 + 2sinxcosx.
Solution:

. 2 . 2 . 2 .
(sinx + cosx) = sin x + 2sinxcosx + cos x = 1 + 2sinxcosx.

2 , 2 , 2
d) tan x(l — sin x) = sin x.



2
sin x 2 2
X coS X = Sin Xx.

: 2 o2
Solution: tan x(l — sin x) =
COS X
L2 2 2 2 .2 2
Recall that:sin x + cos x =1 cos x =1 —sin x=sinx =1 — cos x
1

e) SINXCOSX = ranxtcotx

Solution: ! = ! = ! — 1 — sinxcosx
u * tanx+cotx T sinx | cosx T sin’x cos’x 1 - .
cosx ~ sinx cosxXsinx = SsinxXcosx sinxcosx

f) 1+sinx _ _ cosx

cosx  l—sinx’

. 1+sinx cosx . . 2
Solution: = — & (1 + sinx)(1 — sinx)=cos x (cross

cosx 1—sinx
multlplymg)
2 2

o1 — sin’x = cos'x © cos x=cos x (verified)

. . 1 1
g)smx—smyz — — >

1+cot x 1+cot'y

. 1 1 1 1 1 1

Solution: — — —= —~ — = T — =
1+4cot x 14cot y 1+( cosx) 1+( Cosy) smzx + coszx sm y Siny 4 cosy cos y
sinx siny sin x sin x sm y sm y
1 1
- 1 1
sinzx SL'nZy

4 . 4 2 2
h) cos x —sinx =1 — 2sin x = 2cos x — 1.
: 4 4 2 2 2 2
Solution: cos x — sin x=(cos X — sin x)(cos X + sin x)=
2 . 2 .2 2 : 2
cos x — sin x=(1 — sin x)—smx =1-—2sinx =cos x — (1 — cos x)=

.Zcoszx S
5-16) Exercise: Prove the following identities:

a) coscosx + sinxtanx =
coSsx

b) sinx + cosxcotx =

sinx
2
sin’ x 2 4
—  =tan x + tan x.
coS X
d) 1+cosx sinx 2
sinx 1+cosx ~ sinx °

. 2 3

e) Sin xcosSx + coS x = COSXx.
.2 2
f) 1-2sinx _ 1l-tanx

cosxsinx tanx
5-17) Exercise:
a) Prove the following identities:

. 2 tan’x 2 1 tanx
Sin X = ———5—,C0S8 X = —and sinxcosx =

14+tan x 1+tan X 1+tan2x '



1—25in2x 1—tan2x
b) Deduce that =

cosxsinx tanx

. 3 . 2
sin x+2sinxcos x
sinx+cosx

c) Write the function F(x)= in terms of tanx.

TT

5-18) Exercise: Let a be an arc such that 0 < a < —-.

2
Showthat\/ L L= e

2
cos a sin’ « tana




