Modern Algebra and Number Systems
Lesson 7
Theorems about Groups

Warning: homework must be done following the methods taught in the videos. If not
done this way, the feedback will simply be “watch the videos”. Everyone will have
exactly one opportunity to receive feedback and resubmit work. Don’t waste that
opportunity by not watching the videos.

Watch the Playlist 314F20-Lesson7 imagining that you have a private tutor (me) helping
you read this chapter of the book and giving you as much time as you need to work each
problem out before providing hints. Don’t forget you can upload everything you’ve done
and truly ask me for a hint at any time.


https://www.youtube.com/playlist?list=PLRHpZu30FKOWzhjtpbQIqbkJoETXo0F1B
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THEOREM 3.1 (Uniqueness of the identity element) If (G,+) is a group, then
there is only one identity element in G.

PROOF. We must establish that if e and e, are two elements of G both of
which satisfy the defining property of an identity element in G, then in fact
e=e,. That is, we assume that x+e=e*x=x for all x in G and x+e,=e *x
=x for all x in G, and we then proceed to show that e must equal e,.
By the assumption on e, we have in particular (taking x to be e,)
ere=ere =e;
By the assumption on e,, we have (taking x to be e)
exe=¢re=e.

Thus we have e, =exe,;=¢, and the proof is complete. [J

THEOREM 3.2 (U of inverses) If (G,*) is a group and x is any
element of G, then x has only one inverse in G.

PROOF. We must show that if both y, and y, satisfy the definition of an
inverse of x, that is, if x+y,=y,sx=e and x*y,=y,*x=e¢, then in fact
M=y

25

G X e

B3 ©@ I =°

X Modern Algebra &... [:D

ol OO &

®

< B8 @ Modern Algebra & Number Systems <5 X ...

B3 © I =°

Lessorx 7

Oefn: P §rowp (G—,*\ rs aset
of elements 3&G— and a
© w“'fa'r\ *

beG

b\’t\ar’f
Vo.,’pG'G' a'*+
t rs associe AT

ék?/ beeG ox(pwc)s COLE
a,h, an+"é7 eG'G

i
there ¢S _ xxe =X

eG e€e*X

{keV:e are Fnoenses (e
Vxe 6 g)/ G'-G;ﬁ e
X*y --)’*" .

= @54% @ )




11:04 PM  Mon Aug 31
< BB N
X Abstract_AIgebraJ-SED

o OO &

Abstract_Algebra_1-5 S X e

B3 ©@ I =°

SECTION 3

Z cssen 7
FUNDAMENTAL THEOREMS
ABOUT GROUPS

THEOREM 3.1 (Uniqueness of the identity element) If (G,+) is a group, then
there is only one identity element in G.

PROOF. We must establish that if e and e, are two elements of G both of
which satisfy the defining property of an identity element in G, then in fact
e=e,. That is, we assume that x+e=e*x=x for all x in G and x+e,=e *x
=x for all x in G, and we then proceed to show that e must equal e,.
By the assumption on e, we have in particular (taking x to be e,)

e re=ere =e;
By the assumption on e,, we have (taking x to be e)

exe=¢re=e.

Thus we have e, =exe,;=¢, and the proof is complete. [J

THEOREM 3.2 (U of inverses) If (G,*) is a group and x is any
element of G, then x has only one inverse in G.

PROOF. We must show that if both y, and y, satisfy the definition of an
inverse of x, that is, if x+y,=y,sx=e and x*y,=y,*x=e¢, then in fact
M=y

25

X Modern Algebra &... [:D

ol OO &

< 88 (hy Modern Algebra & Number Systems ¢ X ...

B3 © I =°

Lessorx 7

0&;0 3 H Bhoq,r (G-,*\ s Q.S‘{‘

og eleaments 39G' and a

b\’t\ar’, operation *
Va,be & “'*EreG
+ fs associ= A 4

ék‘:/a b : cG ox(puc)s(a* b)xc

S o "Jan+l'é7 CG’G

= x*C =X

(n

.ekgrc ce & s
¢ e
{keV:e Cihe Fncenrses
VX‘f@' gyé"c ‘.:e
Xx»y =)y roof

Toy o weite W2 6
of Theote™ J“. st ‘cq,“'“o
g {-a-'\’emed-s Sk \YL 5

- @53% @ )




11:15 PM  Mon Aug 31 — = @51%@

< 8B H M Abstract_Algebra_1-5 S X ++ < 83 [ (1 ModernAlgebra & Number Systems ¢ X

X Abstract_AIgebra_‘I—S[:D X Modern Algebra &[:D

DO Y & B E=la' Y &L O =1

Th 3. \ The fdentity element ¢S
chse.\ B4 Son3 :m ue (-H\c"t ts 00“[ one of *‘““’b-
FUNDAMENTAL THEOREMS 7
ABOUT GROUPS All had ua

%F" rou (éﬂ\ s a set6
urH\ 2 Lfnfﬂ"' .ﬁq:"levu E oM ’H
Va,bé G w‘r’ae@ R ) z\;(z-,m
£hat (s assocrative’ Dsc (Z +m° 13 ‘
o, b,ce G a+(bwc) T =G> [Jew{"ﬂ'b/

has an Cdentify element’ O was the

el 5. VxeG eux=x»e=X _ =0
“"%C er\-viasei L O+ = O.+O

VxeG Jyeb st xxy = y*x"
THEOREM 3.1 (Unlqmitheﬁaﬂymt) If (G,+) is a group, then r(G+ > * > .‘"
] group, ;’JG'\' L

there is only one identity element in G. t
PROOF. We must establish that if e and e, are two elements of G both of , (X} as p
which satisfy the defining property of an identity element in G, then in fact p - !E V -— e
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THEOREM 3.1 (Uniqueness of the identity element) If (G,+) is a group, then
there is only one identity element in G.

PROOF. We must establish that if e and e, ar¢ two elements of G both of
which satisfy the defining property of an identity element in G, then in fact
e=e,. That is, we assum~ that x*e=e*x=x forall x in G and x*e,=e,*x
=x for all x in G, and we then proceed to show that e must equal e,.
By the assumption on e. we have in particular (taking x to be e,)

e re=ere =e,
By the assumption on e,, we have (taking x to be e)

exe,=e re=e.

Thus we have e, =e e, =e, and the proof is complete. []

THEOREM 3.2 (U of inverses) If (G,*) is a group and x is any
element of G, then x has only one inverse in G.

PROOF. We must show that if both y, and y, satisfy the definition of an
inverse of x, that is, if x+y,=y,sx=e and x*y,=y,*x=e¢, then in fact
M=y
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Thus we have e, =e+e,=e, and the proof is complete. []

THEOREM 3.2 (U ollmusu)lf(Gﬁnsagmupandxlsany
| element of G, then x has only one inverse in G.

PROOF. We must show that if _m », and y, satisfy the definition of an
inverse of x, that is, if x+y,=y,*x=e ai@ x*y,=y,*x=e, then in fact
——
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We will take some of the given information and use it to deri
equation which has y, on one side and y, on the other. It may leap to your
eye, for example, that e
— e

Xy =Xy
T,

X’ ‘e can do this by using more of the given information, namely the Tact
;Eal 1 *x=e. We multiply both sides by y,:

yir(xey)=yix(xey).
By using associativity, we get from this

iex) o=+ x) ey
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THEOREM 32 (Uniqueness of inverses) If (G,*) is a group and x is any
' element of G, then x has only one inverse in G.

PROOF. We must show that if both y, and y, satisfy the definition of an
inverse of x, that is, if x+y, =%, +x=e aid@ xsy,=y,*x=¢, then in fact
e ——
Y=V
Ll

Pr‘oo; not Zcf dony
“NTwlfn P

26  Section 3. Fundamental Theorems about Groups
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X’ ‘e can do this by using more of the given information, namely the Tact
;Eal 1 *x=e. We multiply both sides by y,:

yre(xep)=pi#(x2y,).
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By using ass;ociaﬁvit;, we get from this [ eav N
(i) vy =(p,x) 2y, v ot j

e ) Rl
ndi

HW1 is in here:

% Modern Algebra &... [I]

OO & = F =
Thm 3.2 (Vniqueness of In.oerccg\
If (6% s a 3o~ow]> and x6G

then g'yéé- s.t. X#*Yy= y-)‘x =C.
q ol\'y ene y

Proop by Conteradiction -

+the Con
a;;ﬁ: S-l::::r o:he +two uwerJGs Yl

n el en\X €6 Huesie
for an © ‘("S by InJ—‘rc—:“{' ljleun
@ X*y, ¥Xx=c O'W,,_%“—”

( s~ys Ys B
O e n < GELLL
{des =€
@x'“7=X*yt @bo""\s es 3
A~

sep 2 +step.
mu“"P M,
@, o yeton) B
)G *Y, Y 7‘ a=b 9)"_*:;"'7'
OY‘ Ob aS9°¢' w-‘y "ﬁf\f‘."} “J‘
Dexy=C*Nh @57;*;‘ 2 e e
® N E

Y2 5 0nlyone inverse. &ED




11:51 PM  Mon Aug 31
< B O M

% Abstract_Algebra_1 —SED

u— ® = @a%E

< 83 [f (N Modern Algebra & Number Systems &

Abstract_Algebra

X Modern Algebra &... [:D

D'/ O 9 & C D'/ O 9 &

B3 ©@ I =°

’&sh. e can dowthis b{ﬁ lmlg, Thor?duf :xe given information, namely H w l {
at y, * x = e. We multiply both sides by y,: &
‘ \j ‘00
e () =ps (xep). La".k AT 'l'e ur & secon ‘r
— N
By using associativity, we get from this {CQU (N
—_—
";ﬁ:&:&@/ OQ{J 6‘? Thm 3'2
exy,=esy,, l/ *

+he

as desired. [

N~ J%Sﬁ"&#‘?

The proof is finished, but we are going to do it again in a slightly
different way to illustrate the fact that there are often several different ways
to prove something. Suppose, for example, that the equation x sy, = x +y, did
not leap to your eye, and that you just took one of the equations given, say

yirx=e,
to start with. If you want to get from this an equation with y, on one side and
y, on the 1, then certainly you observe that y, is already on the left, and
we can get y, on the right by multiplying both sides by y,: c
(n*x)sy,=exy,
=Yz
Now if only we could get rid of the x and y, on the left-hand side, we’d be

done; but we know from the equations we had to start with that x+y,=e, so
we rewrite the left side by using associativity, so as to bring x =y, into play:

yix(x2y) =y
Y1*e=yy
N=V»

and we are done. [J
‘We emphasize the significance of what we have just proved twice: The
group axioms simply assert that for any x, there must exist an inverse; our
theorem says that once you know you’ve got a group, any x has precisely one

inverse.

Section 3. Fundamental Theorems about Groups 27

Example Let (G,) be GL(2,R). Then by applying our general result in this
specific case, we conclude that if ( ) is an invertible matrix, then there is

a b
¢ 4
only one matrix (¢ /) such that

HW2 and HW3 are here: (if you are late you may skip HW2)
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THEOREM 33 If (G, +) is a group, then for any x € G we have (x~")~'=x.
PROOF. Since x ~! is the inverse of x, we know that x™'sx=x+x"'=e. By
these equations, x satisfies the definition of (x~")~', so x=(x"")"" by the
uniqueness of inverses. []

That was slick, but let’s do it again in a slightly different way. We know
that x ~'«x=e. We want to get from this to an equation with x on one side
and (x~')~" on the other. We need to get rid of the x~' on the left side, so
let’s multiply both sides by (x ')

) e (xex)=(x") e
((x™)7"sx"")sx=(x"")"" (using associativity on the left)
exx=(x"")""
x=("""\0O

HW4 and HWS5 are here: (if you are late you may skip HW5)
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Example Let G=(Z, +). Then for this example the theorem says that —(—n)

=n for any integer n. H w ‘*

THEOREM 34 If (G, +) is a group and x, y €G, then
(x+y) =y lex T

PROOF. ) erse'j

e ex ) =xe (e ex7Y) P el

=xa((pey)ex)=xe(erx Y mxox"Ime,
and similarly we can show that (y ~'+x~')#(x*y)=e. (Do it!) Thus the { + h e
element y ~'+x ! satisfies the conditions that define (x+y)~’, and since we w ~ l A As
already know that inverses are unique, this implies that y~'+x~' and L(,‘,M
(x*y)~! must be the same element. [] ~ 2 °°
&
neeJ +

THEOREM 35 Let (G,+) be a group and let x, y €G. Suppose that either
x+y=eory+x=e. Theny is x~

PROOF. Suppose that x*y=e. We wish to solve this equation for y, so let’s
multiply both sides by x '

“le(xay)=x"lve.

( Section 3. Fundamental Theorems about Groups El

HWB®6 is in here:
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(x+p)'=plexL
PROOF.
(xep)e(y7hex ) =xe(pe (7 ex7Y)

=xe((yey ) ex)=xu(esx")=xex"lme,

and similarly we can show that (y ~'sx~")#(x*y)=e. (Do it!) Thus the
element y ~'+x ! satisfies the conditions that define (x+y)~', and since we
already know that inverses are unique, this implies that y~
(x*y)~! must be the same element. []

+x~! and

.

THEOREM 35 Let (G,+) be a group and let x, y €G. Suppose that either
xsy=eorysx=e. Thenyis x~ '

PROOF. Suppose that x*y=e. We wish to solve this equation for y, so let’s
multiply both sides by x '

xa(xey)=x"lve.

Section 3. Fundamental Theorems about Groups 29

(x7tex)sy=x71,
esy=x"1,
y=x"L
A similar argument shows that y * x = e is also by itself sufficient to guarantee
thaty=x"". (Do it!) O]

The same solving of an equation proves the more general
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The same solving of an equation proves the more general

THEOREM 3.6 (Cancellation laws) Let (G,*) be a group and let x, y, zEG.
Then:

i) if x*y=x%z, then y=z; and &.

ii) if yxx=2z*x, theny=z.

roof ie it TS H-#sCalled the left cancellation law,

THEOREM 3.7 Let G be a set and = an associative binary operation on G.
Assume t there is an el t e€ G such that x+e=x for all xEG, and
assume that for any x € G there exists an element y in G such that x+y=e.
Then (G, *) is a group.

The element e is called, Phigd e element y associated to x

B that we know would

B

. But having [3.1]

imnlied the ane hefare it <o that when we finallv arrived at a true eanation
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THEOREM 3.7 Let G be a set and » an associative bi tion on G.
Assume that there is an element e € G such that xse=x for all xE€G, and
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assume that for any x € G there exists an element y in G such that xsxy=e.
Then (G, *) is a group.

—

The element e is called @ right identity, and the element y associated to x
is called 4 right inverse of x. In order to prove the theorem we have to show
that G satisfies all the axioms for a group, and since we have assumed that *
is a binary operation on G and = is associative, we have only to verify that e
is, in fact, also a left identity, that is, e+=x=x for all x € G; and that a right
inverse y of x is also, in fact, a left inverse of x, that is, ysx=e.
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HWT7: Fill in the justifications in the following 3 proofs for Thm 3.7 Part Il and determine
which 1 or 2 of the following 3 proofs is correct. Be careful only to use right inverses.
You may use Part | to justify a step in Part Il.
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Is this a Froo{-‘ of PartT?
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Ts this a fMA of Partw?
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There are 7 homework problems listed above and discussed with hints in the videos.



Start a new homework googledoc with the same template as before and name it
MAT314F20ex2-lastname-firstname

or

MAT615F20ex2-lastname-firstname

for all lessons leading to exam 2.

Warning: homework must be done following the methods taught in the videos. If not
done this way, the feedback will simply be “watch the videos”. Everyone will have
exactly one opportunity to receive feedback and resubmit work. Don’t waste that
opportunity by not watching the videos.

Since there is only one correct answer to the problems in Lesson 7, | share the perfect
solutions by one student here. You can use these to check your work after you are done
doing the homework. Hopefully this will help students catch up quickly rather than
waiting 24 hours for feedback. | will still be grading hw that has more than one correct
answer in future lessons..
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