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Advanced Mathematics 2
Question no.1
(a). Let X be the event that the stock market will go up, and Y be the event that

the economy will do well in the coming year
Then P(X) = P(%)p(Y) + p(%)P(?)

P(X) = (0.65)(0.75) + (0.30)(0.30)
P(X)= 0.4875 + 0.09
P(X)= 0.5775 (02 marks)

~The probability that stock market will go up next year is 0.5775

(b).(i). ForPdf [ f(x)dx =1

9
[b(81 — x)dx = 1
0



b[(729 — 243) — 0] = 1
486b = 1

1
~b = 780 shown

(ii)When x < 0 thenF(x)=0 ,

1

2
m(81 — X )dx

X
When 0<X<9 then [
0

1 i i
F(x) = 4_86[81x - T]
0

3

F(x) = o= (81x — %)

3

_x _ _x
F(x) =4 — i3

Whenx > 1,then F(x) =1

~The cumulative density function is
3

— X _x
F(x) = {0, x <0 . TR 0<x<91 ,

(iii).P(X > 3)=1 — P(X < 3)

=1 - F@3)
. 3 3°
- 1_(?_ 1458)
_ 14

- 27

P(X > 3)= 0.518519

(02 marks)

(02 marks)

x>9

(01 mark)

~The probability that a customer will queue for longer than 3 minutes is 0.5185

n

(c).(i).For discrete random variable, ) f(x) =1

x=0



0.05+ 0.15 + 2k + 0.25+ 0.25 + k=1
3k + 0.70 = 1
3k=1-0.70 (01 mark)
3k = 0.3
~k=0.1

The probability distribution table will be as follows

X 0 1 2 3 4 5
P(x) 0.05 0.15 0.20 0.25 0.25 0.10
5
(ii). E(x) =Y xf(x) (01 mark)
0

E(x) = (0x0.05) + (1x0.15) + (2x0.20) + (3%0.25) + (4x0.25) + (5%0.10)
E(x)=0+ 0.15 + 0.40 + 0.75 + 1.00 + 0.50
E(x)= 2.8
Then E(bx + 7)= 5E(x)+ 7 but E(x)= 1.8
E(Gx +7)=5(2.8)+7=14 +7 = 21

~E(5x + 7)= 16 (01 mark)

(iii).var(3x — 5) = 32var(x) but var(x) = E(xz) - (E(x))2

and
E(x") = Zs:xzf(x) = (0°x0.05) + (1°x0.15) + (2°x0.20) +
0

E(x)=0+0.15+ 0.8 + 2.25 + 4 + 2.5 = 9.7 (01 mark)



var(x) = (9.7) — (1.8)° = 1.86

var(3x — 5)= 3°x1.86 = 16.74

~8.D =+lvar(3x — 5) =+/16.74 = 4.09 (01 mark)

x —A
(d).For Poisson distribution P(X = x) = A; , mean A=
np = 2000x0.001 = 2

(). P(x >2)=1 — P(x<2)=1 — [P(x = 0)+ P(x = 1)+ P(x = 2)

20 -2 21 -2 22 -2
P(x>2)=1—(§! + f! + ze,)

-2 -2 -2
P(x >2) =1—("’1 + 2 = )

P(x >2) =1 — (5‘31_3)
(02 marks)

P(x >2) =1 - 0.6767 = 0.3233

~The probability that out of 2000 people more than 2 suffer from malaria is 0.3233

. 2%
(ii).P(x = 3) = = 0.1804

The probability that out of 2000 people exactly 3 suffer from malaria is 0.1804 (01 mark)

4.(a).(i).From x(3 + 4)— y(1 + 20))+ 5=0

3x + 4xi —y — 2yi =— 5 + 0i

Comparing Re-part: 3x — y =— 5

Im.Part: 4x — 2y = 0

(02 marks)

Solving (i) and (ii) simultaneously, x =— 5, y =— 10



(ii).From 3 (%)2 —2 (i)3 i)

1+i

Multiply the numerator and denominator by the conjugate of the denominator

1+ (D) ki 20 .
= = at) — g — 2 ....(ii) (01 mark)
=i (A-)(A-) _ 1-i—i+i _ 20 _ .
T+ 00— qef 2z ¢ --o(ii)
Equation (i) becomes 3(1’)2 — Z(i)3 =— 3+ 2i (02 marks)
\2 \3
1+i 1—i .
3(?) _2(1_+i) =— 34+ 2i
3
4. (b).Requiredb to show tanf = M
1-3tan 6
Use de-Moivre’s theorem, Cos30 + iSin30 = (CosO + iSine)3
Expanding RHS by using Binomial theorem,
cn n3 2 2 o 2 3
(CosB + iSinB) = Cos 06— 3sin 6cosB) + l(SSmGCos 0 — Sin 6) (01 mark)
Equate Re.parts: C0s30 = Cos 06— 3$in26cose) ........ (i)
(01 mark)
. . 2 .3 2 . 2
Equate Im.parts: Sin30= 3s5inBCos 8 — Sin® butCosB® =1—-SinH
Sin30 = 3Sin0— 4Sin°®  .......... (ii)
) . 2, .3
Then tand = Sin36 — SSlnzﬁCos G—ZSLne (01 mark)
cos30 Cos’8—3Sin’0Cos0

L . . 2
Dividing each term in numerator and denominator by Cos 0



3tan9—tan36

s tanB = >
1-3tan’ 6

2
Rearranging the given equation t3 - 3t2 —3t+1=0then=t-=1 (01 mark)

1-3¢°

tan30 =1

30 = nm + tan (1)

1, S
9—3+1

Whenn = 0,1, 2,3 then the values of 6 = 0. 268, 3.73, 1. 00 respectively (01 mark)

4.(c). (i).If wis one of the complex cube roots of unit, then1 + w + W2 = 0 then

2
w+w =—1

(a + wb + ch)(a + wzb + WC) = a2 + abw2 + awc + awb2 + W3b3 + chb2 + ac

2 4 2 2
w +wbc+cw

= a2 + W3b2 + W3C2 + ab(w + W3) + cb(w3 + W4) + ac
(w2 + W)

=a + w3(192 + cz) + ab(w + w3) + cb(w3 + w4) + ac(w2 + w)

=a"+b + "+ ab(— 1)+ ch(— 1) + ac(— 1)
(03 marks)

=a2+b2+c2—ab—cb—ac

.'.(a + wb +ch)(a +W2b + WC)= a2 + b2 + c2 —ab — bc — ca

(ii).From complex number |z — 1 + 2i|= 3letz = x + iy
|x + iy — 1+ 2i|=3

|(x — D+ i(y + 2)|=3 (02 marks)



Vo -+ 0+ 27 =B

~The locus is circle centred at (1,2) with radius of \/§ units

5.(a).(i).Given sinB for 0 = 10, 20, 30, 40, 50

From the mathematical table the values are as follows

Angle, 0 1 2’ 3 4 5
Sin0
0.0175 0.0349 0.0523 0.0698 0.0872
(02 marks)
.. . . . _ m
(ii).In radians, the values are computed by using formula: GRadl,an— dogree X T80
Angle,® | 1" — 001745 | 2 = 0.0349 |3 = 0.0523 | 4 = 0.0698 | 5 = 0.0872
Sin®
0.0175 0.0349 0.0523 0.0698 0.0872
(02 marks)

Conclusion: For very small angle SinB is almost equal to 0 in radians, with minimal difference

~5inB~0, when 0 is in radians (01 mark)

(b).Given tan(tan_1(3x) - tan_l(Z)) + tan(tan_1(3) - tan_l(Zx)) = %
Let A= tan_l(Sx), then tanA = 3x, B= tan_l(Z), then tanB = 2,

C = tan ' (3), thentanC = 3 and D= tan  (2x)then tanD = 2x

tan(A — B) + tan(C — D) = %

tanA—tanB tanC—tanD _ 3
1+tanAtanB 1+tanCtanD ~ 8
3x—2 + 3-2x __ 3
143x(2) 1+3(2x) = 8




3x—2 3—-2x
1+6x 1+6x

3x—2+43—2x
1+6x

8(B3x — 2 + 3x — 2x)= 3(1 + 6x)

X = % (05 marks)

(c). Given x = asin® + bcos® andy = asin® — bcosO

Adding the two equations: x + y = 2aSin0 then Sinf =%

Subtracting the two equations: x — siny = 2aCos® then Cosf = xz_by

Using the identity Sinze + Cosz(%) =1

(05 marks)
xty 2 xX=y 2__ N ..
) T\ = 1, ~0is eliminated
. .r l—coscos20 2
(d).Required to show if Ticosze = tan 0
_ _ 2 Ny 2 _ 2 .2 . 2 . 2 . 2 2
From LHS: 1 1(;(_);2(;;926 — 1 (Cosze Sl.nze) — 1 C0529+Sl'n26 — Sln26+5m26 — ZSanG = tan’'®
1+(Cos 6—Sin"0) 1+Cos 6—Sin @ Cos 6—Cos © 2Cos™ 0
2
RHS: tan 0 (05 marks)
_ 2
A = tan’6, SHOWN
. 2n+1 . .
6.(a).(i).Let 7 + 1=8A4, where Ais an integer
2(1)+1
S:letn = 1,77 + 1=84 (01 mark)

7"t 4 1=84



343+1=8A

43(8) = 84, itis true (01 mark)
S Assume n =k, 77" + 1=84,then7" =84 — 1 ...... (i)
53: Letn = k + 1, 72(“1”1 + 1=84
74 4 1=84 (01 mark)

72k+1. 72 + 1=8A but 72k= 84 — 1 from(i) above

84 — 1).7° + 1=84
8A.49 — 49 + 1=84 (01 mark)
8A.49 — 48=8A

8(A.49 — 6)=84, Itisalso true (01 mark)

. . . 2n+1 . .
Since the statement is proven true for 51' S2 and 53, itistruethat 7" + lisa multiple of 8

(ii).Let 3x+1 =44 B;HC where 4, B and Care the constants to be determined
(x—l)(x +1) x—1 x +1
3+l A(X+1)+(x=1)(Bx+C) (01 mark)

-D(x"+1) (r—=1)(x*+1)

Comparethe LCM: 3x + 1 = A(x2 + 1) +(x —1)(Bx + 0)

Whenx = 1, then4 = 24 ~A = 2 (01 mark)
. . 2 2
Expanding the equation, 3x + 1 = A(x + 1) + (Bx + Cx — Bx — C)

Coefx’: 0 =A+ BbutA = 2thenB =—2 (01 mark)

Coefx: 3 =C — BbutB =— 2thenC =1 (01 mark)

3x+1 2 —2x+1
o = + 01 mars
(x—l)(x2+1) x—1 41 ( )




6 (b).From l[ahghbfgfc|l=albffc|—hlhfgc|+ glhbgf]
(03 marks)

2
= a(bc — f*) = h(hc = gf) + g(hf — gb)
2 2 2
=abc —af —hc+ hgf + ghf —gb
2 2 2
= abc + 2hfg — af —gb — ch (02 marks)

lahghbfgfc|=abc + 2hfg — af’ — bg" — ch’

(c). Ifloglog4m = aand loglzm = b, prove that log348 = Z—J_FZ
Using logarithm definitions: m = 4" and m = 12b
. . a b
Taking log3 on both sides: l0g3(4 )= l0g3(12 )
alog34 = blog312 (05 marks)

2al0g32 = blog3(22 + 3)
2alog32 = 2blog32 + blog33

2alog32 — 2blog32 = blog33

n
6.(d).The Binomial expansion for (a + x)n = Y nk )an_kxk (01 mark)
k=0

Then for(2 + x)s,weseta =2,n=5

5
C+x0°=Y k)2 % (01 mark)
k=0

5
Expanding the first three terms: whenk = 0, ) (5 O)Zs_kox0 = 1x2°x1 = 32

k=0



5
When k=1 Y (51)2° 'x =5 x 2*xx = 80x
k=1

5
Whenk =2, ¥ (52)2° %" = 10 x2° x x°* = 80x°
k=2

Thus, the first three terms are (2 + x)5 ~32 + 80x + 80x° (02 mark)
Substitute x = 0.001, to find (2 + x)":

(2 + 0.001)° ~32 + 80(0.001) + 80(0.001)" = 32.08008

« (2.001)° ~32.08008 (01 mark)

8.(a).(i).Order is the highest derivative of a given differential equation while degree is an
integer whereby the highest derivative of a differential equation is raised(01 mark)

For example: % + 5y = 0,itis first order and of degree 1

dx2

N
dy) _ 74y 3y = 5x — 2,itis second order and of degree 5 (01 mark)
dx

2
(ii). Re-arrange the equation x —ZxL + 2xy =0

2d
X —df =— 2xy
Simplifying, % =— zTy
Separating the variables, % =— Z:X (01 mark)

Integrating in both sides f—‘fyl =— Zf%
In|ly| =— 2In|x|+ C (01 mark)

Solve fory, In|y| = ln|x_2| + C

y=x'e



Choose ¢ = 4 (or any constant), theny = Ax 2 or y = iz (01 mark)
X

8.(b). y = ACosh3x + BSinh3x + x° + 2...... (i) (01 mark)
y = 3ASinh3x + 3BCOSA3X + 2X cveve...... (i)
y = 9ACosh3x + 9BSinh3x + 2 ..c...... (i) (01 mark)

From eqgn(i), ACosh3x = y — BSinh3x — x2 — 2 and multiply by 9 to get

9ACosh3x = 9y — 9BSinh3x — 9x* — 18 ceee(iv) (01 mark)
Substitute (iv) into (iii), y” = 9y — 9BSinh3x — 9x2 — 18 + 9BSinh3x + 2
Simplifying, y” = 9y — 9x’ — 16 (01 mark)

y — 9y =— 9%° — 16

2
~The required differential equation is Z}; - 93—3: =— 9x’ — 16 (01 mark)
X
(c).From d’x + 2% 4 59 =26 + 15«
' dx’ dx Y= ’
[, 2
The A.Q.Eis m’ + 2m + 5 = 0, solving for mthenm = %{1_4“
_ =242 —4) ()
n 2(1)
m =— 1x2iimplyingthatp =— 1, q = 2
Complimentary solution is y.= e_x(ACOSZX + BSin2x) (01 mark)

For particular solution, let y = ax + ¢



2
Putting these into%czL + Z—ZXL + 5y = 26 + 15x, (01 mark)

0 + 2(a) + 5(ax + b) = 26 + 15x
Coef.x: 5a = 15,a = 3
Constant: 2a + 5b = 26 buta = 3then6 + 5b = 26, b = 4 (01 mark)

Then yp = 3x + 4 ,solution by y= yC+ yp

y =e (ACos2x + BSin2x)+ 3x + 4

When=0,y = 7,7 =e_0(ACosO + BSin0)+ 0+4 A+4=7,A=3
(01 mark)

y =— e “(= 24Sin2x + 2BCos2x) + 3

When =3y =7andx=0,3=—¢ (0+2B)+3, 3=2B+3,B=0

~ The solutionisy = 3e "Cos2x + 3x + 4 (01 mark)

8.(d).Let PO = |Initial population18700000
Pt = Population at timet= 1. 5><P0 = 1.5x18700000 = 28050000

k = Rate constant (growth constant) (01 mark)

t =time(1988 — 1978 = 10years)

dp P
” ocPtthen prale th

P t
Separating the variable and Integrating, f%dP = kf dt
P 0

0

(np)! = k(®), (01 mark)

InP — lnP0 = kt



% = thenk = %ln(i) ! ln( 28050000 ) = 0.0405

o P, | 10 18700000
~The growth constant is 0.0405 per year (01 mark)
k
P=pe ‘

0

Then = 1998 — 1978 = 20 years,
P = 1870000e"****” = 42035879 (02 marks)

~The size of the population in 1998 will be equal to 42035879






