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Prompt: If ,  then  𝑓(𝑥) = sin 𝑠𝑖𝑛 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥 𝑓4𝑛 𝑥( ) = − 4( )𝑛𝑓(𝑥)
 

1.​ To show the prompt is true 

 𝑓 𝑥( ) = sin 𝑠𝑖𝑛 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥  

 𝑓' 𝑥( ) = sin 𝑠𝑖𝑛 𝑥 cosh 𝑐𝑜𝑠ℎ 𝑥 + cos 𝑐𝑜𝑠 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥    

𝑓'' 𝑥( ) = sin 𝑠𝑖𝑛 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥 + cos 𝑐𝑜𝑠 𝑥 cosh 𝑐𝑜𝑠ℎ 𝑥 − sin 𝑠𝑖𝑛 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥 + cos 𝑐𝑜𝑠 𝑥 cosh 𝑐𝑜𝑠ℎ 𝑥       = 2 c

 𝑓'''(𝑥) = 2𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥  − sin 𝑠𝑖𝑛 𝑥 cosh 𝑐𝑜𝑠ℎ 𝑥)  

 𝑓𝑖𝑣 𝑥( ) = 2𝑥 cosh 𝑐𝑜𝑠ℎ 𝑥  − sin 𝑠𝑖𝑛 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥  − sin 𝑠𝑖𝑛 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥 − cos 𝑐𝑜𝑠 𝑥 cosh 𝑐𝑜𝑠ℎ 𝑥  )  

 = 2𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥  ) = 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥  = − 4( )1𝑓(𝑥)

 𝑓𝑣 𝑥( ) = − 4( )1𝑓'(𝑥)

 𝑓𝑣𝑖 𝑥( ) = − 4( )1𝑓''(𝑥)

 𝑓𝑣𝑖𝑖 𝑥( ) = − 4( )1𝑓'''(𝑥)

 𝑓𝑣𝑖𝑖𝑖 𝑥( ) = − 4( )1𝑓𝑖𝑣 𝑥( ) = − 4( )2𝑓 𝑥( )

 𝑓𝑖𝑥 𝑥( ) = − 4( )2𝑓'(𝑥)

 𝑓𝑥 𝑥( ) = − 4( )2𝑓''(𝑥)

 𝑓𝑥𝑖 𝑥( ) = − 4( )2𝑓'''(𝑥)

 𝑓𝑥𝑖𝑖 𝑥( ) = − 4( )2𝑓𝑖𝑣 𝑥( ) = − 4( )3𝑓 𝑥( )

The derivatives will continue in the same way and, in general,  𝑓4𝑛 𝑥( ) = − 4( )𝑛𝑓(𝑥)

 

2. Using  to differentiate sinh 𝑠𝑖𝑛ℎ 𝑥 = 𝑒𝑥−𝑒−𝑥

2  

 𝑓 𝑥( ) = sin 𝑠𝑖𝑛 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥  = sin 𝑠𝑖𝑛 𝑥 𝑒𝑥−𝑒−𝑥

2( ) = 1
2 𝑒𝑥 sin 𝑠𝑖𝑛 𝑥 − 𝑒−𝑥 sin 𝑠𝑖𝑛 𝑥 ( )

 𝑓' 𝑥( ) = 1
2 𝑒𝑥 cos 𝑐𝑜𝑠 𝑥 + 𝑒𝑥 sin 𝑠𝑖𝑛 𝑥 − 𝑒−𝑥 cos 𝑐𝑜𝑠 𝑥 + 𝑒−𝑥 sin 𝑠𝑖𝑛 𝑥 ( )

 = 1
2 (𝑒𝑥 − 𝑒−𝑥) cos 𝑐𝑜𝑠 𝑥 + (𝑒𝑥 + 𝑒−𝑥𝑥 [ ]

 𝑓'' 𝑥( ) = 1
2 𝑒𝑥 − 𝑒−𝑥( )𝑥) + 𝑒𝑥 + 𝑒−𝑥( ) cos 𝑐𝑜𝑠 𝑥 +  (𝑒𝑥 + 𝑒−𝑥𝑥 + 𝑒𝑥 − 𝑒−𝑥( ) sin 𝑠𝑖𝑛 𝑥 [ ]

 = 𝑒𝑥 + 𝑒−𝑥( ) cos 𝑐𝑜𝑠 𝑥 
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 𝑓'''(𝑥) =  𝑒𝑥 + 𝑒−𝑥( )(− sin 𝑠𝑖𝑛 𝑥) +  𝑒𝑥 − 𝑒−𝑥( ) cos 𝑐𝑜𝑠 𝑥 

𝑓𝑖𝑣(𝑥) =  𝑒𝑥 + 𝑒−𝑥( )(− cos 𝑐𝑜𝑠 𝑥) + 𝑒𝑥 − 𝑒−𝑥( )(− sin 𝑠𝑖𝑛 𝑥) +   𝑒𝑥 − 𝑒−𝑥( )(− sin 𝑠𝑖𝑛 𝑥) + 𝑒𝑥 + 𝑒−𝑥( ) cos 𝑐𝑜𝑠 𝑥

 =− 2 sin 𝑒𝑥 − 𝑒−𝑥( )𝑠𝑖𝑛 𝑥 =− 4 𝑒𝑥−𝑒−𝑥

2( ) sin 𝑠𝑖𝑛 𝑥 =− 4 sin 𝑠𝑖𝑛 𝑥 sinh 𝑠𝑖𝑛ℎ 𝑥 = − 4( )1𝑓(𝑥)  

 

3. An additional generalisation 

 𝑓'' 𝑥( ) = 2 cos 𝑐𝑜𝑠 𝑥 cosh 𝑐𝑜𝑠ℎ 𝑥  

 𝑓𝑣𝑖 𝑥( ) = − 4( )1𝑓''(𝑥)

 𝑓𝑥 𝑥( ) = − 4( )2𝑓''(𝑥)

In general,  𝑓4𝑛−2 𝑥( ) = 2 − 4( )𝑛−1(cos 𝑐𝑜𝑠 𝑥 cosh 𝑐𝑜𝑠ℎ 𝑥  )

 


