Algo - L
Reminder
> Arithmetic Sequence
1.1,2,3,4,...,N
2.0,24,6,...N

3.0,k, 2k, 3k, ..., N

4.0,log N, 2log N, 3logN, ....,N
> Arithmetic Series and relatives

14+2+3+4+...+N = O(N?)

re 1

are O(N) terms
are O(N) terms

- Solving R rren

are O(N/k) terms, if k = constant i.e. O(N) terms

are O(N/log N) terms

1+2+3+4+...+log N = log N x log N = O(log? N)

12422432+, +N?= O(N?)

> Geometric Sequence
1. 1,2,4,8,16,....,N
2. 1,383,927, ...... . N
3. 1,k k4L K, ... , N
> Geometric Series

1. 1+2+4+8+.....+N
N+N/2+N/4+.. +8+4+2+1

are O(log N) terms
are O(log N) terms
are O(log, N) Terms

<= 2N is O(N)

=N(1+Y2+Vat Vet +2/N+1/N)

2. 143+3%+3%+ . +N

3. 143+3%+33%+. +N2

4. 1+3+32+33%+ 4T
Proof

is O(N)
<= 2NZis O(N?)
<= 2T is O(T)

S, = artar+ar’+ar*+ar‘+...+ar\"'

rS, =

ar+ar’+ar’+ar*+...+arV'+ar®

S,rS,= a-arV

S.(1-r) = a(1-r")
N
_ oa@=-r) _
Sn = (1—r) =

LimN::» inf cN =0

if 0<|c|<1

14+2+3+4+.. +N? = O(N*)
1+2+3+4+...+T = O(T?) where T = log N
1R +25+3%+ +Nk= O(N**")

forr=2 => 1(1-2N)/(1-2) = 2N-1

int Sum(int N)

{
if(N==0) return 0;
return Sum(N-1) + N;

}

o(1)
o(1)

BubbleSort(A, N)
{
if( BubbleUp(A, N))
BubbleSort(A, N-1);
}

O(N)

Bool BubbleUp(A, N)

{
Bool CH = false;

for(int i=0; i+1<N; i++)
{

if(A[i]>A[i+1])

{Swap(A[i], A[i+1]); CH = true; }
}

return CH;

}




T(N) = T(N-1) +1
T(N-1) =T(N-2) +1
T(N-2) =T(N-3) +1
T(N-3) = T(N-4) +1
T(N-4) = T(N-5) +1

T(2) =T(1) + 1
T(1) =T(0) +1

1+1+1+....+1 =N

T(N) = T(N-1) + O(N)
T(N-1) =T(N-2) +N-1
T(N-2) = T(N-3) +N-2
T(N-3) = T(N-4) +N-3
T(N-4) = T(N-5) +N-4

T(2) =T(1) + 2
T(1) T(0) +1
T(0) 0

142+3+4+5+...+N = O(N?)

T(N) = T(N-1) + N?
T(N-1) = T(N-2)  + (N-1)?
T(N-2) = T(N-3)  + (N-2)?
T(N-3) = T(N-4)  + (N-3)?
T(N-4) = T(N-5)  + (N-4)?

T(2) =T(1) + 22
T(1) =T(0) +1?
T(0) = 0

12+22+3%+...+N?= O(N?)

T(N) =T(N/2) + 1
T(N/2) = T(N/4) +1
T(N/4) = T(N/8) +1
T(N/8) = T(N/16) +1
T(N/16) = T(N/32) +1

:I'(2) =T(1) +1
T(1) = +1

T(N) = T(N/2) + N
T(N/2) = T(N/4) + N/2
T(N/4) = T(N/8) + N/4
T(N/8) = T(N/16) +N/8
T(N/16) = T(N/32) +N/16

:I'(2) =T(1) +2
T(1) = +1

T(N) = T(N/2) + N?

T(N/2) = T(N/4) + (N/2)? = N%/4
T(N/4) = T(N/8) + N%/16

T(N/8) = T(N/16) +N?/64
T(N/16) = T(N/32) +N2/256

:I'(2) =T(1) +2

14141441 = log N

1+2+4+8+...+N <= 2N

T(1) = +1

T(N) =2T(N/2) + 1

DN o™

T{N."ZE (N/2
T(N/4) T(N/4) T (N/
ﬁ!&} T(N/8) T(N/B) T(N/8) T(N/B) T(N/8) T(N/8)
V log N Levels down
1+2+272+27 3+, +N/4+N/2+N <= 2N

T(N) =2T(N/2) + 1

1+1=2

1+1+1+1 = 242

T(N/B) 1+1+1+...+1 = 243

2%logN =N*log2 =N

T(N) =2T(N-1) + 1

NZ(1+Ya+1/4% + 1/4°+1/4%+....+1/N?) <= 2N? = O(N?)




T(N T(N) =2T(N-1) + 1
i (( P\T( — (N) =2T(N-1) +
T(N-Z/ T(N-2) T(gz} T(N-2) 2A9

2"3

N Levels

1+2+242+...#2"N <= 2.2"N =2"(N+1)

Solve the recurrence for T(N) =3T(N-1) + 1 QUIZ




T(N) =a T(N/b) + N°
Master Theorem

1. If the cost remain constant over each level then the total cost is
O(one level cost) x # of levels (N° x log, N)

2.If the cost is decreasing over each level geometrically then the
total cost is the cost of 1st step. O(N°)

3.If the cost is increasing over each level geometrically then the
total cost is the cost of the last step (a'°%").

Total Cost on layer 0 = N°

Total Cost on this layer 1 =a* (N/b)°
Total Cost on Layer 2 =a’2. (N/b”2)°
Total Cost on Layer 3 =a”*3. (N/b”3)°
Total Cost on Layer 4 =a”4 . (N/b"r4)°

Total Cost on Layer # log, N = a’%" x O(1) = N(°9%,2

NS+ a* (N/b)c +ar2. (N/bA2)°+ ar3. (N/bA3)C +ard . (N/bAA) + ... +a®% ™ (N/brlog,N = O(1))°
N°¢ + a (N°/b°)+a? N°/b? + a® N°/b* + a* N°/b*® + ... + a°% N N°¢/p'°9, N)-

= N°¢(1+ a/b® + (a/b®)* + (a/b®)® + (a/b®)* + ... + (a/b%)°%N ) = (A)

Case1=> alb®=1
=N (1+ 1+ (1)%+ (1)*+ (1)*+ ...+ (1)°%N )= O(N°. log,N)

T(N) = 2T(N/2) + N’ a=2 b=2 c=1
2/2" =1
O(N x log, N)
T(N) = 4T(N/2) + N? 4/2%* =1
O(N?.log,N)
T(N) = 27T(N/3) + N° 2713 =1

O(N°.log; N )



T(N) = 2T(N/2) +N

T(N) N
T(N/2) T(N/2) N2 +N/i2=N
T(N/4)  T(N/4) T(N/4) T(N/4) N/4+N/4+N/d+N/d = N

Total Cost=N x (log_2 N)

T(N) = 4T(N/2) + N~2

T[N] ==== NA2
TN2)  TINI2) T(NI2)  T(N/2) ==>4x(N/2)*2 = NA2

Total Cost=N"2xlog_2N

Case2=> a/lb¢t<1 =0.5=1/2

= N°(1+ a/b® + (a/b%)® + (a/b®)® + (a/b®)* + ... + (a/b®)*%" ) = (A)
Example a/lb®=0.5=",

NC(1+ 1, + (1/2 )2 + (1/2 )3 + (1/2 )4+ e (1/2 )Iong ) = (A)

N° + N°/2 + N°/4 + N°/8+............. + 8+4+2+1 <= 2N° = O(N°)
Reminder:

N+ N/2+N/4+N/8+N/16 + .......

N(1+%+ %% +"%+116+...)= N.2=2N

142+ Ya+ Y%+ 116+ ... <=2

= N°/(1-a/b%) = O(N°)

Example



T(N) = 4T(N/8) + N

alb® = 4/8" = ¥, = O(N)

T(N) = 4T(N/8) + N

T(N) N
T(N/8) T(N/8) T(N/8) T(N/8) 4.N/8 =N/2
T(N/64) T(N/EA) T(N/BA) TNIEA)....couererrerrsrmrsrsssenssssssnensssnnsenens T(N/64) T(N/64) T(N/64) T(N/64) 16xN/64 = N/A
Reminder
N+N/2Z+N/4+N/8+........cccveerreeeeene + 8+4+2+1 <=2N

N+N/2+N/4+N/8+......+ N(log_84)  <=2N

for(inti=N; i>=1;il=2) O(log N}
for(int j=1; j<=i; j++)  O(N)

for(inti=N; i>=sqrt(N);i=2) Oflog N)
for(intj=1; j<=i; j+¥)  O([N)

Total Cost = O(N)

Case3=> a/b*>1 e.g.1.5
= N°(1+ a/b® + (a/b®)? + (a/b®)®+ (a/b®)* + ... + (a/b®)°%"N ) = (A)
= N°(1 + a/b°+ (a/b°)? + (a/b®)® + (a/b®)*+ ... + (a/b°)°%" )
Reminder:
Geometric Series, 1. if Decreasing, Bounded by the first term
2. if increasing, Bounded by the last term

= N° ( (alb®)% ")
— Nc ( alogb N / bc Iogb N)
= NC( aIong / Nclogb b) = _N_e( aIong /_N_e) = aIong



