Modern Algebra and Number Systems
MAT314/MAT615

Lesson 5
Finite Groups and the Division Algorithm

Watch the 6 videos in the Playlist 314F20-Lesson5 pausing regularly to do the classwork
and checking your work by watching the solutions. As always the photos of the lesson
are here and the homework is at the end.


https://sites.google.com/site/professorsormani/teaching/modalg-f20
https://www.youtube.com/playlist?list=PLRHpZu30FKOUdNOKKU4aZKBivWLpngcye

12:20 AM  Thu Aug 27 — = @ 91%@m)

(1} Modern Algebra & Number Systems <5 X .-

X Abstract_Algebra_1-5 Dj X Modern Algebra & Number Systems{]j

DO Y & OB OIR=la'l Y&

Stcll s‘l-uclytr\ roups
550"5 éro"fsl A but our exsa les 4oda
€ /430 -
M cvst'ﬂ” asf” hawe '9")144’0 7 e
The Wf-ﬁvbtes elements,
7. Let X be a set, let S be the set of all subsets of X, and consider the Cv IOC k A“ """\ Me‘\—tc

binary operation of symmetric difference on S.
This is indeed a binary operation on S, and we have seen that it is

associative: (44 B)aC=A2(BaC). [ Men“'s a—f‘e
Is there an identity element? In other words, is there e€S such that e e

Ase=esA=A for all A€ S? Well, A 2e=A implies that Ane=¢, and it o s ;

also implies that e CA. Thus e would have to be the null set. Let's check that @4—" on

o As@=(AUD)—(AND)=A—-D=A4, l kown

DoA=(DUA)—(BNA)=A,
so @ is in fact an identity element. Q,Ju &a 4‘8 L 7
How about inverses? An inverse B of A would have to satisfy
AsB=@=BosA.
This implies that ACB and BCA, so B would have to be 4; in fact
AsA=0, so A itself is an inverse for A. L
Thus S forms a group under the operation of symmetric difference. As a J- /LCC
matter of notation, the set of subsets of a set X is called the power set of X, V &
and denoted by P(X). Thus we have the group (P(X), 2).
Finally, we consider some groups obtained from Z. , I h ol r .s
8. Additive group of integers modulo n. Let n be a positive integer and J o A.Ce ‘
consider the set Z,={0,1,2,...,n—1}. We add the elements of Z, modulo n, v
ie., we add them as integers and then disregard multiples of n so as to

produce an answer that is one of 0, I,2,A--.Jl—1- Thefe i§ a lem ‘f’hi‘:h we a./. aJ v an

g Lauf‘s

' O
¢’ /\3
need to make this work. (A lemma in mathematics is a preliminary or
auxiliary result, not the main result one is aiming at.)
LEMMA 2.1 (The Division Algorithm) If a and » are integers and n is positive,
then there exist unique integers ¢ and r such that a=gn+r and 0<r<n (g 3 q 8
stands for quotient and r stands for remainder). ' ) 2 ) ’ - e QL )

PROOF. We prove the existence of ¢ and , then the uniqueness.
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LEMMA 2.1 (The Division Algorithm) If  and » are integers and » is positive,
then there exist unique integers g and r such that a=gn+r and 0<r<n (g
stands for quotient and r stands for remainder).

(u]m]
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PROOF. We prove the existence of ¢ and r, then the uniqueness.

Section 2. Groups 21

[Existence: Let gn be the greatest multiple of n that is <a. If welet r=a—gn
then clearly r> 0 and a=gn+r, so all we have to check is that < n. But if
r>n, then

r—=n=a—(q+1)n>0,
50 (g+ 1)n is a multiple of n that is < a, contradicting the choice of gn as the
greatest such multiple.
Uniqueness: If gyn+ry=gn+r, and 0<r,<n, 0< r,<n, then
Gn—gn=ry—rn,
$0 ry— r is a multiple of n; but —n < r,—r,<n,sor,—r;=0,s0 r,=r,. Thus
qn=q,n, 50 ¢;=¢,. O

We denote the unigue r guaranteed by the lemma by &, and call it the
remainder of a mod n.

Observe that two integers a, and a, have the same remainder mod n iff
a,—a, is a multiple of n. When this happens, we say that g, and a, are
congruent modulo #, and we write @, = a,(mod 7).

Examples P
By the lemma we can unambiguously define a binary operation @ on Z,
by setting x@®y =x+y.

We claim that'lhis operation turns Z, into a group (Z,, @).

Associativity:
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7. Let X be a set, let S be the set of all subsets of X, and consider the
binary operation of symmetric difference on S.

This is indeed a binary operation on S, and we have seen that it is
associative: (A2 B)aC=A4(BaC).

Is there an identity element? In other words, is there e€S such that
Ase=esA=A for all A€S? Well, A se=A implies that ANe=4, and it
also implies that e C A. Thus e would have to be the null set. Let’s check that
e=0 works:

ArB=(AUD)—(AND)=A—-D=A4,
and
BoaA=(BuA)—(BnA)=A,
so @ is in fact an identity element.
How about inverses? An inverse B of 4 would have to satisfy
AsB=@=BsA.
This implies that ACB and BCA, so B would have to be 4; in fact
As A=, so A itself is an inverse for 4.

Thus S forms a group under the operation of symmetric difference. As a
matter of notation, the set of subsets of a set X is called the power set of X,
and denoted by P(X). Thus we have the group (P(X), 2).

Finally, we consider some groups obtained from Z.

8. Additive group of integers modulo n. Let n be a positive integer and
consider the set Z,={0,1,2,...,n—1}. We add the elements of Z, modulo »,
ie., we add them as integers and then disregard multiples of n so as to
produce an answer that is one of 0,1,2,...,n—1. There is a lemma which we
need to make this work. (A /emma in mathematics is a preliminary or
auxiliary result, not the main result one is aiming at.)

LEMMA 2.1 (The Division Algorithm) If a and » are integers and n is positive,
then there exist unique integers g and r such that a=gn+r and 0<r<n (g
stands for quotient and r stands for remainder).

PROOF. We prove the existence of ¢ and r, then the nniquenms'/-7
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stands for quotient and r stands for remainder).

PROOF. We prove the existence of ¢ and r, then the uniqueness.
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[Existence:\Let gn be the greatest multiple of n that is <a}If welet r=a—gn
then clearl; A is that r < n. But if

r>n, then

r—=n=a—(q+1)n>0, z.:o
50 (g+ 1)n is a multiple of n that is < a, contradicting the choice of gn as the
greatest such multiple.
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Uniqueness: If gyn+ry=gn+r, and 0<r,<n, 0< r,<n, then
2nea? et wher §

$0 ry— r is a multiple of n; but —n < r,—r,<n,sor,—r;=0,s0 r,=r,. Thus n == G.. { + A
qn=q,n, 50 ¢;=¢,. O

We denote the unigue r guaranteed by the lemma by &, and call it the
remainder of a mod n.

Observe that two integers a, and a, have the same remainder mod n iff
a,—a, is a multiple of n. When this happens, we say that g, and a, are
congruent modulo #, and we write @, = a,(mod 7).

Examples
By the lemma we can unambiguously define a binary operation @ on Z,
by setting x@®y =x+y.

We claim that'lhis operation turns Z, into a group (Z,, @).

Associativity:
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Section 2. Groups 21

Existence: Let gn be the greatest multiple of » that is <a. I et r=a—qn
then clearly r>0 and a=gn+r, so all we have to check is that r < n. But if,
i A —_— __@
r>n, then

s a-

and q=,§"§+h @Pa)‘l‘z{:f‘la

3 @ r—n=a—(q+1)n>0,

50 (g+1)n is a multiple of » that is < a, contradicting the choice of gn as the

greatest such multiple.

Uniqueness: If gin+ry=g,n+r, and 0<r,<n, 0< r,<n, then
QR Gn=r 0
50 ry— r, is a multiple of n; but —n < r,—r,<n,so r,—r,=0,s0 r,=r,. Thus
qn=q,n, 50 ¢,=¢,. O
We denote the unique r guaranteed by the lemma by a, and call it the
remainder of a mod n.
Observe that two integers a, and a, have the same remainder mod n iff

a,—a, is a multiple of n. When this happens, we say that @, and a, are
congruent modulo #, and we write @, = a,(mod 7).

Examples

By the lemma we can unambiguously define a binary operation @ on Z,,
by setting x®y =x+y.

We claim lha!'this operation turns Z, into a group (Z,, ).

Associativity: /Q e “J n é (X4 k
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need to make this work. (A /emma in mathematics is a preliminary or
auxiliary result, not the main result one is aiming at.)

LEMMA 2.1 (The Division Algorithm) If  and » are integers and n_is positive,
then there exist unique integers g and r such that a=gn+r and 0<r<n (¢
stands for quotient and r stands for remainder).

PROOF. We prove the existence of ¢ and r, then the uniqueness.

2 remalnder ©

n‘ a Section 2. Groups 21

Existence: Let gn be the greatest multiple of n that is <a. If welet r=a—gn
then clearly r>0 and a=gn+r, so all we have to check is that < n. But if

L _@
r>n, then

@__ @ r—n=a—(g+)n>0,

50 (g+1)n is a multiple of » that is < a, contradicting the choice of gn as the

greatest such multiple. ? @
4]
q|n+r,-q2n+r, and 0<r,<n, 0< r,<n, then
. ———
G\n—gn=ry— 1
b

50 r,— r, is a multiple of n; but —n<ry—ry<n,sor,—r=0,s0r,=r, Thus
YO rErSEE

We denote the unique r guaranteed by the lemma by a, and call it the
remainder of @ mod n.

Observe that two integers @, and a, have the same remainder mod n iff
a,—a, is a multiple of n. When this happens, we say that g, and a, are
congruent modulo n, and we write @, = a,(mod n).

Examples

By the lemma we can unambiguously define a binary operation @ on Z,
by setting x@®y =x+y.

We claim that'lhis operation turns Z, into a group (Z,, ©).
Associativity: /zc . C{ /‘1 6 oo k
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then there exist unique integers g and r such that a=gn+r and 0<r<n (g
stands for quotient and r stands for remainder).

PROOF. We prove the existence of ¢ and r, then the uniqueness.

2 remalnder ©

nN/a Section 2. Groups 21

[Existence: Let gn be the greatest multiple of » that is <a. I let r=a—qn
then clearly r>0 and a=gn+r, so all we have to check is that < n. But if
—_—— L _.@
r>n, then

(3-9 @ r—n=a—(g+1)n>0,

50 (g+1)n is a multiple of » that is < a, contradicting the choice of gn as the

greatest such multiple. ? @
(N
/ fq,n+r,-q1n+r, and 0<r,<n, 0< r,< n, then
S P —
Gn—gn=r,—ry,
b

50 r,— r, is a multiple of n; but —n<ry—ry<n,sor,—r=0,s0r,=r, Thus
=m0 g =g O T
We denote the unique r guaranteed by the lemma by a, and call it the
remainder of a mod n.
Observe that two integers a, and a, have the same remainder mod » iff
a,—a, is a multiple of n. When this happens, we say that g, and a, are
congruent modulo #, and we write @, = a,(mod 7).

Examples . o

By the lemma we can unambiguously define a binary operation @ on Z,
by setting x®y=x+y.

We claim that'lhis operation turns Z, into a group (Z,, @). 2
e
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remainder of a mod n.

Observe that two integers @, and a, have the same remainder mod n iff
a,—a, is a multiple of n. When this happens, we say that 4, and a, are
congruent modulo n, and we write @, = a,(mod n).

Examples
By the lemma we can unambiguously define a binary operation & on Z,
by setting x@y=x+y.

We claim that‘lhis operation turns Z, into a group (Z,, ®).

A.uoclati.oiy: /QCA, L{ ,"1 6 oo k
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/\_géj c/:eck Z_g

22 Section 2. Groups

Identity: The identity element is 0. Why? 0@ x=0+x=X=x if 0<x<n—1,
and, similarly, x®0=x.
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The group (Z,, ®) is called the additive group of integers mod n. Notice

boa/? writes x
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HW®6: Important for computer science students
Consider the set of two elements {p,q}. This set has four subsets

0 = empty set
{p}

{a}

{p.a}

Let S be the set of subsets.
Recall A/B= {x such that x is in A but x is not in B}
and

A union B= {x such that x in A or x in B}

Consider the operation symmetric difference defined on this set:



AANB=(A\B)U(B\ A

So this is the set {x such that x is in A but not B or x is in B but not A}

So for example:

$efaipy= (ipn\ip3) v (2p3)Vip?)
F =Q'u ¢=Q’

fp.qladpd = (Tpgi\ied) v (3 \ pg?)
= I33v8 =33

ZP3 s 223 = (zr3\223) v (iz'ﬁ\z]’-s)
> 2,:3\: 223 = ff,z'g

Write out the table of this symmetric difference as a binary operation for S. By set theory
we know it is associative so you do not need to prove this. Find the identity and inverses
to prove it is a group.

The HW is six problems given above. You need the textbook to complete the homework
because you are now expected to be able to read the book and follow the proofs yourself
as has been done in all the first five lessons. These problems are very similar to the
classwork. Always try the classwork yourself before watching the solutions because that
is your opportunity to see hints.



Another hint: if asked to check if something is a group or not, the quickest way is to
check it is a binary operation first, then find the identity, then find the inverses, and only
check associativity last. A more general hint: any time you are told to prove or disprove
something with many things to check, check the easiest parts first.

Another hint: As explained on the lesson, check if (G,*) is a group you must prove all four
of the following:

1.To prove binary operator as in lesson 4:

Given a,b in G show a*b in G

step 1 given a,b in G say what you know about a and b justify with defn of G
step 2 a*b=fill in justify with defn of *

step 3 = simplify it more if necessary and justify with something appropriate
step 4 conclude a*b in G justify by checking all the rules about G

2.To prove associativity in a finite group with a table you must check all combinations of
x*(y*z)=(x"y)*z

aaa bbb ccc

aab aba baa

aac aca caa

abb bab bba

abc bac bca

cba cab acb

bbc bcb cbb

acc cac cca

and so on if there are even more elements.

3.To prove Identity you must check on both sides.

4.To prove Inverses you must check on both sides.

To show it is not a group you just need to show it fails one of the four points.

A statement in a proof needs to say something that is either true or false it cannot be left
hanging: “a*b=" alone is not a statement.

Justifications are not explanations why you are doing something or your plans for what
is going on. Each is a pure explanation why its statement is true. If no algebra is
happening in the statement then the justification is not “algebra”. If there is no matrix
multiplication in the statement then the justification is not “matrix multiplication”.

Once you have completed this homework and the professor has checked it you may start
practicing the sample exam.

For those of you who are completing Lesson 5 this week, you may take Exam 1 on Sunday or
Monday. The rest of you may take the exam next week. Choose your preferred time at the top


https://docs.google.com/document/d/12dZ3Dk7U9XiLrE0SBTfBS0FhgIXpqzr1B6qvgeVe3mQ/edit

of your google doc. Choose a time when your home is quiet. This is why | include a time in the
middle of the night.

When you are sitting and ready to take the exam with your googledoc open to Lesson 6, send
me an email. | will put part 1 of your individual exam in your google doc. You will complete that
part within 30 minutes and upload the photos right below your exam. You may take a break and
then email me you are ready for part 2 and we repeat. The googledoc will record the time when
your photos were uploaded. You should also keep your photos.

Everyone has a different exam. All exams are similar to the samples. You may consult notes
and the internet and use calculators or MATLAB or Maple but must show all work and must use
the techniques taught in our class. You may not seek help from a human being or online
tutoring service.

The 30 minutes for each part is a serious time limit. | need an official note from disability
services to grant more time. If anyone panics during the exam, we will cancel the exam and you
will take a new one the following week. If you have already completed part 1, you may cancel
just part 2.

Remember you will only take this exam if you are ready for it. The goal is to get a perfect score
on Exam | because the rest of the course builds on this material. Remember as always do not
reply to this email, use sormanic@gmail.com.

Best Regards,

Prof Sormani



