See this page in the course material.

Learning outcomes

e Conduct a chi-square goodness-of-fit test. Interpret the conclusion in context.

Here we continue with the details of the chi-square goodness-of-fit hypothesis test. A
goodness-of-fit test determines whether or not the distribution of a categorical variable in a
sample fits a claimed distribution in the population. The chi-square test statistic is our measure
of how much the sample distribution deviates from the population distribution.

As with other hypothesis tests, we need to be able to model the variability we expect in samples
if the null hypothesis is true. Then we can determine whether the chi-square test statistic from
the data is unusual or typical. An unusual x? value suggests that there are statistically significant
differences between the sample data and the null distribution and provides evidence against the
null hypothesis. This is the same logic we have been applying with hypothesis testing.

Example

Distribution of Color in Plain M&M Candies

Recall the claim made by the manufacturer of M&M candy: the color distribution for plain
chocolate M&Ms is 13% brown, 13% red, 14% yellow, 24% blue, 20% orange, 16% green. We
used this distribution as our null hypothesis.

Ho: The color distribution for plain M&Ms is 13% brown, 13% red, 14% yellow, 24% blue,
20% orange, 16% green.

H.: The color distribution for plain M&Ms is different from the distribution stated in the null
hypothesis.

Suppose we buy a large bag of plain M&M candies to test these hypotheses. We randomly
select 300 from the bag and view this as a random sample from the population of all plain M&M
candies. Our observed counts along with the expected counts are shown in the following ribbon
chart and the table. Recall that the expected counts come from the null hypothesis.
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We see that the sample distribution is very close to the null distribution for some colors and not
others. The deviation appears largest for blue and orange. When we calculate the chi-square
statistic, we see that these colors contribute the most to the chi-square value.

Color Brown | Red | Yellow | Blue | Orange | Green
Observed 38 32 o1 o8 74 47
Expected 39 39 42 72 60 48

[latex]\begin{array I\ text{I\text{\text{}\text{}text{\text{Itext{\text{Itext{\text{Mext{\text{}\text{}
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{\mathrm{x}}*{2}=\frac{{(38-39)}"{2}}{39}&plus;\frac{{(32-39)}"{2}}{39}&plus;\frac{{(51-42)}{2}}{4
2}&plus;\frac{{(568-72)}*{2}}{72}&plus;\frac{{(74-60)}*{2}}{60}&plus;\frac{{(47-48)}"{2}}{48}\\
\text{\text{}\text{}\text{}\\ \text{}\text{}\text{}\text{}\text{}\approx
\text{}\text{}\text{}\text{}0.03\text{}\text{}\text{}\text{}\text{}\text{}&plus;\text{}\text{}\text{}\text{}\text
{Ntext{}text{}\text{}1.26\text{}\text{}\text{}\text{}\text{}&plus;\text{}\text{}\text{}\text{}\text{}1.93\text
{Ntext{}text{}\text{}text{}&plus;\text{}\text{}\text{}\text{}\text{}2.72\text{}\text{}\text{}\text{}\text{}\te
xt{}&plus;\text{\text{\text{}\text{}\text{}\text{}3.27\text{}\text{}text{}text{}text{}\text{}&plus;\text{}\
text{}\text{}\text{}\text{}\text{}\text{}0.02=9.23\text{}\end{array}[/latex]

What can we conclude? Is this chi-square value unusual or typical? To answer these questions,
we must take many random samples from the population described by the null hypothesis. As
we have done before, we use a simulation to take random samples. We do this in the next
activity.



Try It

Reasoning from the Chi-Square Sampling Distribution

Click here to open the simulation.

Use the simulation o sclect at least 40 random samples from the population of plain M&Ms described by the null hypothesis. Based on your results,
write a conclusion to the hypothesis test in the context of M&M candics

Check Answer

See this interactive in the course material.

Try It

Reasoning from the Chi-Square Sampling Distribution

Recall the distribution of political views for registered voters in 2008: 24% liberal, 38%
moderate, and 38% conservative. We want to determine if the distribution is the same this year.

H,: The distribution of political views this year is 0.24 liberal, 0.38 moderate, 0.38
conservative.

H.: The distribution of political views this year differs from the 2008 distribution stated in
the null hypothesis.

Previously, we used the data shown in the table to calculate the chi-square test statistic of 1.61.
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Paolitical views | Liberal | Moderate | Conservative
Observed B0 105 115
Expected T2 114 114

liberal moderate conservative

2 _ (80-172)° , (105- 114)* ,(as- 114)*
x 72 114 114
~ 089 + 071 + 001 =161

What can we conclude?

Click here to open the simulation. Use this simulation to select at least 40 random samples from
the null distribution.

Use the simulation below these next questions to select at least 40 random samples from the
null distribution.

Compared to chi-square values from random samples, the chi-square test statistic of 161 15 [Select]

. Therefore, we  [Select) the null
hypothesis,

Check Answer

See this interactive in the course material.

Now mark each conclusion valid or invalid.

The distribution of political views for all registered voters this year is different from the distribution in 2008, [Select]

Check Answer
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this interactive in th rse material.

The sample from this year does not differ significantly from the distribution of political views in 2008, [Sclect]

Check Answer

this interactive in th rse material.

The distribution of political views for registered voters in 2008 was 24% liberal, 38% moderate, and 38% conservative. The sample from this year docs
noi provide strong evidence that the disiribuiion for all registered voters has changed. [Sclect]

Check Answer

See this interactive in the course material.

We can infer from this year’s data that 38% of registered voters are conservative, but there has been a significant increase in the percentage of liberals
and a decrease in the the percentage of moderates since 2008, [ Select]

Check Answer

See this interactive in the course material.
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See this interactive in the course material.

In the previous activities, we based our conclusions on a relatively small number of random
samples. If we continued taking random samples, the resulting distribution of chi-square
statistics has a pattern that can be described by a mathematical model, called the chi-square
distribution. As with other models for sampling distributions, this model is a probability model.
The total area under the curve equals 1. We again use the area under the curve to represent the
probability of sample results occurring if the null hypothesis is true. This means we again use
the mathematical model with technology to find a P-value.

Chi-Square Distribution

Unlike other sampling distributions we have studied, the chi-square model does not have a
normal shape. It is skewed to the right. Like the T-model, the chi-square model is a family of
curves that depend on degrees of freedom. For a chi-square goodness-of-fit test, the degrees of
freedom is the number categories minus 1. (Sometimes this is written (r — 1), where r represents
‘rows” in the one-way table of observed counts.) The mean of the chi-square distribution is
equal to the degrees of freedom.

A chi-square model is a good fit for the distribution of the chi-square test statistic only if the
following conditions are met:

e The sample is randomly selected.
e All of the expected counts are 5 or greater.

If these conditions are met, we use the chi-square distribution to find the P-value. We use the
same logic that we use in all hypothesis tests to draw a conclusion based on the P-value. If the
P-value is at least as small as the significance level, we reject the null hypothesis and accept
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the alternative hypothesis.

The P-value is the likelihood that results from random samples have a x? value equal to or
greater than that calculated from the data. As before, the P-value is a conditional probability
based on the condition that the null hypothesis is true. For different degrees of freedom, the
same ¥? value gives different P-values. For example, a chi-square value of 8 is statistically
significant for a = 0.05 with 3 degrees of freedom. This is not true for 5 degrees of freedom. As
shown below, this is due to the change in the chi-square curve.

Degrees of freedom =3

P-value = 0.0480

] 5 [T 15 ET
800 Chi-square statistics

Degrees of freedom = 5

P-value = 0.1562

0o 3 o 15 20
200 Chi-square statistics

Try It

Hypothesis Test about the Color Distribution for Plain
M&Ms

Recall the hypothesis test about the color distribution for plain M&Ms.

Ho: The color distribution for plain M&Ms is 13% brown, 13% red, 14% yellow, 24% blue,
20% orange, 16% green.

H,: The color distribution for plain M&Ms is different from the distribution stated in the null
hypothesis.



From the null hypothesis, we determined the expected counts for a sample of 300. A random
sample of 300 M&Ms gave the observed counts shown in the table. We calculated a chi-square

statistic of 9.23.

Colar Brown | Red | Yellow | Blue | Orange | Green
Observed 38 32 &1 ] T4 47
Expected EE] EE] 42 T2 60 48

Click here to open the simulation.

Use the simulation 1o find the P-value.

) 0.1002

See this interactive in the course material.

Al the 5% level of significance, what can we conclude?

() We have strong evidence that the color distnbution for plam M&M's difters from what s stated 1n the null hypothesis.

See this interactive in the course material.
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Comment

Goodness-of-fit is an extension of the hypothesis test for one population proportion that we
learned in Inference for One Proportion. Both of these hypothesis tests focus on a categorical
variable in one population. In the hypothesis test for one population proportion, we focus on one
category of the variable that we call “a success.” We make a claim about the proportion of
“successes” in the population. For example, we previously investigated the claim that 20% of
plain M&Ms are orange. In a chi-square goodness-of-fit test, we focus on the entire distribution
of categories for the variable. So we investigate a claim that the color distribution for plain
M&Ms is 13% brown, 13% red, 14% yellow, 24% blue, 20% orange, 16% green. The chi-square
goodness-of-fit test does not give information about the deviation for specific categories. It gives
a more general conclusion of “seems to fit the null distribution” or “does not fit the null
distribution.”

Let’s Summarize

In “Chi-Square Test for One-Way Tables,” we learned an inference procedure called the
chi-square goodness-of-fit test. A goodness-of-fit test determines if the distribution of a
categorical variable in a sample fits a claimed distribution in the population, or not.

We can answer the following research questions with a chi-square goodness-of-fit test:

e The distribution of blood types in the United States is 45% type O, 41% type A, 10% type
B, and 4% type AB. Is the distribution of blood types the same in China?

e The Mars Company claims that 24% of M&M plain milk chocolate candies are blue, 13%
brown, 16% green, 20% orange, 10% red, and 14% yellow. Do the M&Ms in our sample
suggest that the color distribution is different?

Chi-Square Test Statistic and Distribution

The chi-square test statistic x> measures how far the observed data are from the null hypothesis
by comparing observed counts and expected counts. Expected counts are the counts we expect
to see if the null hypothesis is true.

[latex]{\chi
2\ text{}=\text{}> \frac{{(\mathrm{observed}-\mathrm{expected})}{2}}{\mathrm{expected}}[/late
X]

The chi-square model is a family of curves that depend on degrees of freedom. For a one-way
table the degrees of freedom equals (r— 1). All chi-square curves are skewed to the right with a



mean equal to the degrees of freedom.

A chi-square model is a good fit for the distribution of the chi-square test statistic only if the
following conditions are met:

e The sample is randomly selected.
e All expected counts are 5 or greater.

If these conditions are met, we use the chi-square distribution to find the P-value. We use the
same logic that we use in all hypothesis tests to draw a conclusion based on the P-value. If the
P-value is at least as small as the significance level, we reject the null hypothesis and accept
the alternative hypothesis. The P-value is the likelihood that results from random samples have
a x? value equal to or greater than that calculated from the data if the null hypothesis is true. For
different degrees of freedom, the same x? value gives different P-values.

Degrees of freedom =3

P-value = 0.0450
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Degrees of freedom =5

P-value = 0.1562
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