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Learning Outcomes

Detailed Course Learning Outcome Spreadsheet is linked here.

Fundamentals of Parametric e Create and sketch graphs of curves given their

Equations parametric equations

e Convert parametric equations into a regulary =
f(x) form by eliminating the parameter

e Recognize and describe the curve called a

cycloid
Calculus with Parametric e Find derivatives and tangent lines for curves
Curves written in parametric form

e Calculate the area underneath a parametric curve

e Find the length of a parametric curve using the
arc length formula

e Calculate the surface area when a parametric
curve is rotated to create a 3D shape

Summary of Module

Background You'll Need

The assumed prerequisite skills:

Understand and use the basic rules and relationships in trigonometry
Find the length of curves and the surface area when curves are rotated
around an axis

e Explain and use the chain rule

Fundamentals of Parametric Equations

This section introduces students to parametric equations as a powerful way to describe
curves that cannot be expressed as simple y = f(x) functions. Students learn to create and
interpret parametric curves by using a parameter t to control both x and y coordinates
simultaneously, allowing them to describe complex motions and paths through the
coordinate plane. They practice converting between parametric and Cartesian forms
through parameter elimination, discovering how trigonometric parametric equations often
represent circles and ellipses. The section concludes with students exploring real-world
curves like cycloids and hypocycloids, demonstrating how parametric equations elegantly
capture complex geometric relationships found in engineering and physics applications.
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Calculus with Parametric Curves

In this section, students learn to work with derivatives and integrals for curves defined
parametrically. They start by discovering how to find slopes and tangent lines using the
formula dy/dx = (dy/dt)/(dx/dt), applying this to various curves including parabolas, cubic
functions, and circles. Students then extend this to second derivatives and explore how to
calculate areas under parametric curves, working through examples like finding the area
under a cycloid. The section concludes with arc length calculations and surface area of
revolution problems, where students derive familiar geometric formulas like the surface
area of a sphere through parametric integration.

Module Resources

Cheat Sheet

Parametric Curves and Their Applications: Cheat Sheet
PowerPoint

@ Parametric Curves and Their Applications Slides

Additional Activities

@ Parametric Curves and Their Applications Al Activity
@ Plotting Parametric Equations Writing Task

Worksheets/Handouts

3 The Ferris Wheel Challenge

g The Projectile Path Challenge

3 The Spiral Galaxy Challenge

5] The Pendulum challenge

@ Motion Mapping Challenge Answer Key
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Activity One: Motion Mapping Challenge

Evidence-Based Teaching Practices

Curiosity

Educators foster students' curiosity by helping them understand that
asking questions and making mistakes are necessary parts of learning
through the open-ended investigation of motion scenarios like Ferris
wheels, projectiles, and pendulums that invite students to wonder about
the mathematics behind everyday phenomena.

Reflecting Student Experiences

Educators choose course materials and examples that reflect a range of
backgrounds, experiences, and ways of thinking by providing diverse
motion scenarios that connect to different student experiences—some
students may have ridden Ferris wheels at fairs or amusement parks,
others may have played sports involving projectile motion, while some
may have encountered pendulums in cultural contexts like grandfather
clocks or playground swings.

Collaboration

Educators design group projects that require students to work together
by having students form teams of 3-4 to investigate motion challenges,
graph parametric curves, perform parameter elimination, and calculate
arc lengths or areas collectively.

Background

This activity is designed to help students develop a deeper understanding of parametric
equations and their applications in modeling real-world motion. Students will work with
parametric curves to explore how the parameter t represents time and how different
parametric representations can describe the same geometric curve. Before participating
in this activity, students should understand basic parametric notation, parameter
elimination techniques, and how to calculate derivatives for parametric equations using
dy/dx = (dy/dt)/(dx/dt). Students will engage with practical applications while practicing
conversions between parametric and Cartesian forms, analyzing curve behavior, and
computing areas and arc lengths.
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Instructions

Time Estimate: 60-75 minutes

1 . Conversation starter

Have you ever watched a Ferris wheel, a spinning bicycle tire, or a pendulum and
wondered how to mathematically describe the path of motion?

2 . Review

You may wish to briefly review parametric notation, where x and y are both
functions of a parameter t, and the formula for finding slopes of parametric curves:
dy/dx = (dy/dt)/(dx/dt).

3. Split class into groups of 3-4 students

Students will need access to graphing paper or digital graphing tools, calculators,
and collaborative workspace for calculations and sketching.

4. Distribute Challenge Packets
Provide each group with one of four different motion scenarios: The Ferris Wheel
Challenge, The Projectile Path Challenge, The Spiral Galaxy Challenge, or The
Pendulum Challenge. Each packet contains parametric equations describing a
real-world motion and specific tasks to complete.

5. Investigation Phase
Allow groups 25-30 minutes to work through their assigned challenge. They
should graph the parametric curve, eliminate the parameter to find the Cartesian
form, analyze key features like direction of motion and critical points, and calculate
requested measurements such as arc length or area.

6. Group Presentations

Each group presents their original challenge solution to the class, explaining their
parametric curve, the real-world context, and their calculations. Other groups can
ask questions and make connections between different motion types.

7. Reflection and Discussion

Conclude with a class discussion connecting all four challenges, emphasizing how
parametric equations provide a unified framework for describing complex motions
that would be difficult or impossible to represent as single-valued functions.
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Discussion Prompts

In the challenges you explored, how did the parameter t help you understand the

motion better than just looking at the Cartesian equation? What information does
the parametric form provide that the Cartesian form might not show clearly?

Goal: This discussion helps students understand that parametric equations explicitly
show direction of motion, timing, and variable speed along a path, while Cartesian
equations only describe the geometric shape. Students should recognize that
parametric equations tell the complete story of how an object moves, including
when it reaches each point and in which direction, making them essential for
physics and engineering applications where motion dynamics matter as much as
geometric shape.

Compare how you eliminated the parameter in different challenges. Some might

have used substitution, others trigonometric identities. Why might different
elimination strategies work better for different types of parametric equations?

Misconception: Students often think there's only one "correct" way to eliminate a
parameter and become frustrated when a method that worked for one equation fails
for another. They may also believe parameter elimination is always necessary or
desirable. This discussion helps students understand that elimination strategies
depend on the mathematical structure: linear equations use substitution,
trigonometric equations use identities like sin?t + cos?®t = 1, and complex equations
might not be eliminated cleanly. Sometimes the parametric form is more useful than
forcing an elimination.

When you calculated dy/dx = (dy/dt)/(dx/dt) for your parametric curves, there
were likely points where dx/dt = 0. What happens physically at these points in
your motion scenario, and how does this connect to the mathematical behavior of
the curve?

Sample Answer: When dx/dt = 0, the object is momentarily moving purely in the
vertical direction - like at the leftmost and rightmost points of a Ferris wheel or the
peak of a projectile's trajectory. Mathematically, this creates vertical tangent lines
where dy/dx is undefined. At these moments, the object has stopped moving
horizontally and is either starting to reverse direction or continuing purely vertically.
For example, on a Ferris wheel at the far left position, you're moving straight up or
down for that instant. This connection between the mathematical singularity
(undefined slope) and the physical reality (directional change) shows how calculus
with parametric equations directly reflects real-world motion.
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Reflection

After the activity, we recommend that students complete exit cards. Have each student
write on a piece of paper one key concept they learned from the activity and one concept
they have questions about. Below are some suggestions for students:

e Which aspect of parametric equations (graphing, parameter elimination, or
calculus applications) did you find most challenging today, and what strategies
helped you work through difficulties?

e How did seeing the different motion scenarios change your understanding of what
parametric equations can model? Can you think of another real-world situation that
would be well-suited for parametric representation?

e Describe a moment during the activity when you made a connection between the
mathematical formula and the physical motion it represented.

e How would you explain the difference between dx/dt = 0 and dy/dt = 0 to a
classmate in terms of what's happening to the moving object?

e What surprised you most about working with parametric curves compared to the
regular y = f(x) functions you're used to?

e How did collaborating with your group help you understand the concepts better?
What did you learn from examining other groups' challenges?

e What questions do you still have about when and why we use parametric
equations instead of regular functions?

Online Variation

For online classes, use breakout rooms to house each group working on their motion
challenge. Provide digital versions of the challenge packets through a learning
management system, and encourage groups to use collaborative tools like shared
whiteboards or documents for their calculations and sketches. Consider providing
access to online graphing calculators or parametric plotting tools. Have groups create
digital presentations for their findings, which can be shared through screen sharing in
the main room. Use polling features for real-time feedback during presentations and
maintain a shared document for questions and insights that emerge during the group
work phases.
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Assignments

Plotting Parametric Equations Writing Task

In this assignment, students will develop intuition for how parametric equations
generate curves by examining the relationship between individual component
functions and their combined parametric plot. By partnering up, students will first plot
x(t) and y(t) separately on their own axes, tracking values at integer points of t. They
will then combine these plots onto a single xy-plane, observing how the x(t) function
controls horizontal movement while y(t) controls vertical movement. Through a series
of examples involving linear, quadratic, cubic, and trigonometric functions, students
will discuss how the shapes of the individual component graphs influence the final
parametric curve and consider which component has a greater impact on the overall
shape. This hands-on exploration builds a foundational understanding of parametric
representations before moving to more complex applications.

Plotting Parametric Equations Writing Task

We ask that you make your own copy to edit and adjust to fit the needs of your
classroom
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