
 

STAT 312 Week 6 Class 

Cumulative Distribution Function (CDF) 
Recall that the cumulative distribution function  gives the probability that a random 𝐹(𝑥)
variable is less than or equal to : 𝑥

. 𝐹(𝑥) = 𝑃(𝑋 ≤ 𝑥) =
−∞

𝑥

∫ 𝑓(𝑡)𝑑𝑡

 
In preparation for today, you examined the random variable , the time a student arrives at class 𝑇
(in minutes after class starts).  was assumed to have PDF  𝑇

  𝑓(𝑡) = { 
 𝑡+7

30
 − 7 < 𝑡 ≤− 1

  3−𝑡
20    − 1 < 𝑡 < 3

   0 otherwise 

 
and you calculated the CDF  for different values of  and graphed them. 𝐹(𝑥) 𝑥
 

 
 

 

https://docs.google.com/presentation/d/1z8PmAK82vBDZE9IS_EBs_idlSB0yyA5oq3bAifrgHIk/edit?usp=sharing


 

What are some properties of the CDF? 
 

●​ The CDF can only increase as you move from left to right. That’s because as you 
increase x, you can only accumulate more probability; you can’t lose probability. 

●​ As , . 𝑥 → − ∞ 𝐹(𝑥) → 0
●​ As , . 𝑥 → ∞ 𝐹(𝑥) → 1

 
 
Let’s come up with a formula for . 𝐹(𝑥)

 
  𝐹(𝑥) =

 

{
0  𝑥 ≤− 7

 (𝑥+7)2

60
 − 7 < 𝑥 ≤− 1

−𝑥2+6𝑥+31
40

   − 1 < 𝑥 < 3

1  𝑥 ≥ 3
 
What happens if you take the derivative of the CDF? 
 

 
  𝐹'(𝑥) =

 

{
0  𝑥 ≤− 7

 𝑥+7
30  − 7 < 𝑥 ≤− 1

 −𝑥+3
20    − 1 < 𝑥 < 3

0  𝑥 ≥ 3
 

This works because of the following: . This is 𝐹'(𝑥) = 𝑑
𝑑𝑥 𝐹(𝑥) = 𝑑

𝑑𝑥
−∞

𝑥

∫ 𝑓(𝑡)𝑑𝑡 = 𝑓(𝑥)

called the Fundamental Theorem of Calculus. 
 
 
 
 
 

 



 

Applications of the CDFs 
Finding Quantiles 
How would we use the CDF to find the median time that this student arrives at class? 
 
Set  and solve for . 𝐹(𝑥) = 0. 5 𝑥
 

  →    (𝑥+7)2

60 = 0. 5 𝑥 =− 12. 477, − 1. 523

 
Only one of these roots is in the range . So the median is . So 50% of the − 7 ≤ 𝑥 ≤ 1 − 1. 523
time the student arrives more than 1.523 minutes early; the other 50% of the time the student 
arrives less than 1.523 minutes early. 
 
 
 
 
 
 

Transformations 
In the R assignment for this week, you simulated the distribution of , where  was 𝑌 = 𝑈2 𝑈
uniformly distributed between 0 and 1. 

 

 



 

 

 
How would we find the PDF of ?  𝑌

●​ First find its CDF. 
●​ Take the derivative to get its PDF. 

 
The CDF is: 

 𝐹(𝑦) = 𝑃(𝑌 ≤ 𝑦) = 𝑃(𝑈2 ≤ 𝑦) = 𝑃(𝑈 ≤ 𝑦) = 𝑦
 
The PDF is the derivative: 

 𝑓(𝑦) = 𝐹'(𝑦) = 1
2 𝑦

 
 
 
 
 
 
 
Let’s graph this PDF on top of our simulations to check our answers. 

 

https://colab.research.google.com/drive/1-6w_OL31IYuBGBed3BEJ_5vYx6MZG2Zc#scrollTo=TgbNQi8iFw9S


 

Silent Auction 
Suppose  people submit independent bids  that are uniformly distributed between 0 𝑛 𝑈

1
, 𝑈

2
,..., 𝑈

𝑛

and 1 (thousand dollars). The winning bid is  
. 𝑊 = 𝑚𝑎𝑥(𝑈

1
, 𝑈

2
,..., 𝑈

𝑛
)

In the R assignment for this week, you simulated the distribution of . You saw that: 𝑊
 

●​ The expected value  gets closer to 1 as  increases. 𝐸[𝑊] 𝑛
●​ In fact, the whole distribution of  shifted to be closer to 1 as  increases. 𝑊 𝑛

 
Now let’s work out the math. 
 

●​ Calculate the PDF of . 𝑊
 
Strategy: Find the CDF and take the derivative. 
 

 𝐹(𝑥) = 𝑃(𝑊 ≤ 𝑥) = 𝑃(𝑚𝑎𝑥(𝑈
1
, 𝑈

2
,..., 𝑈

𝑛
) ≤ 𝑥)

    = 𝑃(𝑈
1

≤ 𝑥 𝑎𝑛𝑑 𝑈
2

≤ 𝑥 𝑎𝑛𝑑 ...  𝑎𝑛𝑑 𝑈
𝑛

≤ 𝑥)

    = 𝑃(𝑈
1

≤ 𝑥)𝑃(𝑈
2

≤ 𝑥)... 𝑃(𝑈
𝑛

≤ 𝑥)

    = 𝑃(𝑈
1

≤ 𝑥)𝑛

    = 𝑥𝑛

. 𝑓(𝑥) = 𝐹'(𝑥) = 𝑛𝑥𝑛−1

 
​ Let’s graph this PDF on top of our simulations to check our answer. 
 

●​ Calculate . 𝐸[𝑊]
 

. 𝐸[𝑊] =
−∞

∞

∫ 𝑥𝑓(𝑥)𝑑𝑥 =
0

1

∫ 𝑥 · 𝑛𝑥𝑛−1𝑑𝑥 =
0

1

∫ 𝑛𝑥𝑛𝑑𝑥 = 𝑛
𝑛+1

This agrees with what we saw in the simulations. As  increases,  approaches 1. 𝑛 𝐸[𝑊]

 

https://colab.research.google.com/drive/1-6w_OL31IYuBGBed3BEJ_5vYx6MZG2Zc#scrollTo=TiuPQyf1HJ8k

	STAT 312 Week 6 Class 
	Cumulative Distribution Function (CDF) 
	Applications of the CDFs 
	Finding Quantiles 
	Transformations 

	Silent Auction 

