CCEA 2021 A2 pure solutions 150 marks 150 minutes ET 188 minutes

1.
Fig. 1 below shows the rotor blades for the propeller of a boat.
Fig. 1
They are made up of four equal sectors of a circle of radius 30 cm.
(i) Ifthe total area of the blades is 3001 cm?, find the exact value of & in radians. [3]
area = 4 X %7'20
3007 = 2(30)%0
g~
6
(ii) Hence find the total perimeter of the blades. [3]

perimeter = 4 x rf + 8r
—4@@(W)+88®
N 6
= (207 + 240) cm (3sf)
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(a) State whether the following sequences diverge, converge or oscillate:

n
n+1

(i)
Converge to 0
o . N7
if) sin ==
G sin ()
Oscillate about 0
(b) (i) Use the Binomial Theorem to expand

V1 —3x
in ascending powers of x up to and including the term in x°
V1—3z = (1-3a2)?
1 1)(=L 1y(—1y(=3
zl—im—2x2—2—7m3
2 8 16

(ii) State the range of values of x for which the expansion is valid.

1 1
z| <1, ——-<z< o

[1]

[1]

[1]
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(a) Use the Trapezium Rule with 3 ordinates to find an approximate value for

4
j xcosxdx [5]
2
4-2
x 2 3 4
Y -0.8323 -2.9700 -2.6146

4
1
/ zcoszdr ~ 5(1)[—0.8323 —2.6146 + 2(—2.9700)]
2
~ —4.69 (3s)

(b) Part of a logo for a ski company can be modelled by the area between the curves
y=4x—x> and y=x>—6 as shown in Fig. 2 below.

y
0 ﬂ(
/ x
Fig. 2
Use calculus to find this area. [7]
3
area = / [(4m — ac2) — (m2 — 6)]da:
-1
3
= / (4z — 22* + 6)dz
-1
2 _ .2 3
dz—z"=2"—6 :[2m2—3m3+6m]
22 —2x—-3=0 3 -1
(z-3)(z+1)=0 =18 — (—E> :%units2
z=-1,3 3 3
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4.

(a) Find % for each of the following:

(i) »=sec’(2x) &
dy 4
i 5sec” 2x(2 sec 2z tan 2z)

= 10sec’® 2z tan 2z

. cotx
(i) y="&

dy _ (—cosec?z) (e**) — (cot z) (4e*7)

dz edz

—cosec?z — 4cot x

e4x

(b) A vase is modelled by rotating the curve

yZ\/)7+2

between the lines x = 0 and x = 4 through 2x radians about the x-axis, as shown in
Fig. 3 below.

yZ\/x+2
Ve N
/ \
/ \
! \
1 1 \
YARY 1 |
[ \ I |
O: t t L X
\ 1 | |
N/ | 4 |
~ \ !
-
=< \ 1
T~ \ /
S~ \ /
——_ o _N_.

Find the exact volume of the vase.

[7]
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4
volume = 7r/ (\/5 + 2)2da:
0

4
:7r/ (CL’+4CL'%+4)(1:L’
0

2 8 !
=7|—+ -z + 4z
2 3 0

1367

units®

(i) Write the following expression in partial fractions.

3x2—10x+5
(x + 1)(x —2)2 [6]
3z — 10z +5 A B C
= + +
(z+1)(z—2)7° z+1 -2 (g—2)
322 — 10z + 5= A(z — 2)> + B(z + 1)(z — 2) + C(z + 1)
r=-—1
18=A4(9) =A=2
=2
-3=C0C3) =0C=-1
z=20
5=2(4)+B(-2)—1(1) =B=1
322 — 10z +5 2 N 1 1
(z+1)(z—27> =+l -2 (z-2)
(ii) Hence show that
1
2_
J 51005 ]
o (k+D(x-2) [6]
1 322 — 10z +5 [ 1 }1
dr = |21 1) +ln(z—2
/o(w+1)(m2)2 R A Pl
1 1
:21112+ln|—1|+(_—1)—(2ln1+ln|—2|+m)
:ln2f%
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(a) Sketch the graph of y = sin (x) on the axes below for -1 <x <1 [2]

T
I
1
|
|
1

____________ T

2

(b) Express
cosx —V3sinx
in the form Rcos(x + ) where R is an integer and 0 <a <90° [7]

cosz — V3sinz = Rcosxcosa — Rsinzsin o
1=Rcosa

V3 =Rsina =tana=+v3 = 60°
R=+v1+3=
cosx — V3sinz = 2cos (z + 60°)

(¢) Starting with the appropriate compound angle formula, prove that

sin30=3sin0 - 4sin’ 0 [5]

sin 30 = sin (26 + 6)
= sin 260 cos 6 + cos 260 sin 0
= 2sinfcos? O + (1 — 25sin? 0) sin 0
= ZSinH(l — sin? 9) +sin@ — 2sin® 0
= 3sinf — 4sin® 0
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7.
(a) Solve the inequality [2x — 1> 5 [4]
20 —1=5
z=3
1-2z=5
r=—2

r>3 Ux< -2

(b) The graph of the function y = f(x) is sketched below in Fig. 4
The graph cuts the x-axis at A(2,0) and has an asymptote of x = 1

yd

of 11 /JA@0

Fig. 4

(i) On the axes below, sketch the graph of

y=1f(2x)+3
and clearly label the image of A and the asymptote. [3]
Yy N
A’ ¢ (1,3)
O

l\J|v—

V
=
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(ii) On the axes below, sketch the graph of

y=—f@+2)
and clearly label the image of A and the asymptote. [3]
| YN
I
I
|
|
|
|
|
I A"
. 0 >
l
|
|
|
|
|
|
|
(¢) The functions f and g are defined as:
f(x)=xl—£)1 xe Rox>1
o(x) =e>*¥ xe R,x>0
(i) State the range of f(x) and the range of g(x). [2]
Range of f(z) : y >0 Range of 8(%) : y > 1
(ii) Find the inverse f !(x), stating its domain. [4]
10
y= z—1
r—1= E
Yy
f(z) = % +1
domain of f *(z) = range of f(z)
domain of f*(z) =z > 0
(iii) Find the composite function fg(x), stating its domain. [3]
10
fg(z) = 5

domain =z >0
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8.
Find the equation of the tangent to the curve
X%+ 5ylnx—xy2 =0
at the point (1, —1). [11]
2m+5£lnw+ % —7 —m(2y%) =0
dz T dz
5(1) 2 dy\ _
240+ 0} —(-1) —1(—25) =0
dy
- =3
y+1=-3(z—1)
y=—3z+2
9.
(a) Find
J‘lnxdx 5]
/lnmdm:/l X Inx dz
:a:lna:—/a;<l>da:
X
=zlnz—x+c
(b) Using the substitution x = %sin@ evaluate
1
3
V4 — 9x2 dx
[12]

0
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da = —cos ¥t

d9 3
B 5 4 2
/3 V4 —9zidz = /6 \/4—9(—sin2 0) (—cos(?dG)
0 0 9 3
T 2
:/ 21 —sin29<—cos0d0)
0 3
= é‘/6 cos2 0do
3 Jo

- /6(1—|—cos20)d9
0

- 1 %
0+ —sin 29]
L 2 0

Wl Wl w|N
T 1

Il

| —=
w|
+
N~

10.

(i) Find the four values of x for which the curve
y=12e ¥ cosx
has stationary points in the range 0 < x < 4n

Write your values in ascending order. [8]

d
% _ —V2e *cosx — V2 “sinz =0

dz
e "#0
—cosz —sinz =0

sinx = —cosx

tanx = —1
o
m——z—l-?m
_37r 7w 11w 15w
YT a0 T T

(ii) Show that the corresponding y values of the stationary points found in (i)
form the first four terms of a geometric progression. [4]

10
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4 2
77T In 1 _
;1;2_T7y2: 2e 4 —2 —e 4
117 > 1}Tw< 1 > BRIt
L3 = — Y3 = € ——= ) = ¢
4 \/§
157 15_1( 1 ) _ 157
$4:—,y2: 2e 4 —_— = e 4
4 2
Y2 6774” — e
Y1 —e_%T’r
_ln
& — —¢ ! —_eiﬂ-
Y2 -
_ 157w
W
a:—ef%,r:—e 4

(iii) For the geometric progression defined in (ii), find an exact value for the sum
to infinity. [2]

Soo

11.

The path of a train on a model railway can be represented by the parametric equations

x=2+4t and y=sin2¢

(i) Find the co-ordinates of the stationary point on this curve for 0 < ¢ < % [6]
dy _dy
de  dt dz
_ 2cos2t
4 +4
cos2t =0
o= L 3T
27 2
t= T
4
71_2 2
y=1

2
(ii) Using 37)2} classify this stationary point. [6]

11
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d’y  —4sin2t(4t +4) — (2cos2t)(4) dz

dz? (4t + 4)* dt
d’y  —16sin2t(t+ 1) — 8cos2t
o 5 (4t +4)
z (4t + 4)
f"(%) = —5.12 < 0, maximum point.

12.

Water leaks out of a small hole in the bottom of a paddling pool.

The rate at which the water leaves the pool is proportional to the square root of the
volume of water that remains in the pool.

The 1nitial volume of water is ¥V,

If % of the initial volume leaks out in the first hour, find how long it takes for

the pool to empty. [10]
dv
_E_k\/‘—/
/V—%dvz—k/ dt
W = —kt+te
t=0,V ="V,
2v Vo = +c
2V? = —kt + 2V
4
t:]_ = —
vV 9Vo
4
2,/5%:—k+2\/vo
2
kzg\/%

2
W= —2VVit +2V%

0=—=V%+ VT

= 3hours

12



