Modern Algebra and Number Systems
Lesson 10
Subgroups

This lesson has two parts. Part 1 is required for all students. Part 2 is only required for
MAT615 students.

Part |

Review groups from before Exam 1. You may also wish to review inverses of matrices
which explains how to find inverses of matrices.

Watch Playlist 314F20-10-Part1 and do HW1-5:

| apologize for the audio going in and out but you can hear it all if you turn up the volume. |
think the cord for my microphone is either broken or was going in an out of the socket. Note
that everything of importance is written down so you can probably watch it silently if that is
easier for you.



https://docs.google.com/document/d/1HAZtI6iAkrglu0BsGvhPsoWO09IDJQesX1HDrA2UTvY/edit
https://www.youtube.com/playlist?list=PLRHpZu30FKOXnxWJXRxPqrVDL3uvXsOMT
https://www.youtube.com/playlist?list=PLRHpZu30FKOV10zwZdNaNqtCxhfl-Ltxi
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DEFINITION A subset H of a group (G,+) is called a subgroup of G if the
elements of H form a group under ».
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THEOREM 5.1 Let H be a nonempty subset of a group G. Then H is a
subgroup of G if and only if the following two conditions are satisfied:

i forallabeH, abeH, (closed under *®)

i) forallacH, a1, Cclosed wnder inverses)

Procj:::'h::j::a Prove. {( b) laJ*bc:]z

Is a.SukaronP of Gdﬂm

(u]m]
(u]a]

& & B ©

VAR

8@ 4%E
[ﬁ Modern Algebra & Number Systems S X e

% Modern Algebra & Number Systems[]]

C)ra.:v\‘:]e (22-3-"3 r's a subgroup of (Z,+)

(QZ +) is o- Srou.

e

22

e bi Aar/ o eM“"a" e
add ‘even A“Mbeps 32‘5:5&23
Given a.Ay a, &22’ 2
ol can ca“d'e a=2n bye
colhere '\\"‘

by the defn of X

be cauge
P

a+ b=2n+2m —Q(A('vﬂ [97 Fac"'ol'ﬂ\B

€22 because AimE€
. asseC [strae because + is asse

for all iateqers. LA
s identity O mC e

for any

e inuerses: i]Co.GZZ

>

a€2Z
RPLEIN,

-a=-2n<= 2["\)5222 L\e/k’léz

because —N€

a+(-a) =0 =(-=) ¥~ v

wS

'S o Sm(p&r\ou? O_FZ—



3:04 AM Sun Sep 27
< 0o
0o

X Modern Algebra & Number Systems[]j X Abstract_Algebra_1-5

Example :(5(;7 55 ’ Q,»,,cenzzﬁ H

S hooo oC IMW °$G_L_(3)l2)_
s a s« -
Recedll G—LC?,,[IZ} are (avertt bLe€
matrices " e i+

< Le_co"
o] b ST
So His a saloset of 6=6LGkK,

~ A4S
To prooe H- % a%&@%’i

Shoces [+ €5 on HToUNp.
» brr\a-r7 oreraﬁq’d,\
((a\b,> (mz z)__

L - X & \ Cq —

0o | co )

(; at & byt Ak b,

e H

(ond ;‘as; req’s Gboue

= (@ c,+C\
0o o

because 0 below diagq
% Mul+

assocC

~

. a.ssoC{q:Hd( because Mﬁi‘"é

s Q @ a

@ Modern Algebra & Number Systems @ -

0@ 38%E)
< 88 () Modern Algebra & Number Systems @ -

X Linear Algebra % Modern Algebra & Number Systemsm

Identity Re knows I= ;‘,‘:3'3 Bas
. Mxl‘:—m:jxl’l wMee \°=!

Check T € H: ?’8.57 A':L:c:a ‘/\

1 6] (o -b [l G g [l-a ~btal
ocllo[ol—c’)«—’; oLd |o( ~c
ool lco | ﬁ'qu oo | oo U

é'ff’}‘i‘)e H

Tnoerse s

o i ] zeroe?
A 2 ﬁﬁ
e [ —C/Adac WQ
: olrc M
oo 1 oo\LJ \q’a\,e
b O -brsecth e =—
_T(ol (4 -.—.I
C o l
il P B
oo | ool

Q @ t



3:12 AM Sun Sep 27

< BB M

Abstract_Algebra_1-5

Abstract_Algebra_1-5

B4 © [T

SECIIUIN 3

SUBGROUPS
Lot s

gy O & &
Le$son|0

Review (G,¥)is = A~p

near ration
@) T s anbe 6
Yo, beet
@RS So efq.‘]": Ve* a"c\ (aOL\*C o

L ‘I. s lcle.nf'lf [
as e *a.}: axe=a HaEb

@'ec_(é‘ﬂ e[emg,‘-} P has an

-l
- I’'noverfe @ eé s-"é
avo!l watse=C

DEFINITION A subset H of a group (G ) is called a subgroup of G if the
elements of H form a group under =
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THEOREM 5.1 /Let [H be a nonempty subset fof a group G. Then H is a
group of G if only 1 the following two conditions are satisfied:
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ii) foralla€H,a"'€H.

Proof (on rign

vse Thm 8.1 4o Prove. { ,;b) IaJ-bo:]Z

Is a.SukaronP of Gdﬂm

e = =
Cece wnder Averses

“ Section 5. Suberouns

@

T @ C@3B%e )

—— ®

< 88 (1} Modern Algebra & Number Systems <5 X .-

% Modern Algebra & Number Systems[]]

B © &

O O &
Proaf € ThmS.L

Given °
CtageA U-I\,A-el\

Ya,be H

r\,éae
Clgsqei “ Fate

Show Igﬂw-mf asdo C Léeuh{y(
ané spverses-

%bH

Preof? . bgei
mﬂd\y OL/ U/I\,J‘&r ;)
c (D) *1s e
2)asso  and HE




4:40 AM Sun Sep 27 — T @@ 16%0% )

< 88 [ﬁ Modern Algebra S:NumberSystemsé) X ees
X ModernAIgebra&NumberSystems[]j @ *l SQ && (% (;) @ E —e
D'/ O I KB OB @ T =

’<¢ QXA.MFLQS o‘F Su_laarou'rs (@\203, X> (& (6\203, X-)

; sabset .
So Fhis
o zy\owr -
rs b 0 F

< 88 [ﬁ Modern Algebra 8:NumberSystemsé) X ees

A

i-0+li e € = s SR

¢ ° / (R
< ¢ 7 :gl 5) (-- il 9 ) E ( c) = PR b‘f-L;cJB:c:

b LA R [- 2 - (% T J_‘i'i [

=l m’fePMO" inverble
Sl o ?C)
peprataeenstl C? g[écn’] -5 ]t °

2 >

ERINE ][ 4%
o= LT, KL IS K L?S

ook'
Qﬂf%‘éé\“’ﬂr’ gee ook




4:40 AM Sun Sep 27 — T @@ 16%0% )

< 98 @ Abstract_Algebra_1-5

(hy Modern Algebra & Number Systems ¢ X ...

o'/ O Y& QB m|=°
(R\§o3, %) e (€\203,)
50\.'95‘3"' So '{’L\.“j
a F /$ o\lza'ro\,‘\o

X Abstract_Algebra_1-5 Dj

3 —e
by QY & L B O
9. Let G= GL(2,C), the general linear group of degree two over the
complex numbers. THis is the set of all invertible matrices
a,+ayi by +byi é/_J
r\% oo di+dyi)

where the a’s, b’s, ¢’s, and d’s are real numbers and i>= — 1, under matrix
. multiplication. [All you need to know about multiplying complex numbers at

this point is that

(a+ bi)(c+di)=(ac— bd)+ (bc +ad)i.
That is, you just multiply it out and replace i by —1.]
We are going to consider a subgroup of G that is of order 8, called t
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Let Qg={(1, —1,J, —J, K, — K, L, —L}, where I (for “identity”) is, of
course, ", f , and —J is, for example, (;" ‘.’) To show that Qg is in fact a
subgroup of GL(2,C) it suffices to check that Qg is closed under matrix
multiplication and inverses. Closure under multiplication follows from the

facts that Clsed Trverses
< —=

Q 3[ 3¢
B ] ["] (r2] 2

grj KL -I5-K- L?S

[(QA- S“L%N“f‘ ?%ecpb,?:og

Ji=K*=L*=—1

and K/=-L,JK=L,KL=J, LK=—-J,JL=—K, L
peuse-under inverses follows from the fact th
an[For example, J(—J)=—J2=—(— Gwe S
out {rat-beeatise Qg is a finite subset of GL(2,C) it was really enough to check
just closure under multiplication.
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then a/a* =a’** €({a). Finally, {a) is closed under inverses since if a’ €{a)
then (a/)'=a~ €{a).

Klein 4 grouP

3. Let’s find all the subgroups of Klein’s 4-group, V'={e,a,b,c} with
a*=b*=c’=e, ab=ba=c, ac=ca=b, bc=cb=a. The only subgroup that
contains none of a, b, or ¢ is obviously {e}. If a subgroup contains just one of
a, b, or ¢ then it is either {a), {(b), or {c). If it contains two of a,b,c then by
the definition of multiplication in ¥, it contains the third as well, and since it
contains e it must then be V. Thus the subgroups are {e), {a), {b), {c), and

/8 |Let G be any group and let a € G.. Then <a) is a subgroup of G. For \\

“ clearly a)#, and <a) is closed under multiplication since if a/, a* €<a)

q

V.

Klein’s 4-group is thus an example of an abelian noncyclic group with the
property that all of its proper subgroups are cyclic. (A subgroup H of G is
proper if H#G.)
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‘e sometimes make a schematic picture of the subgroups of a group by
drawing what is called a subgroup lattice. The subgroup lattice for Klein’s
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3. Let’s find all the subgroups of Klein’s 4-group, V'={e,a,b,c} with
a’=b*=c’=e, ab=ba=c, ac=ca=b, bc=cb=g. The only subgroup that
Gontains none of a, b, or ¢ | lst'Vl‘oTsry'( a subgroup contains just one of
a, b, or c then it is either {a), (b), or {c). If it contains two of a,b,c then by
the definition of multiplication in V, it contains the third as well, and since it
contains e it must then be V. Thus the subgroups are {e), {(a), {b), {c), and

V.
Klein’s 4-group is thus an example of an abelian noncyclic group with the

property that all of its proper subgroups are cyclic. (A subgroup H of G is
proper if H#G.)
‘e somelimes make a schematic picture of the subgroups of a group by
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THEOREM 52 Let G be a cyclic group. Then every subgoug of G is cxclic.l
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Note that in the lattice you don’t repeat a subgroup. For example above we only have
and don’t mention

Do HW1-HWS5 (if you are behind schedule you may skip HW5)

Part 2:

Watch Video 314F20-10-9 and Video 314F20-10-10
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8. If G is any group, then the center of G, denoted by Z(G), is the subset Z\ (4 s 5 7 P +
. ' y 2 on ar

ing of those that with everything in G. Thus

Z(G)=(zE€G|zx=xz forallx€G}.

(The Z comes from the German word “Zentrum.”) /\ G‘Uen Q aﬁm G_ f ke
Hwﬁs T;fug";;;_"h"/s&.s.w., p. Ccn{-er o‘? & ZCG«\
Soniz 2(c)-§z2| vxe6 ex=xe

Exarple (Shat o5 e center

R e
b o) 22 | g\

Of course, if G is abelian, then Z(G)=G; but if G is nonabelian, then '
Z(G) [ G. As a specific example, let’s try to figure out what the center of
GL(2,R) looks like.

Suppose (: :) commutes with everything in GL(2, R). Then since (‘: t")
€ GL(2,R), we have

%CG

.

) d
Thlsmeansmalg__fudbzr:'s‘;){a b)( Z-(G) = E (21( zz" %‘1\
Furthermore, since (' ‘)E Glf(2 :) wel;lsoahave L k ] ( gh g7.‘! )
that is, a Xo I))E( X: z), coa, b (‘./

(Z &)‘ s 27‘1) Sie {'\Y vanl fousS

Thug b=0,)so every element of the center has the form (; g), a#0. It is

easy to see that, conversely, all elements of this form are in the center, so ( Xit )() 7 \ C ’ >
] — /
=

Z(GL2,R))= {(" : 0)|a#0}.
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In this case the center is clearly a subgroup, and it is not hard to see that ‘
Lthe center is alw oup, no matter what group G is (Exercise 5.22). x'u k 12 6
9. Let G=GL(2,C), the general linear group of degree two over the xl( x?? o l

complex numbers. This is the set of all invertible matrices

[ay+ayi by +byi\
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Of course, if G is abelian, then Z(G)=G; but if G is nonabelian, then
Z(G) C G. As a specific example, let’s try to figure out what the center of C d

GL(2, R) looks like. (VR
Suppose (: 5) commutes with everything in GL(2, R). Then since (‘17 (‘)) {'\ Y uvanl O S /
€GL(2, R), we have i X1t \ 2 ol /
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that is,
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This means that g;f and b-=_£, so —E-

b)(

a b =(a
Furthermore, since (‘ ‘)GGL(Z R) we also have ﬂy ( )(x“ XIIB (“2‘]\ q:'? ‘3
X Q¥ &
— Re 2 2 22
b a)(o 1))"(0 le a)’ ¢ ' <

that is, =¥ %5 A\ ¢
d X YI? £ X 1z
(Z &g=(a-;b b%‘ja)_ ( :[ Xz Z\ (Yllo\ \‘ZZ
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58 Let G=(x) be a cyclic group of order 144. How many elements are there in
the subgroup (x%)?

59 Let mZ and nZ be subgroups of (Z, +). What condition on m and n is equivalent

to mZ CnZ? What condition on m and n is equivalent to mZUnZ being a
subgroup of (Z, +)?
5.10 Prove that every subgroup of an abelian group is abelian.

5.11 Let G be an abelian group, and let n be a positive integer. Let
of G consisting of all x € G such that x"=e. Show that H is a flibgroup of G.
5.12 Find the center of:
a) V;
b) Qs

5.14 Prove that the intersection of two subgroups of a group G is itself a subgroup
of G.

5.15 Show that if H and K are subgroups of the group G, then H U K is closed under
inverses.

5.16 Give an example of a group G and a subset H of G such that H is closed under
multiplication but H is not a subgroup of G.

5.17 Suppose H is a nonempty finite subset of a group G and H is closed under
inverses. Must H be a subgroup of G? Either prove that it must, or give a
counterexample.

5.18 a) Show that it is impossible for a group G to be the union of two proper

subgroups.
b) Give an example of a group that is the union of three proper subgroups.

5.19 Let G=(x) be an infinite cyclic group. Show that all the distinct subgroups of
G are (e, {x),{x),(x,<x),(x%), o

520 Let G be a finite group with no subgroups other than {e} or G itself. Prove that
G is cither the trivial group {e} or a cyclic group of prime order.

5.21 Let G={x) be a cyclic group of order n. Find a condition on the integers r and

= X C{x").

522 Let G be a group. Prove that Z(G) is a subgroup of G.
23 Let G be a group, and let g € G. Define the centralizer, Z(g), of g in G to be the

—_—\
29=(x<ls=s o | Hlﬂql

5.24 Let G be a group and let H be a nonempty subset of G such that whenever
X,y € H we have xy~'€ H. Prove that H is a subgroup of G.
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521 Let G=(x be a cyclic group of order n. Find a condition on the integers r and

Qx> C{x*).
JHwY)

23 Let G be a group, and let g € G. Define the centralizer, Z(g), of g in G to be the
subset

Abstract_Algebra_1-5

—_—\
29=tx<0ls=s o | Hlﬂql

524 Let G be a group and let H be a nonempty subset of G such that whenever
%,y € H we have xy~' € H. Prove that H is a subgroup of G.

54 Section 5, Subgroups

)

5.25 Let G be a group and let a be some fixed element of G. Let H be a subgroup "

of G and let aHa ™" be the subset of G consisting of all elements that are of the

form aha~", with h € H. Show that aHa ™" is a subgroup of G. It is called the
conjugate subgroup of H by a.
526 Let H be a subgroup of the group G and let N(H)={a€ G|aHa™'= H}. (See
Exercise 5.25 for the definition of aHa~ ) Prove that N(H) is a subgroup of

G.
5.27 Lot © be a finite abelian group. Show that G is cyclic iff G? the property that

for every positive integer n, there are at most » elements x iff G such that x"=e.
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521 Let G=(x be a cyclic group of order n. Find a condition on the integers r and

Qx> C{x*).
JHwY)

23 Let G be a group, and let g € G. Define the centralizer, Z(g), of g in G to be the
subset —
2Z(g)={xEG|xg=gx}). <’ l Hpql

524 Let G be a group and let H be a nonempty subset of G such that whenever
%,y € H we have xy~' € H. Prove that H is a subgroup of G.

54  Section 5, Subgroups J@.

5.25 Let G be a group and let a be some fixed element of G. Let H be a subgroup ‘
of G and let aHa ™" be the subset of G consisting of all elements that are of the

form aha~", with h € H. Show that aHa ™" is a subgroup of G. It is called the
conjugate subgroup of H by a.
526 Let H be a subgroup of the group G and let N(H)={a€ G|aHa™'= H}. (See
Exercise 5.25 for the definition of aHa~ ) Prove that N(H) is a subgroup of
G.

— ® FTae1%I%)
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5.27 Let G be a finite abelian group. Show that G is cyclic iff G4 the property that
for every positive integer n, there are at most » elements x iff G such that x"=e.
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524 Let G be a group and let H be a nonempty subset of G such that whenever
x,y € H we have xy ~' € H. Prove that H is a subgroup of G.

54  Section 5, Subgroups J@

5.25 Let G bea group and let a be some fixed clement of G. Let H bea subgroup )
of G and let aHa ™" be the subset of G consisting of all elements that are of the

form aha~", with h € H. Show that aHa ™" is a subgroup of G. It s called the
conjugate subgroup of H by a.
526 Let H bea subgroup of the group G and let N(H)={a€ G|aHa™'= H}. (See

Exercise 5.25 for the definition of aHa~'.) Prove that N(H) is a subgroup of
G.
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for every positive integer n, there are at most n elements x i G such that x"=e.

Hwlo

527 Lot G be a finite abelian group. Show that G is cyclic iff G? the property that
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For HW9 and HW10, please send me your given and show for your two oroofs before doing the
proofs. Also since the variable a is used in the defns of these sets use x and y as sample points
in the subgroup for the closure under * and for inverses.




