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Advanced Mathematics 2 

Question no.1 

    (a). Let be the event that the stock market will go up, and  be the event that  𝑋 𝑌

           the economy will do well in the coming year  

                                    Then  𝑃 𝑋( ) = 𝑃 𝑋
𝑌( )𝑃 𝑌( ) + 𝑃 𝑋

𝑌( )𝑃 𝑌( )

 𝑃 𝑋( ) = 0. 65( ) 0. 75( ) + 0. 30( )(0. 30)

                                          𝑃 𝑋( ) = 0. 4875 + 0. 09

                                                                                𝑃 𝑋( ) = 0. 5775 02 𝑚𝑎𝑟𝑘𝑠( )

    The probability that stock market will go up next year is 0.5775 ∴

(b).(i).   For P.d.f      
−∞

∞

∫ 𝑓(𝑥)𝑑𝑥 = 1

                               
0

9

∫ 𝑏(81 − 𝑥2)𝑑𝑥 = 1

                                      𝑏 81𝑥 − 𝑥3

3
⎡⎢⎣

⎤⎥⎦0

9
= 1



                                                                  𝑏 (729 − 243) − 0[ ] = 1 02 𝑚𝑎𝑟𝑘𝑠( )

                                                                           486𝑏 = 1

                                                  shown                         ∴𝑏 = 1
486

   (ii).When   then     , 𝑥 < 0 𝐹 𝑥( ) = 0

          When    then        0≤𝑋≤9
0

𝑥

∫ 1
486 (81 − 𝑥2)𝑑𝑥

                                                            𝐹(𝑥) = 1
486 81𝑥 − 𝑥3

3
⎡⎢⎣

⎤⎥⎦0

𝑥

                                                            𝐹(𝑥) = 1
486 (81𝑥 − 𝑥3

3 )

                                                                                  𝐹 𝑥( ) = 𝑥
6 − 𝑥3

1458 02 𝑚𝑎𝑟𝑘𝑠( )

         When , then  𝑥 > 1 𝐹 𝑥( ) = 1

         The cumulative density function is ∴

 𝐹 𝑥( ) = {0,                     𝑥 < 0 𝑥
6 − 𝑥3

1458 ,    0≤𝑥≤9 1   ,                𝑥 > 9   

(iii).  𝑃 𝑋 > 3( ) = 1 − 𝑃 𝑋 < 3( )

                           = 1 − 𝐹(3)

                           = 1 − ( 3
6 − 33

1458 )

                            = 14
27

                    .                                                   𝑃 𝑋 > 3( ) = 0. 518519 01 𝑚𝑎𝑟𝑘( )

The probability that a customer will queue for longer than 3 minutes is 0.5185 ∴

(c).(i).For discrete random variable ,  
𝑥=0

𝑛

∑ 𝑓(𝑥) = 1



                                  0. 05 + 0. 15 + 2𝑘 + 0. 25 + 0. 25 + 𝑘 = 1

                                  3𝑘 + 0. 70 = 1

                                                                                            3𝑘 = 1 − 0. 70 01 𝑚𝑎𝑟𝑘( )

                                     3𝑘 = 0. 3

                                        ∴𝑘 = 0. 1

   The probability distribution table will be as follows                               

 𝑥  0  1  2  3  4  5
 𝑃(𝑥)  0. 05  0. 15 0 0. 2  0. 25  0. 25  0. 10

  

  (ii).                                                                    𝐸 𝑥( ) =
0

5

∑ 𝑥𝑓 𝑥( ) 01 𝑚𝑎𝑟𝑘( )

    

 𝐸 𝑥( ) = 0×0. 05( ) + 1×0. 15( ) + 2×0. 20( ) + 3×0. 25( ) + 4×0. 25( ) + 5×0. 10( )

       𝐸 𝑥( ) = 0 + 0. 15 + 0. 40 + 0. 75 + 1. 00 + 0. 50

        𝐸 𝑥( ) = 2. 8

       Then    but   𝐸 5𝑥 + 7( ) = 5𝐸 𝑥( ) + 7 𝐸 𝑥( ) = 1. 8

          𝐸 5𝑥 + 7( ) = 5 2. 8( ) + 7 = 14 + 7 = 21

                                                                          ∴𝐸 5𝑥 + 7( ) = 16 01 𝑚𝑎𝑟𝑘( )

(iii).    but     𝑣𝑎𝑟 3𝑥 − 5( ) = 32𝑣𝑎𝑟 𝑥( ) 𝑣𝑎𝑟 𝑥( ) = 𝐸 𝑥2( ) − 𝐸 𝑥( )( )2

and 

𝐸 𝑥2( ) =
0

5

∑ 𝑥2𝑓 𝑥( ) = (02×0. 05) + 12×0. 15( ) + 22×0. 20( ) +                                                      3(

              𝐸(𝑥2) = 0 + 0. 15 + 0. 8 + 2. 25 + 4 + 2. 5 = 9. 7         01 𝑚𝑎𝑟𝑘( )



                      𝑣𝑎𝑟 𝑥( ) = 9. 7( ) − 1. 8( )2 = 1. 86

                   𝑣𝑎𝑟 3𝑥 − 5( ) = 32×1. 86 = 16. 74

                                  ∴𝑆. 𝐷 = 𝑣𝑎𝑟 3𝑥 − 5( ) = 16. 74 = 4. 09 01 𝑚𝑎𝑟𝑘( )

(d).For Poisson distribution    λ=𝑃 𝑋 = 𝑥( ) = λ𝑥𝑒−λ

𝑥! ,  𝑚𝑒𝑎𝑛

 𝑛𝑝 = 2000×0. 001 = 2

      (i). 2)  𝑃(𝑥 > = 1 − 𝑃 𝑥≤2( ) = 1 − [𝑃 𝑥 = 0( ) + 𝑃 𝑥 = 1( ) + 𝑃 𝑥 = 2( )

             2)   𝑃(𝑥 > = 1 − 20𝑒−2

0! + 21𝑒−2

1! + 22𝑒−2

2!( )
               2)         𝑃(𝑥 >   = 1 − 𝑒−2

1 + 2𝑒−2

1 + 2𝑒−2

1( )
              2)                                                   𝑃(𝑥 >   = 1 − 5𝑒−3

1( )
                    02 𝑚𝑎𝑟𝑘𝑠( )

             2)  𝑃(𝑥 >  = 1 − 0. 6767 = 0. 3233

The probability that out of 2000 people more than 2 suffer from malaria is  ∴  0. 3233

(ii). )   𝑃(𝑥 = 3 = 23𝑒−3

3! = 0. 1804

The probability that out of 2000 people exactly 3 suffer from malaria is 0.1804     ∴ 01 𝑚𝑎𝑟𝑘( )

 

4.(a).(i).From    𝑥 3 + 4𝑖( ) − 𝑦 1 + 2𝑖( ) + 5 = 0

                                                                      3𝑥 + 4𝑥𝑖 − 𝑦 − 2𝑦𝑖 =− 5 + 0𝑖

     Comparing Re-part:  ……(i) 3𝑥 − 𝑦 =− 5

                         Im.Part:    ……(ii)                                              4𝑥 − 2𝑦 = 0 02 𝑚𝑎𝑟𝑘𝑠( )

   Solving (i) and (ii) simultaneously,    𝑥 =− 5,  𝑦 =− 10



        (ii).From  3  2    …..(i) 
1+𝑖
1−𝑖( )2

− 1−𝑖
1+𝑖( )3

      Multiply the numerator and denominator by the conjugate of the denominator  

                         ….(ii)                            
1+𝑖
1−𝑖 = 1+𝑖( ) 1+𝑖( )

1−𝑖( ) 1+𝑖( ) = 1+𝑖+𝑖+𝑖2

1+𝑖−𝑖−𝑖2 = 2𝑖
2 = 𝑖  01 𝑚𝑎𝑟𝑘( )

                           ….(iii) 
1−𝑖
1+𝑖 = 1−𝑖( ) 1−𝑖( )

1+𝑖( ) 1−𝑖( ) = 1−𝑖−𝑖+𝑖2

1+𝑖−𝑖−𝑖2 = 2𝑖
2 = 𝑖

                    Equation (i) becomes                      3 𝑖( )2 − 2 𝑖( )3 =− 3 + 2𝑖 02 𝑚𝑎𝑟𝑘𝑠( )

                    3  2  ∴    1+𝑖
1−𝑖( )2

− 1−𝑖
1+𝑖( )3

=− 3 + 2𝑖

 

 

     

4. (b).Requiredb to show  ,  𝑡𝑎𝑛θ =  3𝑡𝑎𝑛θ−𝑡𝑎𝑛3θ  

1−3𝑡𝑎𝑛2θ

Use de-Moivre’s theorem,  𝐶𝑜𝑠3θ + 𝑖𝑆𝑖𝑛3θ = 𝐶𝑜𝑠θ + 𝑖𝑆𝑖𝑛θ( )3

Expanding RHS  by using Binomial theorem, 

              𝐶𝑜𝑠θ + 𝑖𝑆𝑖𝑛θ( )3 = 𝐶𝑜𝑠
2
θ− 3𝑠𝑖𝑛2θ𝑐𝑜𝑠θ) + 𝑖 3𝑠𝑖𝑛θ𝐶𝑜𝑠2θ − 𝑆𝑖𝑛3θ( ) 01 𝑚𝑎𝑟𝑘( )

    Equate Re.parts:                          ……..(i)                                            𝐶𝑜𝑠3θ = 𝐶𝑜𝑠2θ− 3𝑠𝑖𝑛2θ𝑐𝑜𝑠θ)
  01 𝑚𝑎𝑟𝑘( )

     Equate   Im.parts:                                  but  𝑆𝑖𝑛3θ= 3𝑠𝑖𝑛θ𝐶𝑜𝑠2θ − 𝑆𝑖𝑛3θ 𝐶𝑜𝑠2θ = 1 − 𝑆𝑖𝑛2θ

                               ………..(ii) 𝑆𝑖𝑛3θ = 3𝑆𝑖𝑛θ− 4𝑆𝑖𝑛3θ

      Then                                                                𝑡𝑎𝑛θ = 𝑆𝑖𝑛3θ
𝑐𝑜𝑠3θ =  3𝑆𝑖𝑛θ𝐶𝑜𝑠2θ−𝑆𝑖𝑛

3
θ  

𝐶𝑜𝑠2θ−3𝑆𝑖𝑛2θ𝐶𝑜𝑠θ
01 𝑚𝑎𝑟𝑘( )

        Dividing each term in numerator and denominator by  𝐶𝑜𝑠2θ



                        ∴ 𝑡𝑎𝑛θ =  3𝑡𝑎𝑛θ−𝑡𝑎𝑛3θ  

1−3𝑡𝑎𝑛2θ

Rearranging the given equation  then                 𝑡3 − 3𝑡2 − 3𝑡 + 1 = 0 3𝑡−𝑡2

1−3𝑡2 = 1 01 𝑚𝑎𝑟𝑘( )

                                𝑡𝑎𝑛3θ = 1

 3θ = 𝑛π + 𝑡𝑎𝑛−1 1( )

 θ = 𝑛π
3 + π

12

When  then the values of respectively            𝑛 = 0, 1, 2, 3 θ = 0. 268,  3. 73, 1. 00 01 𝑚𝑎𝑟𝑘( )

 

4.(c). (i).If is one of the complex cube roots of unit, then  then 𝑤 1 + 𝑤 + 𝑤2 = 0

 𝑤 + 𝑤2 =− 1

c𝑎 + 𝑤𝑏 + 𝑤2𝑐( ) 𝑎 + 𝑤2𝑏 + 𝑤𝑐( ) = 𝑎2 + 𝑎𝑏𝑤2 + 𝑎𝑤𝑐 + 𝑎𝑤𝑏2 + 𝑤3𝑏3 + 𝑤2𝑐𝑏2 + 𝑎

 𝑤2 + 𝑤4𝑏𝑐 + 𝑐2𝑤2

                                           c = 𝑎2 + 𝑤3𝑏2 + 𝑤3𝑐2 + 𝑎𝑏 𝑤 + 𝑤3( ) + 𝑐𝑏 𝑤3 + 𝑤4( ) + 𝑎

 𝑤2 + 𝑤( )
                                             c  = 𝑎2 + 𝑤3(𝑏2 + 𝑐2) + 𝑎𝑏 𝑤 + 𝑤3( ) + 𝑐𝑏 𝑤3 + 𝑤4( ) + 𝑎 𝑤2 + 𝑤( )
                                              c      = 𝑎2 + 𝑏2 + 𝑐2 + 𝑎𝑏 − 1( ) + 𝑐𝑏 − 1( ) + 𝑎 − 1( )

         03 𝑚𝑎𝑟𝑘𝑠( )

                                            c  = 𝑎2 + 𝑏2 + 𝑐2 − 𝑎𝑏 − 𝑐𝑏 − 𝑎

 ∴ 𝑎 + 𝑤𝑏 + 𝑤2𝑐( ) 𝑎 + 𝑤2𝑏 + 𝑤𝑐( ) = 𝑎2 + 𝑏2 + 𝑐2 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎

 

   (ii).From complex number      let  𝑧 − 1 + 2𝑖| | = 3 𝑧 = 𝑥 + 𝑖𝑦

  𝑥 + 𝑖𝑦 − 1 + 2𝑖| | = 3

                                                                                                             𝑥 − 1( ) + 𝑖(𝑦 + 2)| | = 3 02 𝑚𝑎𝑟𝑘𝑠( )



 𝑥 − 1( )2 + 𝑦 + 2( )2 = 3
2

                The locus is circle centred at (1,2) with radius of   units  ∴ 3

 

 

5.(a).(i).Given  for    𝑠𝑖𝑛θ θ = 1°, 2°, 3°, 4°, 5°

                   From the mathematical table the values are as follows 

 𝐴𝑛𝑔𝑙𝑒, θ  1°  2°  3°  4°  5°

 𝑆𝑖𝑛θ
0.0175 0.0349 0.0523 0.0698 0.0872 

                                                                                                                            02 𝑚𝑎𝑟𝑘𝑠( )

        (ii).In radians, the values are computed by using formula:  θ
𝑅𝑎𝑑𝑖𝑎𝑛

= θ
𝑑𝑒𝑔𝑟𝑒𝑒

× π
180

 𝐴𝑛𝑔𝑙𝑒, θ  1° = 0. 01745  2° = 0. 0349  3° = 0. 0523  4° = 0. 0698  5° = 0. 0872
 𝑆𝑖𝑛θ

0.0175 0.0349 0.0523 0.0698 0.0872 

                                                                                                                                 02 𝑚𝑎𝑟𝑘𝑠( )

 Conclusion: For very small angle  is almost equal to  in radians, with minimal difference 𝑆𝑖𝑛θ θ

                           when  is in radians                                            ∴𝑆𝑖𝑛θ≈θ, θ 01 𝑚𝑎𝑟𝑘( )

     (b).Given    𝑡𝑎𝑛 𝑡𝑎𝑛−1(3𝑥) − 𝑡𝑎𝑛−1(2( )) + 𝑡𝑎𝑛 𝑡𝑎𝑛−1(3) − 𝑡𝑎𝑛−1(2𝑥( )) = 3
8

      Let             𝐴= 𝑡𝑎𝑛−1 3𝑥( ), 𝑡ℎ𝑒𝑛 𝑡𝑎𝑛𝐴 = 3𝑥,  𝐵= 𝑡𝑎𝑛−1 2( ), 𝑡ℎ𝑒𝑛 𝑡𝑎𝑛𝐵 = 2,   

 𝐶 = 𝑡𝑎𝑛−1 3( ), 𝑡ℎ𝑒𝑛 𝑡𝑎𝑛𝐶 = 3 𝑎𝑛𝑑 𝐷= 𝑡𝑎𝑛−1 2𝑥( )𝑡ℎ𝑒𝑛 𝑡𝑎𝑛𝐷 = 2𝑥  

                                                        𝑡𝑎𝑛⁡(𝐴 − 𝐵) + 𝑡𝑎𝑛⁡(𝐶 − 𝐷) = 3
8

 𝑡𝑎𝑛𝐴−𝑡𝑎𝑛𝐵
1+𝑡𝑎𝑛𝐴𝑡𝑎𝑛𝐵 + 𝑡𝑎𝑛𝐶−𝑡𝑎𝑛𝐷

1+𝑡𝑎𝑛𝐶𝑡𝑎𝑛𝐷 = 3
8

 3𝑥−2
1+3𝑥(2) + 3−2𝑥

1+3(2𝑥) = 3
8



 3𝑥−2
1+6𝑥 + 3−2𝑥

1+6𝑥 = 3
8

 3𝑥−2+3−2𝑥
1+6𝑥 = 3

8

 8 3𝑥 − 2 + 3𝑥 − 2𝑥( ) = 3 1 + 6𝑥( )

                                                                                                                       ∴𝑥 = 1
2 05 𝑚𝑎𝑟𝑘𝑠( )

     (c). Given and  𝑥 = 𝑎𝑠𝑖𝑛θ + 𝑏𝑐𝑜𝑠θ  𝑦 = 𝑎𝑠𝑖𝑛θ − 𝑏𝑐𝑜𝑠θ  

              Adding the two equations:       then  𝑥 + 𝑦 = 2𝑎𝑆𝑖𝑛θ 𝑆𝑖𝑛θ = 𝑥+𝑦
2𝑎

              Subtracting the two equations:      then   𝑥 − 𝑠𝑖𝑛𝑦 = 2𝑎𝐶𝑜𝑠θ 𝐶𝑜𝑠θ = 𝑥−𝑦
2𝑏

                Using the identity                                                      𝑆𝑖𝑛2θ + 𝐶𝑜𝑠2θ = 1 05 𝑚𝑎𝑟𝑘𝑠( )

                               ,  is eliminated 
𝑥+𝑦
2𝑎( )2

+ 𝑥−𝑦
2𝑏( )2

= 1 ∴θ

      (d).Required to show if   
1−cos𝑐𝑜𝑠 2θ 

1+𝑐𝑜𝑠2θ =  𝑡𝑎𝑛2θ

       From LHS:  
1−cos𝑐𝑜𝑠 2θ 

1+𝑐𝑜𝑠2θ =  1− 𝐶𝑜𝑠2θ−𝑆𝑖𝑛2θ( )
1+(𝐶𝑜𝑠2θ−𝑆𝑖𝑛2θ)

= 1−𝐶𝑜𝑠2θ+𝑆𝑖𝑛2θ

1+𝐶𝑜𝑠2θ−𝑆𝑖𝑛2θ
= 𝑆𝑖𝑛2θ+𝑆𝑖𝑛2θ

𝐶𝑜𝑠2θ−𝐶𝑜𝑠2θ
= 2𝑆𝑖𝑛2θ

2𝐶𝑜𝑠2θ
= 𝑡𝑎𝑛2θ

                 RHS:                                                                                                    𝑡𝑎𝑛2θ 05 𝑚𝑎𝑟𝑘𝑠( )

                      , SHOWN  ∴ 1−cos𝑐𝑜𝑠 2θ 
1+𝑐𝑜𝑠2θ =  𝑡𝑎𝑛2θ

 

 

 

6.(a).(i).Let   = 8 ,   where  is an integer 72𝑛+1 + 1 𝐴 𝐴

             Let , = 8                                                              𝑆
1
: 𝑛 = 1 72(1)+1 + 1 𝐴 01 𝑚𝑎𝑟𝑘( )

                                    = 8  72+1 + 1 𝐴



                                   343+1=8  𝐴

                                              , it is true                                             43 8( ) = 8𝐴 01 𝑚𝑎𝑟𝑘( )

                Assume  , = 8 , then    ……(i) 𝑆
2
: 𝑛 = 𝑘 72𝑘+1 + 1 𝐴 72𝑘+1 = 8𝐴 − 1

             Let , = 8  𝑆
3
: 𝑛 = 𝑘 + 1 72(𝑘+1)+1 + 1 𝐴

                                                            = 8                                       72𝑘+2+1 + 1 𝐴 01 𝑚𝑎𝑟𝑘( )

                                                            = 8  but    = 8  from(i) above 72𝑘+1. 72 + 1 𝐴 72𝑘 𝐴 − 1 

                                             = 8  8𝐴 − 1( ). 72 + 1 𝐴

                                          = 8                                                    8𝐴. 49 − 49 + 1 𝐴 01 𝑚𝑎𝑟𝑘( )

                                             = 8      8𝐴. 49 − 48 𝐴

= 8  , It is also true                                                                             8(𝐴. 49 − 6) 𝐴 01 𝑚𝑎𝑟𝑘( )

Since the statement is proven true for and ,  it is true that is a multiple of 8      𝑆
1
, 𝑆

2 
𝑆

3
72𝑛+1 + 1 

(ii).Let      where and are the constants to be determined 
3𝑥+1

𝑥−1( ) 𝑥2+1( ) ≡ 𝐴
𝑥−1 + 𝐵𝑥+𝑐

𝑥2+1
𝐴, 𝐵 𝐶

         
3𝑥+1

𝑥−1( ) 𝑥2+1( ) ≡ 𝐴 𝑥2+1( )+ 𝑥−1( ) 𝐵𝑥+𝐶( )

𝑥−1( )(𝑥2+1)
01 𝑚𝑎𝑟𝑘( )

Compare the LCM:    3𝑥 + 1 = 𝐴 𝑥2 + 1( ) + 𝑥 − 1( ) 𝐵𝑥 + 𝐶( )

When            𝑥 = 1 ,  𝑡ℎ𝑒𝑛 4 = 2𝐴 ∴𝐴 = 2 01 𝑚𝑎𝑟𝑘( )

Expanding the equation,   3𝑥 + 1 = 𝐴 𝑥2 + 1( ) + 𝐵𝑥2 + 𝐶𝑥 − 𝐵𝑥 − 𝐶( )
    Coef.        but  then           𝑥2: 0 = 𝐴 + 𝐵 𝐴 = 2 𝐵 =− 2 01 𝑚𝑎𝑟𝑘( )

     Coef.         but  then         𝑥: 3 = 𝐶 − 𝐵 𝐵 =− 2 𝐶 = 1 01 𝑚𝑎𝑟𝑘( )

                                             ∴ 3𝑥+1

𝑥−1( ) 𝑥2+1( ) = 2
𝑥−1 + −2𝑥+1

𝑥2+1
01 𝑚𝑎𝑟𝑠( )

 



6   (b) .From                       𝑎 ℎ 𝑔 ℎ 𝑏 𝑓 𝑔 𝑓 𝑐 | | = 𝑎 𝑏 𝑓 𝑓 𝑐 | | − ℎ ℎ 𝑓 𝑔 𝑐 | | + 𝑔 ℎ 𝑏 𝑔 𝑓 | |
 03 𝑚𝑎𝑟𝑘𝑠( )

                                            = 𝑎 𝑏𝑐 − 𝑓2( ) − ℎ ℎ𝑐 − 𝑔𝑓( ) + 𝑔 ℎ𝑓 − 𝑔𝑏( )

                                            = 𝑎𝑏𝑐 − 𝑎𝑓2 − ℎ2𝑐 + ℎ𝑔𝑓 + 𝑔ℎ𝑓 − 𝑔2𝑏

                                                                = 𝑎𝑏𝑐 + 2ℎ𝑓𝑔 −  𝑎𝑓2 − 𝑔2𝑏 − 𝑐ℎ2 02 𝑚𝑎𝑟𝑘𝑠( )

 ∴           𝑎 ℎ 𝑔 ℎ 𝑏 𝑓 𝑔 𝑓 𝑐 | | = 𝑎𝑏𝑐 + 2ℎ𝑓𝑔 − 𝑎𝑓2 − 𝑏𝑔2 − 𝑐ℎ2

   (c). If log  and  prove that  𝑙𝑜𝑔
4
𝑚 = 𝑎 𝑙𝑜𝑔

12
𝑚 = 𝑏, 𝑙𝑜𝑔

3
48 = 𝑎+𝑏

𝑎−𝑏

    Using logarithm definitions:  and   𝑚 = 4𝑎 𝑚 = 12𝑏

   Taking on both sides:     𝑙𝑜𝑔
3 

𝑙𝑜𝑔
3

4𝑎 ( ) = 𝑙𝑜𝑔
3

12𝑏( )
                                                                                            𝑎𝑙𝑜𝑔

3
4 = 𝑏𝑙𝑜𝑔

3
12 05 𝑚𝑎𝑟𝑘𝑠( )

                                                 2𝑎𝑙𝑜𝑔
3
2 = 𝑏𝑙𝑜𝑔

3
22 + 3( )

 2𝑎𝑙𝑜𝑔
3
2 = 2𝑏𝑙𝑜𝑔

3
2 + 𝑏𝑙𝑜𝑔

3
3

 2𝑎𝑙𝑜𝑔
3
2 − 2𝑏𝑙𝑜𝑔

3
2 = 𝑏𝑙𝑜𝑔

3
3

 

 

6.(d).The Binomial expansion for                            𝑎 + 𝑥( )𝑛 =
𝑘=0

𝑛

∑ 𝑛 𝑘 ( )𝑎𝑛−𝑘𝑥𝑘 01 𝑚𝑎𝑟𝑘( )

      Then for  , we set   2 + 𝑥( )5 𝑎 = 2 ,  𝑛 = 5

                                                                                  2 + 𝑥( )5 =
𝑘=0

5

∑ 5 𝑘 ( )25−𝑘𝑥𝑘 01 𝑚𝑎𝑟𝑘( )

Expanding the first three terms:  when     𝑘 = 0,
𝑘=0

5

∑ 5 0 ( )25−𝑘0𝑥0 = 1×25×1 = 32



  When      𝑘 = 1,   
𝑘=1

5

∑ 5 1 ( )25−1𝑥1 = 5 × 24×𝑥 = 80𝑥

When         𝑘 = 2,    
𝑘=2

5

∑ 5 2 ( )25−2𝑥1 = 10 ×23 × 𝑥2 = 80𝑥2

Thus, the first three terms are                  2 + 𝑥( )5 ≈32 + 80𝑥 + 80𝑥2
02 𝑚𝑎𝑟𝑘( )

Substitute to find :   𝑥 = 0. 001,  2 + 𝑥( )5

   2 + 0. 001( )5 ≈32 + 80 0. 001( ) + 80(0. 001)2 = 32. 08008

                                                                                      ∴ 2. 001( )5 ≈32. 08008 01 𝑚𝑎𝑟𝑘( )

 

8.(a).(i).O is the highest derivative of a given differential equation while   is an 𝑟𝑑𝑒𝑟 𝑑𝑒𝑔𝑟𝑒𝑒 
integer whereby the highest derivative of a differential equation is raised  01 𝑚𝑎𝑟𝑘( )

For example:   ,it is first order and of degree 1 
𝑑𝑦
𝑑𝑥 + 5𝑦 = 0

                      , it is second order and of degree 5  
𝑑2𝑦

𝑑𝑥2( )5

−  7 𝑑𝑦
𝑑𝑥 + 3𝑦 = 5𝑥 − 2   01 𝑚𝑎𝑟𝑘( )

       (ii). Re-arrange the equation   𝑥2 𝑑𝑦
𝑑𝑥 + 2𝑥𝑦 = 0

                                   𝑥2 𝑑𝑦
𝑑𝑥 =− 2𝑥𝑦

                            Simplifying,    
𝑑𝑦
𝑑𝑥 =− 2𝑦

𝑥

                             Separating the variables,                                        
𝑑𝑦
𝑦 =− 2𝑑𝑥

𝑥 01 𝑚𝑎𝑟𝑘( )

                             Integrating in both sides  ∫ 𝑑𝑦
𝑦 =− 2∫ 𝑑𝑥

𝑥

                                                                                                𝑙𝑛 𝑦| | =− 2𝑙𝑛 𝑥| | + 𝐶 01 𝑚𝑎𝑟𝑘( )

                              Solve for        𝑦, 𝑙𝑛 𝑦| | = 𝑙𝑛 𝑥−2| | + 𝐶

                                                          𝑦 = 𝑥−2𝑒𝐶



                          Choose (or any constant), then   or       𝑒𝐶 = 𝐴 𝑦 = 𝐴𝑥−2 𝑦 = 𝐴

𝑥2 01 𝑚𝑎𝑟𝑘( )

 

8.(b).  ……..(i)                                                       𝑦 = 𝐴𝐶𝑜𝑠ℎ3𝑥 + 𝐵𝑆𝑖𝑛ℎ3𝑥 + 𝑥2 + 2 01 𝑚𝑎𝑟𝑘( )

       ………..(ii) 𝑦' = 3𝐴𝑆𝑖𝑛ℎ3𝑥 + 3𝐵𝐶𝑜𝑠ℎ3𝑥 + 2𝑥

         ……….(iii)                                                     𝑦'' = 9𝐴𝐶𝑜𝑠ℎ3𝑥 + 9𝐵𝑆𝑖𝑛ℎ3𝑥 + 2 01 𝑚𝑎𝑟𝑘( )

From eqn(i),   and multiply by 9 to get  𝐴𝐶𝑜𝑠ℎ3𝑥 = 𝑦 − 𝐵𝑆𝑖𝑛ℎ3𝑥 − 𝑥2 − 2

 …..(iv)                                                     9𝐴𝐶𝑜𝑠ℎ3𝑥 = 9𝑦 − 9𝐵𝑆𝑖𝑛ℎ3𝑥 − 9𝑥2 − 18 01 𝑚𝑎𝑟𝑘( )

Substitute (iv) into (iii),      𝑦'' =  9𝑦 − 9𝐵𝑆𝑖𝑛ℎ3𝑥 − 9𝑥2 − 18 + 9𝐵𝑆𝑖𝑛ℎ3𝑥 + 2

Simplifying,                                                                                    𝑦'' = 9𝑦 − 9𝑥2 − 16 01 𝑚𝑎𝑟𝑘( )

                    𝑦'' − 9𝑦 =− 9𝑥2 − 16

The required differential equation is                              ∴ 𝑑2𝑦

𝑑𝑥2 − 9 𝑑𝑦
𝑑𝑥 =− 9𝑥2 − 16 01 𝑚𝑎𝑟𝑘( )

 

(c).From  ,   
𝑑2𝑥

𝑑𝑥2 + 2 𝑑𝑦
𝑑𝑥 + 5𝑦 = 26 + 15𝑥

   The A.Q.E is , solving for  then   𝑚2 + 2𝑚 + 5 = 0 𝑚 𝑚 = −𝑏± 𝑏2−4𝑎𝑐
2𝑎

 𝑚 = −2± 22−4 1( )(5)
2(1)

      implying that  𝑚 =− 1±2𝑖 𝑝 =− 1 ,  𝑞 = 2

 Complimentary solution is                              𝑦
𝑐

= 𝑒−𝑥 𝐴𝐶𝑜𝑠2𝑥 + 𝐵𝑆𝑖𝑛2𝑥( ) 01 𝑚𝑎𝑟𝑘( )

For particular solution, let                                                              𝑦 = 𝑎𝑥 + 𝑐

                                                        𝑦' = 𝑎

                                                      𝑦'' = 0



Putting these into ,                                    
𝑑2𝑦

𝑑𝑥2 + 2 𝑑𝑦
𝑑𝑥 + 5𝑦 = 26 + 15𝑥 01 𝑚𝑎𝑟𝑘( )

           0 + 2 𝑎( ) + 5 𝑎𝑥 + 𝑏( ) = 26 + 15𝑥

Coef.  𝑥:   5𝑎 = 15 , 𝑎 = 3

Constant: but                     2𝑎 + 5𝑏 = 26  𝑎 = 3 𝑡ℎ𝑒𝑛 6 + 5𝑏 = 26 ,  𝑏 = 4 01 𝑚𝑎𝑟𝑘( )

 Then   ,solution by  𝑦
𝑝

= 3𝑥 + 4 𝑦= 𝑦
𝑐
+ 𝑦

𝑝

 𝑦 = 𝑒−𝑥 𝐴𝐶𝑜𝑠2𝑥 + 𝐵𝑆𝑖𝑛2𝑥( ) + 3𝑥 + 4

When  , ,                                              = 0 , 𝑦 = 7 7 = 𝑒−0 𝐴𝐶𝑜𝑠0 + 𝐵𝑆𝑖𝑛0( ) + 0 + 4 𝐴 + 4 = 7 ,  𝐴 = 3
 01 𝑚𝑎𝑟𝑘( )

 𝑦' =− 𝑒−𝑥 − 2𝐴𝑆𝑖𝑛2𝑥 + 2𝐵𝐶𝑜𝑠2𝑥( ) + 3

When  = 3,   and ,  ,         𝑑𝑦
𝑑𝑥  𝑦 = 7 𝑥 = 0 3 =− 𝑒−0 0 + 2𝐵( ) + 3 3 = 2𝐵 + 3 ,  𝐵 = 0

                                                               ∴ 𝑇ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑦 = 3𝑒−𝑥𝐶𝑜𝑠2𝑥 + 3𝑥 + 4 01 𝑚𝑎𝑟𝑘( )

 

8.(d).Let  Initial population  𝑃
0

=  18700000

    Population at time t  𝑃
𝑡

=  = 1. 5×𝑃
0

= 1. 5×18700000 = 2805𝑂𝑂𝑂𝑂

      Rate constant (growth constant)                                                     𝑘 = 01 𝑚𝑎𝑟𝑘( )

       time( ) 𝑡 = 1988 − 1978 = 10𝑦𝑒𝑎𝑟𝑠

                       then         
𝑑𝑃
𝑑𝑡 ∝ 𝑃

𝑡
𝑑𝑃
𝑑𝑡 = 𝑘 𝑃

𝑡

      Separating the variable and Integrating,   
𝑃

0

𝑃

∫ 1
𝑃 𝑑𝑃 = 𝑘

0

𝑡

∫ 𝑑𝑡

                                                                                                        𝑙𝑛𝑝( )
𝑝

0

𝑝 = 𝑘 𝑡( )
0
𝑡 01 𝑚𝑎𝑟𝑘( )

                                             𝑙𝑛𝑃 − 𝑙𝑛𝑃
0

= 𝑘𝑡



                                         then =  
𝑃

 𝑃
0

= 𝑒𝑘𝑡 𝑘 = 1
𝑡 𝑙𝑛 𝑃

𝑃
0

( ) 1
10 𝑙𝑛 28050000

18700000( ) = 0. 0405

                                    The growth constant is 0.0405 per year                                           ∴ 01 𝑚𝑎𝑟𝑘( )

 𝑃 = 𝑝
0
𝑒𝑘𝑡

               Then  ,   = 1998 − 1978 = 20 𝑦𝑒𝑎𝑟𝑠

                                                         𝑃 = 1870000𝑒 0.0405×20( ) = 42035879 02 𝑚𝑎𝑟𝑘𝑠( )

               The size of the population in 1998 will be equal to 42035879 ∴

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 


