Analysis
Lesson 26
Natural Log and L’hopital’s Rule

This lesson has two parts which can be done on different days.

For students who do not have their calculus textbook, you may wish to use the free
calculus textbook that MIT has posted online. It is better to usethe calculus textbook you
learned from because it will use the notation you are familiar with but if you are needing a
reference the MIT one can be used.
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Part I: Natural Log,
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Watch Playlist Ln-1to09.
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Classwork: complete the above proof in two column form. Also carefully plot y=1/t and
draw the rectangles beneath the curve.
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HW1: Prove the first HW above imitating the proof of the theorem we just proved.

HW2: Prove the second HW above for natural numbers ¢ by induction using the theorem
we just proved above.
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HW3 Write the show for proving this is an increasing sequence and make this the final
line. Extra Credit for proving this. Do not use Ln in the proof but you may use Log base
10. Also Extra Credit for proving the sequence is bounded above (very difficult)
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Hint for Part Il extra credit:

First prove the derivative of exp(x)=exp(x) using the limit definition of derivative and the

limit defn of e.

Next use the fundamental theorem of calculus to show
the derivative of Ln(x) is 1/x

Let F(x) =exp(Ln(x)) and work to show F(x)=x as follows

First note F(1)=exp(Ln(1))=exp(0)=1 by defn of exp and Ln

Use the chain rule to show F’(x)=exp(Ln(x))(1/x)=F(x)/x for all x>0
Thus F’(x)/F(x)=1/x for all x>0

Integrate both sides from 1 to b



On the left integral do u sub u=F(x)

integral from F(1) to F(b) of 1/u du = integral from 1 to b of 1/x dx
Since F(1)=0 we have Ln(F(b))=Ln(b)

Since Ln is strictly increasing it is one to one thus F(b)=b

Thus exp(Ln(b))=b.

For extra credit write this as a two column proof.
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Part 2: L’hopital’s Rule
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Watch Playlist L’hop-1t06. If you are far behind schedule you may watch only the first
three videos in this playlist.


https://youtube.com/playlist?list=PLRHpZu30FKOX2wOBSot0AXR3Tmy9UMdWC
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