Modelling

Value of credit risky derivative = Value of credit riskless derivative + counterparty credit risk adjustmen

This can be written as
Ea() AtS,J, J7) = A(t.S) + US,],, ]9

where

]f, ]f € {0, 1} are jump processes

Also, we assume

The risk free bond P accrues at the riskless rate r dPt/ Pt = rtdt

The bank’s risky zero-recovery bond P” accrues at rate r° de/ Pf = rfdt — d]f
Counterparty’s risky 0-recovery bond P” accrues at rate r° de/ Pf = rfdt — d]f
The asset S drifts with u_and diffuses with volatility o dS = pSdt + oS th

We also assume that th d]f & d]f are independent

Equation (1) has the following boundary conditions:

1. AtS,0,1) =R max(A(t, S),0) + min(A(t, S),0)

This boundary condition states that if the counterparty defaults (]f =0, ]f = 1) with
recovery rate RC then the bank receives either nothing or RC times the value of the asset

attime t

2. A(t, S,1,0) =R.min(A(t, S),0) + max(A(t, S),0)

Here, it states that if the bank default then the bank pays the full value of the asset

3. A(T, Sp1,0) = A(T,S)
The payoff at expiry


https://docs.google.com/document/d/1WqLTcw3SlCLpwHpE1dKWVczymcP1zphOz-iSaVug7VI/edit?usp=sharing

A hedged self financing portfolio can be represented as

M =AS +aP +pP +x=—0A4
t t t t t t t t t

In the above hedged portfolio, the proceeds of the risky derivative are reinvested into
e a hedge amount for the asset At St

e the bank’s own bond a Pf

e the counterparty’s bond Bt Ptc

e cash X,
The change in the portfolio is given by

B c R
Eq(2) dIl L= At dSt + a dPt + Bt dPt + dxt —— dAt

Assuming that the cash can be rebalanced between the three assets or funded at the rate rF
N F C

dxt = dxt + dxt + dxt

where

S
dxt = At(ct - qt) St dt

c is the income or dividend from the asset and q if the funding cost

c c
dxt = — Btrt Pt dt

assumed to be financed at repo rate and accrue at riskless rate

dXtF = [rt max(— At —a Pf, 0) + rtF min(— At - Pf, 0)]dt

if positive then funded at riskless rate, if negative then funded at funding rate

From It&’s formula for jump diffusion, we get

Eq(3)
A 0A, 4 g o A A B . . Co - ~
dAt = (5 + 70‘t5t F) dt + — dSt + dJ [At(l, 0) — At(O, 0] + dJ [At(O, 1) — At(O, 0)]
if bank defaults if counterparty defaults

Set the hedges in Eq(2) as follows



A, == aAt /08,
a = [A(1,0) —A(0,0]/P

B
B, = [A,(0,1) —A(0,0)]/P;

Substituting these hedges and Eq(3) into Eq(2) we get the following Partial Differential Equation
where all the stochastic factors are now cancelled

aAt 1 2 ZaZAt aAt A Fra A A B4 A
- T 70,5, e + (qt - Ct) S, —~ rA =5, [At + At(l, 0) — At(O, 0)] - 7\t [At(l, 0) — At(O, 0)]

—2"[A,(1,0) — A (0,0)]

where

stF = rtF -, the spread of the funding rate over the risk free rate

)\tB = rtB —r_can be interpreted as the intensity of default of the bank

as represented by the spread on the bank rate
Atc = rtC —r_can be interpreted as the intensity of default of the counterparty

as represented by the spread on the counterparty rate

The solution to Ut in Eq(1) can be written as

T
B 0
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where
T
[x du

Dx(t, T) =e' ’ the risky discount factor equivalent to a default density



The above equation can be interpreted as

Counterparty Credit Risk Adjustment = DVA + CVA + FVA
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